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The Deformation of Crystals of /3-Brass 
By Prof <} I Tayior, FRS 
(Received December 23 1927 ) 

It is shown that (i brass, which has a crystal structure similar to that of ct-iron, behaves 
in a similar, though not identical, manner whon distorted 

Tho poculiar feature of the distortion of iron crystals, namely, the fact that slip does not 
occur on a definite orystallographiu plane, ib repeated in fi- brass within a certain range of 
orientations of the crystal axes in tho spocimcn On the other hand, in another range of 
orientation slip occurs on a definite crystal plane of type {110} Tho conditions which 
determine which of theso types of distortion will occur in any given case are investigated, 
and it is shown that the determining cause is the variation in resistance to shear which 
occurs as tho plane of slip rotates about the direction of slip This variation is calculated 
from the experimental results within the range to which they apply, and it is shown that 
resistance to shear is least when the plane of slip coincides with a crystal plane of type 
{110} On either side of this position shear stress increases linearly, there being a 
discontinuity in the rate of change of shear strength with orientation of plane of slip 
This peculiar property is also possessed by the model consisting of hexagonal rods pro 
posed by the author and Mias Elam, and by Mr Hume Rothrary’s model, which, from 
this point of view, is identical with the model of hexagonal rods 

The assumptions made in a recent paper by Mr Hume Rothery are discussed, and it Is 
shown that in a body centred cubic structure like a-iron they lead, when analysed, to the 
conclusion that slipping should always take place parallel to a crystal plane of type {110}, 
and not, as he stated, to the conclusion that slip should occur on the non crystallographic 
planes which were actually found 

It is shown also that In (1 brass resistance to slipping in one direction on a given plane of 
slip is not the same as resistance offered to slipping in the opposite direction. Such a 
difference is to be expected from orystallographia symmetry, but was not observed in 
a-iron 

In a recent paper* it has been shown that the behaviour of single crystals 
of iron when deformed by external pressures or tension is different from that of 
single crystals of any other metal which had been examined up to that time 
In all other metals the material distorts in such a way that planes of particles 
• “ The Distortion of Iron Crystals,” ’ Roy Soo Prot A, vol 112, p 337 (1928) 
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parallel to definite crystal planes remain undistorted while they slip over one 
another parallel to some definite crystallographic direction in that plane 

In the case of iron there is no such plane The particles of the material 
appear to cling together in lines or rods instead of m planes These rods, which 
are m the direction in which the atoms of the crystal arc closest together, are 
capable of sliding over one another In any uniform distortion due to slipping 
of this type it is a geometrical necessity that there must be one set of parallel 
planes, containing the direction of the axes of the rods, which remains un- 
stretched and undistorted, and in this sense the material has a plane of slipping, 
but it is not a definite crystal plane, being differently orientated with respect 
to the crystal axes m different specimens 

It Beemed probable that this peculiarity m the nature of the distortion of 
iron is connected with the crystal structure Metals which crystallise m face- 
centred cubes such as aluminium, copper, silver and gold all behave in the 
same way when distorted The question therefore naturally arises as to whether 
other metals besides iron which crystallise in body-centred cubes would behave 
bke iron in distortion, or whether the peculiar behaviour of iron is connected 
with some peculiarity m the atom of iron itself The metals which crystallise 
m body-centred cubes are, however, mostly unsuitable for experiments of the 
kind previously carried out with face centred cubic metallic crystals Tungsten, 
for instance, seems at present to be unobtainable m the form of large ductile 
crystals, and its hardness would m any case make compression experiments 
difficult to carry out 

On the other hand it was pointed out to me by Miss Elam that the alloy 
(3-brass which crystallises in a body centred lattice, has recently been obtained 
m the form of largo crystals by Dr Tamura working with Prof Carpenter 
This alloy consists of almost equal numbers of copper and zme atoms Its 
structure was determined recently by Owen and Preston and independently 
by Phragmen and Westgren, who agreed in showing that the lattice of (3-brass 
is a body-centred cube m which atoms of zinc are situated on one simple cube 
lattice while the atoms of copper are situated on an identical lattice which 
interpenetrates the first The structure is therefore identical with that of iron 
except that m the one case the two interpenetrating lattices contain atoms of 
the same metal while in the other they contain different kinds of atoms 

It seemed desirable therefore to carry out distortion measurements with 
(i-brass, and I was able to do so through the kindness of Miss Elam who procured 
for me two strips of (3-brass containing about eight crystals large enough to cut 
into specimens suitable for carrying out distortion measurements 
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These strips were prepared by Dr Tamura who treated them by the method 
of Carpenter and Elam so that some of the crystals grew large The dimensions 
of the strips were 10 cm long x 11 mm wide x 3 mm thick and some of the 
larger crystals occupied as much as 5 cm of their length An analysis, for which 
I have to thank Miss Elam, showed that the brass used contained 51 3 per cent 
copper atoms and 48 7 per cent zinc atoms in some specimens and 53 per cent 
copper m others The method adopted was in most cases brat to determine 
by means of X-rays the orientation of the crystal axes of one of the crystals 
relative to the surface and edge of the strip Both compression and tensile 
tests were earned out The compression specimens were prepared by cutting 
out circular discs In some cases their flat surfaces were parallel to the two 
faces of the original stnp, but in others the flat faces were ground in definite 
orientations with respect to the crystal axes by means of a rrystallographer’s 
tripod grinding machine kindly lent to me by Prof A Hutchinson, FRS 
The tensile specimens were rectangular, approximately square, m section, but 
they had enlarged ends which were bored to take a steel pm which fitted a holder 
arranged to give a central load They were arranged in Buch a way that the 
central portion was cut from a single crystal The relationship between the 
tensile specimens and the original strip is represented m fig 1 where the 
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boundaries of the crystals are represented by dotted lines Marks were made 
on the specimen before cutting and grinding in order to preserve a knowledge 
of the orientation of the crystal axes , but in every case this orientation was 
redetermined with reference to the marks used m making the distortion 
measurement 

In preparing both types of specimen a layer about 0 7 mm thick was ground 
off each face of the original stnp, and before ruling the scratches necessary for 
observing the distortion they were lightly etched to make sure that they con- 
tained no small crystals inserted in the mam crystal 
The specimens wero then marked with systems of marks previously described * 
The compression specimens were compressed between polished and greased 
* For compression specimens see Taylor and Farren, “ Distortion of Aluminium Crystals 
under Compression,” ‘Roy Soo Proo,’ A, vol 111, p 633 (1920) For tensile speri 
mens see Taylor and Elum “ Distortion of Iron Crystals,” ‘ Roy Soc Proo A, vol 112, 
p 337 (1926) 
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stool plates* till the thickness was reduced by 5 to 15 per cent , and the tension 
specimens were stretched a corresponding amount It was found as in the case 
of aluminium and iron crystals that m general the distortion was uniform, ruled 
lines on the surface remaining straight after compression The specimen was 
then measured and the equation to the unstretched cone calculated 

Ten cases m all were analysed, namely seven compression and three tensile 
twits In three of thorn, numbered (J 4 1, £} 2 1 and 1, the orientation of the 
crystal axes was determined only after distortion In those cases the second 
or distorted position of the unstretched conef was determined, while in the 
remaining cases the orientation of the axes was determined before distortion 
and the first position of the cone was calculated The unstretchcd cones were 
marked on a stereographic figure in a manner previously described J Two 
typical specimens of th(.s<' diagrams are shown in figs 2 and '1 It will be seen that 
in each case the cone very nearly coincides with the two great cirelea which are 
represented by two arcs of circles The distortion might be due to slipping 
parallel to either of the two planes represented by these two great circles 
The two possible directions of slip being represented by the points 8 and S' 
(fig 2) at right angles to the lmo of intersection of the two pianos 

Orientation of Crystal Axes 

In each case the orientation of the crystal axes with reference to the ruled 
scratches on the surface of the specimen was determined by Mliller’s Method 
using a spectroscope previously described § The K. and K p reflections from an 
iron anticathode were used Using the value of the lattice constant given by 
Owen and Freston and also by Westgren and l’hragmenll the reflecting angle 
for the K. radiation from planes of type {110} is 27° 40' For the radiation 
it is 24° 50' 

To determine the orientation of the crystal axes reflections were obtained 
from two planes of type {110} which were perpendicular to one another, or from 
three planes mutually at 60° and not intersecting in one line In each case the 

* See " Compression,” p 631 

t For definition of unstrotched cone see “ Distortion of an Aluminium Crystal during a 
Tensile Test,” ‘ Roy Soo Proc A, vol 102, p 660 (1923) 

$ “ Distortion of Aluminium Crystals under Compression," p 637, and “ Distortion of 
Iron Crystals," p 339 

| IM , p 640 

|| Owen and Preston using (i-brass containing 48 3 per cent Zn give the side of unit cube 
as 2 946 A Westgren and Phragmen using p brass containing 46 9 per cent Zn give it 

2 946 A 
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positions o! the directions actually determined by X-rays were marked in a 
stereographic diagram on tracing paper and certain other directions deduced 
from them, such as those of type (111), were also marked on the diagrams 
The tracing paper containing the prop f tion of the crystal axes was then laid 
over the projection of the unextended cone it was found m each case that one 
of the two possible directions of slip (which are either of them capable of pro- 
ducing the measured change in shape of the specimen) very nearly coincided 
with a direction of type (111) (i < , the normal to the plane {ill} ) 

These directions arc marked in figs 2 and 1 by the symbol A and the direction 
of slip determined by distortion measurements by a cross X Table I gives the 
co ordinates of the direction of slip determined from external measurements 
and the nearest (111) direction Tt will be seen that the direction of slip is, 
as in the case of iron parallel to the normal to a plane of type {l 11} 


Table l - Results of Distortion Measurements 



Direction of slip 

Normal to {111} piano 

e 

4> 

6 

* 

. 

T01 

w 

07 

35 

90 

T02 3 

474 

0 

47] 

1 

T02 4 

50 

224 

49 

224 

02 l 

■59 

342] 

58 

338 

04 1 

04 

784 

05] 

79] 

05 1 

01 

24 3 

00 

347 

05 2 

58] 

1 

69 

4] 

05 3 

48] 

313] 

49 

313 

03 2 

48 

208 

no 

208] 

00 2 

50 

4 

52 

64 


The pole of the plane of slip determined by external measurements lies there- 
fore m a crystal plane of type {111} This plane contains three directions of 
type (110) and three of type (211) Tt was found that in some cases the pole 
of the plane of slip coincided with a direction of type (110) while in others it 
did not coincide with either of these crystals directions, but lay at some inter- 
mediate position which differed in different specimens In no case did it 
coincide with a direction of type (211) 

Comparison unlh Iron Crystals 

It will be seen that the results are similar to those obtained with iron crystals 
m that the direction of slip is a crystal direction of typo (111) while the plane 
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of dip vanes according to the orientation of the crystal axes relative to the 
direction of the pnncipal stress On the other hand, the relationship between 
the onentation of the crystal axes relative to the direction of principal stress, 
and the orientation of the piano of Blip among all the possible planes passing 
through the given direction of slip is quite different from that found for iron This 
difference was first noticed owing to the occurrence of specimens of (J-brass 
in which the plane of Blip coincided with a plane of type {110} The simplest 
way to represent the difference seems to be to mark on ca< h stenographic dia- 
gram the point M, figs 2 and 3, where the pole* of the plane of slip would lie if 
the resistance to shear on all possible planes passing through the given direction 
of slip were the same To do this it is only necessary to draw a straight line 
(dotted line 8M, figs 2 and 1) through 8 and the centre of the diagram The 
point M is where this line cuts the circle whose pole is 8 In the case of iron 
crystals it was shown* that P, tho {Kile of tlio observed plane of slip, was close 
to M, but that in compression specimens, at any rate, there was a small though 
distinct tendency to deviate towards the nearest direction of type (21 1 ) In 
the case of tension specimens there seemed to be a slight tendency the other 
way 

In the case of [i-brass it was found that P deviated more from M than it did 
in the cose of iron crystals, but in the opposite direction, that is towards the 
nearest pole of type (110) This will be seen m figs 2 and 3 where the positions 
of the poles (101) and (112) are marked Those are the nearest poles of the 
required type to M, the position whore the pole of the slip plane would be if 
the resistance to shear on all planes passing through the direction of Blip (111) 
were the same 

It was found that if the orientation of the crystal axes is such that M falls 
near the pole (101) then the plane of slip coincides with the plane (101), but if 
it falls more than, say, 15 degrees away from (101), then P lies at some point 
intermediate between M and (101) It may safely be deduced therefore that 
among all possible planes through a given direction of slip of type (111), the 
resistance to shear is least when the piano of slip coincides with one of type 
(101), but this question will now bo examined systematically 

Choice of direction of slip 

In order to make a complete exploration of all possible orientations of the 
direction of principal stress in relation to the crystal axes the point representing 
the position of tho normal to the flat surfaces of the compression disc was marked 
* " Distortion of Iron Crystals,’ p 352 
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in each case on a diagram representing the cubic axes of the crystal It has 
already been shown* that by a proper choice of one of the three cubic axes as 
the centre of the projection this point can always be made to lie in one 
particular spherical triangle The points representing the axes of all the 
specimens measured are shown in fig 4 It will be seen that they are fairly 


(Oil) 



well distributed over a greater part of the area of the triangle whose points are 
(111), (110), (100) One specimen, however, [15 1, is represented just outside 
this triangle Using another choice of axes it could have been made practically 
to coincide with (1 5 2, but for reasons to be given later it is projected outside 
the triangle In every case where the point representing the axis was m the 
triangle whose points are (111), (110) and (100) it was found that the direction 
of slip was the line (111) which is represented by the point S in fig 4 

Representation of Results 

It seems unnecessary to give tho details of the X-ray measurements from which 
these points were found, but sufficient data are given in Table II to enable a 
reader to reconstruct the fig 4 In column 1 the number of the specimen is 
given, column 2 contains the angle £ between the axis of specimenf and the 
direction of slip (III) 

* Taylor and Elam, “ Plastic Extension of Crystals, " • Rov Soc Proc A, vol 108, 
p 28 (1025) 

t Direction of principle stress, i e , normal to plane face m case of compression discs or 
longitudinal axis m the caso of tension specimens 
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Table II 



t J 


r 

0 2 1 

89 

+ 18 

+n 

P* 1 

68 

I 22 

+ 17 

06 1 

«* 

+ 36 

+43 

0 6 2 

1 891 

+23 

1 17 

(56 3 

1 48* 

+ 171 

+ » 

03 2 

I SO 

-11 

0 

SO 2 

| 621 

-16 

- 2 

T 02 3 

1 471 

+ 18 

1 3 

T 0 1 

1 36 

, 7 

0 

T 02 4 

I " 

- 8 
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f u Inclination ol axu of ipooimen to direction of slip 

X i» the angle between the normal to the oryetal pfano {101| and the piano containing the 
direction of slip and the axia of tho specimen 
if is the angle betwoon piano of slip and oryatal plane jlOl) 

As a second co-ordinate the azimuth / of the plane containing the axis of the 
specimen and the direction of slip is given m column 3 /is measured from the 
direction (101) (marked as A in fig 4) so that if M is the point of intersection of 
the azimuth circle SM with the plane {ill}, % 18 the are AM / is reckoned as 
positive when M lies between (101) and (Oil) and negative when it lies between 
(101) and (2ll) The values of £ and / given in Table II are sufficient for the 
construction of fig 4 The points M and S correspond with those similarly 
marked in figs 2 and 3 

Tho results of all the distortion measurements are given in column 4 of Table 
II which contains the angle ij; between tho direction (101) and the pole of tho 
plane of slip (which lies in the plane {111} ) 

In previous work on aluminium for which the slipping is confined to a given 
crystal plane the orientation of the plane and direction of slip were defined by 
co-ordinates 0 and 7) If the axis of the specimen is supposed vertical, 0 was 
tho slope of the slip plane to the horizontal and i) was the angle between the 
direction of slip and the line of greatest slope on the slip plane 0 and ij are 
connected with 5 and y — <|> by the equations 

sin 0 cos ij = cos 5 'l 

and i (1) 

cos 0 = Bin \ cos (/ — ty) J 

If P is the total pressure on a compression specimen of area a or the total pull 
in a tension specimen of cross section a, then the component of shearing force 
parallel to the direction of slip is F = (P/a) cos 0 sin 0 cos 7j From (1) it will 
be seen that 


F = (P/a) cos \ sm 5 cos (/ — i}») 


( 2 ) 
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Analysts of Results 

The results of all the distortion measurements and X-ray analysis which are 
summed up m Table II are illustrated graphically m fig 5 In that diagram 



Fio 6 — Relative positions of M (Q) ami Pole of Slip Plane ( X ) 


the abscissa) represent directions on the plane {ill}, the point M being repre- 
sented by a circle (O), and the pole of the slip plane by a cross ( x ) The angle 
/ — ip is represented by the lino connecting the circle and the cross The 
vertical linos represent 10° intervals, and the prmcipal crystal directions (Oil), 
(112), (101), (ill) which occur at intervals of 30° round the plane {ill} are 
marked at the bottom of the figure 

It will be seen that in all 10 eases, namely, 7 compression specimens, (5 2 1, 
P 4 1, 3 5 1, 3 5 2, 3 5 3, p 3 2, 3 6 2, and 3 tension specimens T 3 1, T 3 2 3, 
T 3 2 4, the pole of the slip plane lies away from the point M m the direction 
of the nearest pole of type (101) From equation (2) it will be seen that if F, 
the resistance to shear, were equal on all planes through the given direction of 
slip, then P would be least when x = + so that the pole of the slip plane would 
coincide with M The fact that the pole of the plane of slip lies away from M 




II 


Deformation of Crystals of Brass 

towards the nearest polo of type (101) must therefore mean that of all possible 
planes through the direction of slip (111), the resistance to shear is least when it 
coincides with a crystal plane of type (110) For purposes of comparison the 
corresponding points for the iron crystals previously examined are put at the 
top of the diagram, fig 5 

Experiment* mth Compression Discs ($5 1 and (3 5 2 

Since the resistance to shear is a minimum when the plane of slip t omcidcs 
with a crystal plane of type {110} it seems probable that the resistance would 
be a maximum when it coincides with one of the crystal planes of type {112} 
which lies midway between the planes of type (110) To test this, a crystal, 
(3 5, was chosen for which the normal to its flat surface was close to a plane of 
type {110} Two compression discs (3 5 1 and (3 5 2 were ground from it in 
such a way that when the point representing the normal to the flat fac e of 
(3 5 2 was projected on to the diagram of fig 4, so as to be just inside the triangle 
whose vertices are (111), (110) and (J00), then the point representing (3 5 1 fill 
just outside this triangle when the same cubic axis was turned into the centre 
of the figure By turning another cubic axis into the centre the point repre- 
senting (3 5 1 could have lieen made to bo inside the triangle, but for the pur- 
poBC of the present experiment it was more convenient to project it m the 
manner stated aliovc 

Referring to fig 5 it will be seen that for (3 5 2, M was 7° to the right of the 
pole (112) while the pole of the plane of slip was 13° to the right , for (3 5 1, 
M was 6° to the left of (112) while the pole of the plane of slip was 13° to the 
left of (112) This seems to indicate a maximum of resistance to shear in tho 
neighbourhood of planes of type (112) 

Calculation of Resistance to Shear 

It has been shown m the case of aluminium and some other metal- that at 
any given temperature the resistance to shear depends only on the amount of 
distortion, and not on the component of force normal to the plane of slip, or on 
the component of shear parallel to the plane of slip and transverse to the 
direction of slip If it is assumed that this is a general law governing distortion 
of metallic crystals, then F, the resistance to shear, would be a function of the 
amount of distortion and of the angle It will be seen later that experimental 
evidence on this point is furnished by the results of these experiments The 
actual value t{i for any given value of I; and x would be determined b) tho 
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P 

condition that P is a minimum as <1 vanes, thus from (2), — - = = 

COB (X — 4') 008 5 sm 5 

is a minimum, so that if F is regarded as a known function of and independent 
of 5, the equation for determining x may be written 




(3) 


Conversely if the relationship between x and is known (3) may be used for 
determining the relationship between F and ^ Accordingly we proceed to 
examine how far these experiments give us the relationship between x and ^ 
In fig 6 the abscissae represent values of 4» and the ordinates the corresponding 
values of x The numerical magnitudes only are set out, the signs being for 
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the moment disregarded, and tho results of both tension and compression experi- 
ments are shown It will be seen that the points in fig 6 he very nearly on the 
two smooth curves which are distinguished by tho numbers I and II Both 
these curves cut the axis of x so that for a range of x = 0 to x = 7° in one case 
and from x = 0 to x = 11° m the other the slip plane is actually the crystal 
plane (101) 

Influence of the Sense of the Directum of Slip 
The question naturally arises what is the difference between the two curves ? 
It will be seen that the upper curve, II, contains the points corresponding to 
the tension specimen T fj 2 3, and the compression specimens p 3 2 and 
P 6 2 The lower curve, I, contains the tension specimen T p 2 4 and the com- 
pression specimens p 5 1, p 5 2, p 5*3, S 4 1, p 2 1 Tho point corresponding 
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to T(3 1 might belong to either curve because it is on the axis ^ = 0 and below 
both the points where these curves cut this axis 
An inspection of fig 4 shows that the triangle WXO may be divided into two 
parts XUVW and UOV by the great circle joining tho direction of slip, (111), 
with (101) XUVW contains the points representing compression specimens 
which give points on curve T and tension specimens which give points on curve 
IJ UOV contains all the points representing tension specimens which give 



Fig 7 — Diagram illustrating Crystallography Difference between Shearing in Opposite 
Directions 

points on curve I and compression specimens which give points on curve II 
This is exactly what we should expect if tho resistance to shear on a given plane 
differs according to the sense of the direction of slip Consider for instance two 
compression specimens C x and C g and suppose that the representative point 
for C t lies m XUVW and that for C, lies m UOV Suppose further that the 
angle <ji for is ¥ and that the value of for C 2 is — 'F From the point 
of view of crystallographic symmetry the distortion m the case of C t is identical 
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with that of C s except that the senses of the direction of slip arc opposite in 
the two cases On the other hand consider two tension specimens T x and T„ 
the representative points for which lie in XUVW and UOV respectively, 
the values of are ¥ and — \F The distortion for T x is, from the point of 
view of crystallographic symmetry, identical with that for C, while that for 
T„ is identical with that for C t 

In order to illustrate the difference the diagrams shown in fig 7 have been 
prepared to represent a unit cube of the crystal structure viewed porpendicular 
to the direction of slip and with the eye looking along the plane of slip The 
arrows pointing in opposite directions above and below the plane of slip indicate 
the direction and sense of the slipping motion The three cubes on the left 
represent distortions corresponding with points on curve I, fig 6, while the three 
cubes on the nght represent distortions corresponding with points on curve II 

Variations of Resistance to Shea) uilh Onenfatum of Plane of Slip 
One may infer from the fact that for a given value of ^ curve II lies above 
curve I in fig 6, that the resistance to shear is greater for specimens corresponding 
with points on curve II than for points on curve I To calculate the resistance 
to shear for various orientations of the plane of slip round the given direction 
of slip, equation (3) may be used , and here it may be remarked that the curves 
in fig G confirm the assumption made in deducing that equation, that the 
resistance to shear is independent of the component of force normal to the plane 
of slip The ratio of the < omponent normal to the plane of slip to the com- 
ponent of shearing force in the direction of slip is ~~ and from 

sm 0 cos 0 cos yj 

equation (2) this is equal numerically to sec but it is positive for compression 
specimens and negative for tension specimens 
The value of 5 varies from 3b° to t>5°, but in spite of this variation the curves 
of fig 6 show that the value of / depends only on <j> and not on 5, so that the 
assumption used in equation (3) seems to bo justified If F 0 represents the 
value of the resistance to shear when the slipping is on the plane (101) then oil 
integrating (3) it will be found that 

1°K« 0W o) — t ftn (x — 'f') (4) 

Taking tho values of x from curve I or II one can determine graphically the 
values of J* tan (x — iji) d<\> for the range of values of ^ covered by the expen- 
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menta The results of this operation are shown in fig 8 where the ratio F/F„ 
is given for a senes of values of ^ It will be seen that as the plane of slip passes 



Fig 8 — Curve showing Venations in Resistance to Shear in 0 brass as f varies 

through the crystal plane i]i — 0, t c , {101}, the resistance to slipping passes 
through a minimum and dF/d$ changes abruptly both its sign and its magnitude 
The resistance increases linearly at a rate of 0 2 per cent for 1° change m <J/ 
over the range <|» = 0 to ip = 17° In the range = 0 to ^ = — 3° the resist- 
ance increases linearly by 0 37 per cent per degree increase in — <{< 

Comparison with Results of Direct Measurements of Force 
The consistency of the experimental results affords good evidence that we 
are really measuring changes in resistance to shear w ith changes in the orienta- 
tion of the plane of slip round the given crystallographic direction of slip 
Unfortunately it is not possible to verify the results by direct measurement of 
the shearing force m several specimens, the crystal axes of which are in different 
orientations Measurements of shearing force at different stages of the tests 
wore in fact made, and they are discussed below The shearing force depends 
to a small extent, as we have seen, on i|», but it depends very much more on the 
value of 8, the amount of shear Each compression specimen gives us a curve 
connecting F the resistance to shear, and s for a given value of At first 
sight one might suppose that if we obtain a senes of such curves for different 
values of <{/, the variation of F with s might be found by comparing the values of 
F for a given value of s This is not the case, however, for there is no reason 
to suppose when a senes of different crystals are compared after having sheared 
through the same amount, s, but parallel to planes having different values of 
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(j/, that they will have the same properties It will not be possible to discuss 
the meaning of direct observations of shearing force until some adequate theory 
can be advanced to explain quantitatively the “ hardening ” or strengthening 
of a metal with increase in distortion On the other hand the consistency of 
the observations giving a “ one to one ” connection between iji and x, among 
specimens covering a large range of values of a and I;, seems to show that the 
variations of F with ^ is the same whether a large or a small amount of slip has 
taken place For this reason there seems some hope that it may be possible to 
account for the connection between F and (Ji from a knowledge of the properties 
of the crystal lattice itself, apart from any knowledge of the way m which F 
depends on a 

Direct Measurement of Shearing Force 

Each of the seven compression discs here described was compressed in several 
stages The total compressive load v, as measured at each stage and methods 
described in a previous paper wore used to find S the component of shear stress 
parallel to the plane of slip, and s the amount of shear These results arc given 
in Table III and are exhibited graphically m lig 9 Inspection of that figure 
shows that the curves for different specimens are not the same The difference 
may be due to slight differences in the material There might, for instance, be 
small included crystals in some speemn ns and not in others This possibility, 
though always present, is unlikely to be the causo of the difference between 
specimens p 5 1, (3 5 2 and (3 5 \ because they were all cut from the same 


Table III —Results of Measurements of Compressive Force S is shear strength 
parallel to slip plane in lbs per square inch 
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FlO 9 — Shear Strength 8 in lbs per square inch of tho Slip Plane for different valuos of 
the amount of shear 

crystal p 5 1 and p 5 2 were cut so that their planes of slip were crystallo- 
graphically similar though their shapes and sizes were not the Rame It will 
be seen that the corresponding curves in fig 8 are nearly coincident Spot urn n 
P 5 3 on the other hand was cut m a different orientation so that - 8}° 
It will be seen that its resistance to shear is very much less than that of p 5 1 
or p 5 2 It will be seen that specimens p5 1, p 5 2, p 4 1 and p 2 1 for which 
the planes of Blip have tho higher values of <J t have also the higher resistance to 
shear Specimens p 3 2, p 6 2 and p 5 3 which have slipped on planes near 
the crystal plane of type {110} have a low resistance to shear The values of 
4* arc given in brackets m fig 9 

These direct force measurements are given here because they appear fairly 
consistent, but it is necessary to state that the shearing force was deduced from 
the total pressure on the specimen making the assumption that tho friction of 
the specimen on the greased surfaces of the polished steel plates produced only 
a negligible effect on the shear stress In the cose of aluminium specimens 

VOL oxvm — A 0 
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somewhat elaborate experiments were made to find out whether this assumption 
is true and it was found to be so The method used in the case of specimens of 
fl-brass was the same as that used in the case of aluminium, but it must be 
remembered that pressures in the former case were considerably greater than 
they were in the latter On the other hand the observed uniformity of the 
distortion is strong evidence that the friction has no appreciable effect 

Slip Lines 

Though I mado repeated efforts I was unable to sco slip lines, so I cannot say 
whether they are of the samp type as those of a iron or not Attempts by metal- 
lurgists skilled in polishing also failed to reveal them 

Connection between Choice of Plane of Slip and Crystal Structure 
At the present time one of the models for representing crystal structure in pure 
metals, which is most m favour among metallurgists, seems to be that of a pile of 
similar lomsedatomsmutuallyrepelling oneanother but held together byakindof 
“ glue ” of electrons moving about in the spaces between them This is the type 
of model used for instance by Frenkel in discussing the properties of metals 
Recently Mr Hume Rothery* has proposed alternatively that the electrons 
instead of moving about occupy definite positions between the atoms, though he 
does not explain how they can maintain those positions 

In seeking to predict from such a model which of the crystal planes would 
afford least resistance to slipping, the principle winch has commonly been 
adopted is to imagine a close packed pile of spheres whose centres are at the 
lattice points of the crystal structure Slipping parallel to various crystal 
planes is then contemplated In order that the spheres may move over one 
another it is necessary for the two portions into which the material is divided 
by the plane of slip to move apart, thus doing work against the attractions of 
the electrons moving between the atoms, and it is supposed that the condition 
which determines which among the crystallographic planes shall be a plane of 
gbp is that this distance of separation shall be a minimum 
Another method which has been used gives a similar result The spheres 
are imagined to contract m radius, their centres re maining fixed At first it 
is not possible to place any plane m such a position that it misses all the spheres 
At a certain stage of the contraction it becomes possible to place a sheet parallel 
to one of the crystallographic planes m such a position that it does not cut any 
• * Phil Mag vol 4, p 1017 (1927) 
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of the spheres As the contraction proceeds it becomes possible to place sheets 
parallel to other crystallographic planes, but the plane of slip is the first of 
those “ ways through ” to appear It is obvious that purely geometrical 
conceptions of this kind are not capable of explaining distortion of metals, but, 
as has frequently been pointed out, they give the right result m the case of face- 
centred cubic metals bke aluminium 

In the case of a body-centred structure like iron the first “ ways through ’ 
which appear as the spheres are contracted towards their centres are not a 
senes of parallel planes as they are m the case of face-centred cubic structures, 
but they are the faces of a pile of hexagonal rods The view looking down the 
lines of atoms which are the centres of these hexagonal rodB at the stage when the 
“ ways through ” first appear is shown in fig 10 The “ ways through ” are 



Trace of plane{IOI) 

Fia 10 — Diagram illustrating Crystal Structure of body-oontre Cubic Crystals, when 
viewed along a cube diagonal 

shown dotted In our paper on the “ Distortion of Iron Crystals ” Miss Elam 
and I desenbed the deformation m terms of these hexagonal rods, but for reasons 
which will shortly be explained we made no reference to the piles of atoms 
lying along them Other metallurgists however, placed thi ions in position 
along our hexagonal rods, and concluded from data which were purely geo- 
metrical that the type of distortion which we observed for iron could be explained 
without any detailed reference to the forces between the atoms of the structure 
Shortly after our paper appeared, for instance, a distinguished metallurgist 
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wrote to me that he had been inclined to doubt our experimental results till 
it had occurred to him that in a body-centred pile of spheres the first “ ways 
through ” seen as the spheres contract towards their centres consist of a network 
of hexagonal prisms instead of the set of parallel planes which first appear in 
the case of face-centred piles More recently a similar idea has been put forward 
by Mr Hume Rothery * 

The reason why we did not put forward ideas of this kind, though they were 
in our minds when wo put forward the “ hexagonal rod ” description of dis- 
tortion, was that if pursued to their logical conclusion they led to the wrong 
result Assuming for the moment that the direction of slip is along the lines 
where the atoms are closest together, namely, one of the directions of type (111), 
the choice of the plane of slip must depend on the relativo amounts of tho 
resistances to shear parallel to tho various planes which pass through tho given 
direction of slip In order to predict therefore which of these various planes 
will be the plane of slip we must first predict the way m which resistance to shear 
vanes os the plane of slip rotates round tho direction of slip 
To do this it is necessary to make some assumption as to the cause of the 
resistance to shear, or, in other words, the cause of the dissipation of energy w hich 
occurs when a metal crystal is distorted The simplest assumption that can be 
made is that the energy is lost when one pile of atoms moves relative to its 
immediate neighbours If it is supposed that a certain definite amount of 
energy is dissipated between ca< h pair of piles when the two move through a 
given distance relatively to one another, then tho resistant e to shear will be the 
same as that of a pile of hexagonal rods when they arc placed so that their 
sides are parallel to pianos of typo {112} provided that the friction at every 
interface is the same This assumption of equal friction between any neigh- 
bouring pair of piles of ions is necessarily implied, though it is not specifically 
stated, m Mr HumeRothery’s work, for in order to distinguish between different 
types of slipping he takes as his criterion that the resistance to slipping will 
be least when the depth to which the ions of one pile penetrate during a slipping 
motion into the spheres of repulsion of those in the neighbouring pile is least 
This necessarily implies that when the depths of penetration in two cases axe 
the same, the resistance to slipping between the piles is the same 
Making this assumption we can now work out the resistance to shear of any 
plane of slip which passes through the direction of slip Let ^ be the angle 
between any plane of Blip and the plane {101} 

Let F be the magnitude of the shear stress which will just cause slip on the 
* ' Phil Mag vol 4, p 1035 (1927) 
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plane <|/, and let / be the resistance to slipping experienced by unit length of 
each pile of ions aa it slips past its neighbour Let a\/d be the distance between 
the central lines of two neighbouring piles of ions, so that a is the breadth of a 
face of one of the hexagonal rods It is required to find F in terms of/, a and 
4* Consider a length l of the trace of the slip plane on a plane perpendicular 
to the direction of slip This trace, though a straight line from the point of 
view of an observer who cannot see the individual atoms, may be regarded as 
consisting of microscopic elements which are the sides of the heaxgonB In 
fig 10 the Bection of a slip plane parallel to {101} is shown at AB The section 
of a slip plane parallel to {112} is shown at CD There are three types of these 
elements inclined at 30°, — 30° and 90° respectively to the plane {101} Suppose 
that 4 lies m the range 0 to 30° and that in the breadth l of the slip plane there 
arc n y elements of the first type, n, of the second, and « 3 of tho third 
We then have the following relationships which can easily be verified by 
looking at fig 10 

= »3 'j 

(»j + n g ) a cos 30° = l cos I 
(« x — « 2 ) a sin 30° + an 3 = l sin ^ J ^ 

(»H n, + « s )/-Fl J 

Eliminating n v n t and n 3 from these equations it is found that 

F = it- cos (tb — 30") 

3 a 

If F 0 is the value of F when <J» = 0 

F/F 0 -iV3cos(4i-30°), (6) 

when the angle ^ is between 0 and — 30° 

F/F 0 = cos (<], + 30°) 

Now let us apply the condition given in equation (3) which determines the 
value of <J> when y is given and the relationship between F/F 0 and ^ is known 
It is 

t •$=**“<*-« 

differentiating (6) it will be found that 
1 dF 
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W hen x has any positive value less than 10° there is no possible positive value 
of ^ less than 30° for which tan (x — (30° — t^) In fact, for all 

orientations of the crystal axes except special symmetrical ones for which 
X = 30° (t e , ones for which the axis of the specimen lies in a crystal plane of 
type {110} ) the plane of slip would be a crystal plane of type {110} This 
conclusion follows directly from an analysis of the effect of Mr Hume Rothery’s 
hypothesis, no other hypothesis than that necessarily implied m his discussion 
being employed Since in the case of iron crystals the plane of Blip is not in 
general a plane of type {110}, it follows that the hypothesis that the conditions 
of slipping are determined by the geometrical considerations put forward by 
Mr Hume Rothery is unsound 

Comparison between Slipping m $-braxs and Model of Hexagonal Rods 

Though we cannot hope to explain the choice of slip planes in metal crystals 
in the manner of Mr Hume Rothi ry, using only simple geometrical data, yet 
there is one very remarkable feature of the slip phenomena in crystals of (3-brass 
which is reproduced m our model m whu h we represented piles of ions by 
hexagonal rods (and from this point of view our model complies with the 
requirements of Mr Hume Rothery s hypothesis) The rate of variation of 
resistance to shear with the angle iy is discontinuous at the point ^ = 0 both in 
the model and in (3- brass This can be seen by comparing fig 11 which repre- 
sents F/F 0 for tho model, with fig 8 which represents a limited range of values 
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Fra 11 — Theoretical Curve showing Variation in Shear Strength, as Plane of Slip rotates 
about tho Direction of Slip 


of the same quantity deduced from distortion and X-ray measurements of 
(3-brass 

In view of this point of similarity it is of interest to enquire why the model 
shows this peculiar feature Referring to fig 10 it will be seen that when the 
slip plane coincides with tho crystal plane {101}, t e , when = 0, all the 
elements composing the plane of slip are at angles of ± 30° to its general 
direction A small change in introduces elements of the slip plane at 
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right angles to its general direction, the number of them being proportional to 
the absolute value of 8^ irrespective of whether 8<J> is positivo or negative 

On the other hand when the slip plane is at i]; = K)° so that it comrades with 
the crystal plane {112} as m CD, fig 10, the three types of element composing 
the whole Blip plane make angles of 0 and ± 60° with the general direction A 
small change 8ij/ in does not change the number of elements at angle 0° If 
Sijns positive there is an increase proportional to Sijnn the number of elements at 
+ 00° together with an equal decrease in the number at — 60° Small changes 
in 8iji therefore leave the total number of elements unaltered so that tho rate 
of change in resistance to shear is zero when the plane of slip comrades with a 
crystal plane of type {112} 

It will be seen that m the case of (3-brass there is not only a sudden change of 
sign in the rate of increase in F/F 0 with <]/ at <{» — 0, but there is also a sudden 
change in its absolute magnitude This corresponds presumably with a differ- 
ence in the resistance to slipping between neighbouring hexagonal prisms or 
piles of atoms, according to the direction of motion That such a difference 
is to be expected from the point of view of crystallographic symmetry has 
already been pointed out Fig 12 shows a pair of neighbourmg piles of ions 
AB and CD Regarding CD as fixed it will be seen that the motion of AB 
from A to B is crystallographically different from that from B to A It should 
be noticed however that the hypothesis that the resistance to relative motion 
between two piles of ions depends onlj on the direction of motion does not 
account for the asymmetry of the curve of r< distance as shown in fig 8, for it is 
a geometrical necessity that among the elements which make up the Blip plane 
the direction of slip across half of them must be tho type illustrated m fig 12 



Fio 12 — Atomlo Spacing in neighbouring Lines of Atoms parallel to tbc Cube Diagonal 

when the pile AB moves from A to B while the other half is of tho opposite 
kind typified by a motion from B to A 
It seems to me that it is useless to put forward hypotheses about the manner 
m which sbp will occur in a metal crystal until some theory is put forward which 
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will account, in a quantitative manner, for the way in which energy is lost 
during the process of distortion So far no progress whatever has been made 
m this direction 

In conclusion I should like to express my thanks to Sir Ernest Rutherford 
for permission to carry out the work in the Cavendish Laboratory, and to 
Miss Elam, Prof Carpenter and Dr Tamara for the material with which these 
experiments wero earned out 


Wave Resistance 
By T H Havelock, F R S 
(Received December 15, 1927 ) 

Introduction 

1 The object of this paper is to give more direct proofs of certain expressions 
for wave resistance which have boon used in previous calculations , further, 
in view of other possible applications, the expressions are generalised so that one 
can obtain the wave resistance for any sot of doublets m any positions or 
directions in a uniform stream, or for any continuous distribution of doublets 
or equivalent sources and sinks The only limitation is the usual one that the 
additional velocities at the surface are small compared with the velocity of the 
stream Ono might take a simple source us the unit, but to avoid certain 
minor difficulties it w ould be necessary to assume an equal sink at some other 
poiut The possible applications are to bodies either wholly, or with certain 
limitations partially, submerged The imago system m such a case consists of 
a distribution of sources and sinks of zero aggregate strength, and so may be 
replaced by an equivalent distribution of doublets Hence it is simpler to 
use the doublet as the unit from the beginning 
The wave resistance of a submerged sphere was obtained previously both by 
direct calculation of pressures on the sphere and by an analogy with the effect 
of a certain surface distribution of pressure Tho latter method was then 
generalised to give the wave resistance of any distribution of horizontal doublets 
in a vertical plane parallel to the direction of the stream In a recent paper 
Lamb* has supplied a method for calculating wave resistance which avoids the 
♦ H Ijunb, ‘ Roy Soc Proo A, vol 111, p 14 (1926) 
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comparison with an equivalent surface pressure , it consists in calculating the 
rate of dissipation of energy by a certain integral taken over the free surface 
when, as is usual in these problems, a small frictional force has been introduced 
into tho equations of motion of the fluid Lamb, however, deals only with a 
single doublet, to which a submerged body is equivalent to a first approxima- 
tion, and so does not obtain the interference effects which arise from an extended 
distribution of doublets , further, he carries out tho necessary calculation by 
analysing first the surface distribution of velocity potential, or m effect analysing 
the wave pattern In the following paper it is shown that this intermediate 
analysis may lie avoided by a direct application of tbe Fourier double integral 
theorem m two dimensions This step simplifies the extension of the calcula- 
tion to any distribution of doublets in any positions and directions , various 
cases, which it is hoped to use later, aro given m Borne detail for deep water, 
and one cose of a single doublet m a stream of finite depth 


Two-dimenswnul Motion 


2 The results for a two-dimensional doublet are well-known, but thoro arc 
one or two points of interest m the calculation We shall suppose the liquid 
to be at rest, and tho doublet to be moving with uniform velocity c Let tho 
doublet be of moment M, with its axis horizontal, at a depth f Take tho origin 
m the free surface, with Ox in the direction of motion and 0* vertically upwards 
If £ is the surface elevation, and if there is a frictional force proportional to 
velocity, the pressure condition at the free surface gives 

qX, -1 | — constant, (1) 


<f> being the velocity potential Since, at the free surfaie 3£/3f = — 3^/3 z, 
we have for the steady motion relative to the moving axes, 


3** , 3 4 3 <f> 

87 +,, S~ l ‘ct‘ 


( 2 ) 


to be satisfied at z - 0, with k„ — gl<? and p = p'/c The conditions of the 
problem are satisfied by 


* + * (* + /) 


— - + 2*«oM f - 

x + t (*-0 


-*o + tp 


where the real part is to be taken 
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If R is the equivalent wave resistance, Re is equal to the rate of dissipation 
of energy , this gives, following Lamb, 



taken over the free surface Thus m the two-dimensional case we have 

R = Lim up f <f>~^ dx, (5) 

M-*0 J-o> 02 

with 2 = 0 

The surface values of <f> and d<f>/dz can be obtained from (3) , after applying 
well-known transformations we obtain, at z = 0, 


<h = 2*m ["1”? ± i^ Hm e -™ dm> 

V 'Ho («*+(*)* -f- K 0 * 


a <(> _ mrf 

Tz (/* +/*)» 


- "2x n M f + .!*>■ coa -i»/z^,Qiy 

° Jo (m- fp)* + V 


dm, 


for * > 0 , and 

<f> = 47w 0 Me' 11 '*•? cos (koJ - + p/) 

_ ixM fia ~ e> mn m f ~ 

Jo (m-ix^ + V 

= 4tck 0 Mc m *~' ,/ {k 0 cos (kqX 4* f lJ) + (i sin {k^ -f \if)} 


iM£L + 

(**+/*)* 


2/f 0 M 


* (w — ix) cos mf — k 0 sin mf ^ , 

i e * -■■■ « we dm, 

o (w — fl)* + *o* 


(6) 


for x < 0 

These expressions are continuous at x = 0 It is easily seen that tho only 
terms which give any contribution to (5) in the limit are the first terms in the 
expressions for <f> and d<f>)dz when x is negative These are the terms which 
arise from the train of regular waves established in the rear of the moving doublet 
and so this method is connected with the alternative calculation of wave 
resistance by means of group velocity The dissipation of energy when there 
is a frictional term is represented in the limit, when p is made zero, by the propa- 
gation of energy away from the system in the train of regular waves To com- 
plete the calculation from (5) and (6) we have 


R = Lim 


l(m , /c 0 3 M*e ! '‘ I ~ 2 ' cl/ co8 2 K 0 x dx 




( 7 ) 
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We may obtain this result without analysing the expressions for <f> and d<f>‘dg 
We obtain from (3) the following complete expressions in real terms, at z = 0, 

J B (ic — K 0 y + (i a 

— = 2M j" t^Q coa KX -{*(* — *n) + M' 8 ) am kx ^ ^ 


To carry out the integration of the product over the surface, we use the follow- 
ing theorem if 

f (x) = j" (Aj cos kx + B, sm kx) dx, 

(J; (x) = | (A„ cos kx 4- Bj sin kx) dx, 
where A lt Aj, B x , B a are functions of k, then 

f /(*)$(*)<&= Ttj^fA.Aj + BjB t )dK (10) 


This theorem is derived from the Fourier double integral 


ff> (x) = i | die j <f> (a) cos k (x — a) da. 


and is subject to the same conditions 
In the present case, comparing (8) and (1 1) wc have 


Hence we have 


| <f> (a) cos 
| tf> (a) sin i 


da = 


da - 


(ic — #f 0 )* + |i* ’ 

__ 2tcic 0 M (k — K n )e~‘ / 
(k-k 0 )* | (1* 


r" vs--**/ 

R = Lim 47w< 0 M*pu — dx 

*-*o Jo { k — *o) + (* 

= 4Tt s pif 0 8 M 1 ti -2 ' ,/ 


(ID 


( 12 ) 


(13) 
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Horizontal Doublet 


3 To consider three-dimensional fluid motion, take first a horizontal doublet 
of moment M at the point (0, 0, — /) Assume that the velocity potential can 
be expressed m the form 

$ = j* £ Ke -.(*+/)+l«(*co.»+».ln «) c08 6 d Q dK 

+ j* J »eF(0,ir)«- , </- , > +fc ^~ H ' , ’ -B, >cw 6d0d*, (14) 


where real parts are to be taken, and where the first term is the velocity potential 
of the given doublet m a form valid for s +/ > 0 
The surface condition is equation (2) as before , applying this, we obtain 


F (0 k) = — * j *n sec 3 6 f *p sec 0 
’ 2« k — k 0 sec* 0 -f ip sec 0 


(15) 


Hence from (14) and (15) the surface values of tf> and 3 tf>jdz are 
-k sec 0 dO die, 


tKpM f* 1 f" »/+<»(*««• *+»•!"») 
^ ~ 7C J-* Jo n — * 9 sec 2 0 + «p se< 

_ iM p C m e -«/+fa (*<»••+* 

7t J -Jo * — k 0 ^c* 0 + tp sec 0 


cty_»M 
dz 


k 2 (k + tp sec 0) cos 0 d0 d*c 


(16) 

(17) 


Taking real parts of these expressions we obtain 

<f> = j j {Fj (0, k) cos (kx cos 0) cos (k y sm 0) 

-f F 2 (0, k) sm (kx cos 0) cos (ny sm 0)} #c d« dO, (18) 
and a similar form for 3^/3z with G instead of F, with 
Fj =~ MK 0 pe“‘ / sec* 0 /D 
F 2 — — Mk 0 (if — k 0 sec* 0) e~ J sec 0 /D 
G x — Mpx'oicp - ' 7 sec 2 0 /D 

G, = — M {* (k — k 0 sec* 0) + p* sec* 0} Ke - * 7 cos 0 /D 
D = r {(k — k- 0 sec* 0)* -f p* sec* 0} (19) 

We now apply a theorem m two dunonsions corresponding to that given in (10), 
The Fourier integral theorem is 

p (* ,y ) == 4^1_«**l. . rfl, Lj_. F(s, * ) cos u(x — s) cos v (y — l) ds dt 
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Putting u = k cos 0, v = k sin 8, this may be written 
P (*, y) = | dfi | {F t cos (kx cos 0) cos («y sm 0) 

F g sin (kx cos 0) cos (Ky sm 0) + P a cos (kx cos 0) sm (kij sm 0) 

+ F 4 sm (kx cos 0) sm (/cy sm 0)} k i Ik, (20) 

where 

Fj = j j F (*, t) cos (k* cos 0) cos (kI sm 0) ds dt, (21) 


with similar expressions for F 2 , F s , F 4 

If G (x, y) is another function given as a double integral m the form (20), it 
follows as in the one-dimensional case that 


j” F (x, y) G (x, y)dxdy~^^ f/oj"(F 1 G 1 +F a G 2 +F 3 G 3 +F 4 G 4 ) k«/k 


( 22 ) 

It is assumed that the various integrals are convergent 
For the particular case given in (18) and (19), we find that F 1 G l + F S G 8 
reduces to a simple expression, and wo obtain 


R — lam up j* j (f,~^dxdy 

- Lun lGpK^MV f /a f K s e- u 'dK 

*-*0 Jo Jo (k — k 0 S< 


0 sec 2 0) 2 + (i 8 sec 8 0 

- KmpK./M 8 psec 5 

= topKflP'-** (k 0 (kJ) + (l +£j)*l ("«/) }, 

where K„ is the Bessel Function defined by 


(23) 


K.(x) 




“ cosh nu du 


Horizontal Doublets in Vertical Plane 

4 This method allows easily an extension to any distribution of doublets 
Consider first two horizontal doublets M and M' at the points (h, 0 , — f) and 
(V, 0, — /') respectively The surface value of ^ is now given by (16) with 
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x — h instead of x, together with a similar expression in M' and x — W Taking 
the real part we have 


* = scc0doj* 


cos (*y sin 0) 


(#c — Kq sec* 0) 4 + |i* sec* 0 


P*cfc, 


P = (x sec 0 [Me ,f cos {* (x — h) cos 0} + MV ,f cos {« ( x — h') cos 0}] 

— (k—k q see* 0) [Me _,/ sm {k {x—h) cos sin {* {x—h') cos 0}] 

(24) 


There is a similar expression for the surface value of 3^/3* We now wnte both 
these in the form (18), omitting terms which from symmetry give zero when 
integrated with respect to 0 We find again that we have only to form the 
quantity PjG, -f F 2 G 2 and that this simplifies considerably , the wave resist- 
ance, after this reduction, is given by 


R = Lun 


* ^Jo Jn (*-*„ sec* 0)* f p* sec* 0 

lfi7tp^ 0 4 j’ /<! LM* f-M'* * 

+ 2MMV-“G 1 ' > *' * cos (*„ {h - h') sec 0}] sec 8 0 d0 (25) 


The first two terms give the resistance due to the two doublets separately, 
while the third term represents the interference effects This expression was 
obtained formerly from the analogy between the waves produced by a sub- 
merged sphere and those due to a certain surface distribution of pressure , it 
was then generalised for any distribution of horizontal doublets m the vertical 
plane y — 0 * The method given here can also obviously be extended by 
integration for any such continuous distribution, and confirms the general 
expression used m previous calculations, if M (h,f) is the moment per unit 
area at the point {h, 0, — /), then (25) generalises to give 

R = ltapK 0 4 |’tfjVf dhf dh’j rl>l M{h,/)M(h > ,f')X 

£-«,(/+/ ) "•* « ros [ k 0 {h _ A') gee 0} sec 5 Od0 (26) 


General Distribution 

5 We can use the same method for doublets with their axes in any directions, 
for we can always obtain the surface values of <ji and 3^/3z in the form (20) 
and so can integrate over the surface by means of (24) Beginning with a single 
* ‘ Roy Soo Proo A, vol 95, p 303 (1919) , also A, vol 108, p 78 (1985) 
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doublet at the point (0, 0, — /), let the direction cosines of its axis be (I, m, n) 
By the Bame process as for the horizontal doublet in (16) and (17), the surface 
values of <j> and d^/dz are found to be 




(il cos 0 tm sin 6 — ft) sec 2 6 ^ 

k — k 0 sec* 0 + tp sec 0 

k ( tl cos 0 j tm sin 0 — n) (k + 1 p sec 0) 
k — Kg see* 0-f ip sec 0 


(M*. 


(27) 


with Q == »»>“•> 

With the same notation as before, 

F 4 = k 0 {pi — n (k — k 0 sec® 0)} D see* 0, 

Fj = — k q {(in sec 0 -j* l (*c — k 0 sec* 0) cos 0} D sec* 0, 

Fj = — K 0 m (k — k 0 sec® 0) D sin 0 sec® 0, 

F 4 — — k q \j.thD sin 0 sec 3 0, 

Qj — k [(ikq l sec* 0 — m{k (k — k 0 sec® 0) + p® sec* 0)] D, 

CJ 2 == — k [i {* ( k — /Cq sec® 0) (i® sec® 0} cos 0 + pn* 0 sec 3 0] 1), 

Gj = — Km {* (#c — Kq sec® 0) + p* sec* 0} D sm 0, 

G 4 = - - (iwikokD sin 0 sec 3 0, 

D = (M/n) e~* f l{(K — k 0 sec* 0)* + p* soc® 0} (28) 

We find that E FG simplifies very much even if we take the expressions as they 
stand , since we are only concerned ultimately with p zero, we could further 
simplify the work by omitting superfluous terms The expression for R 
reduces to the limit of an integral of the same type as m (23), and the result is 

R = 16npic 0 4 M 3 j ,r (1* cos* 0 fm* sin* 0 + n*) tr®*^* 00 *® sec 7 Od0 

- ^oWe-^jKoW + ^ + ^K^a)} 

+£{ k »(*>+( i +I) k - < *>} 

+ " , {( 1+ i ) K » w+ ( 1 f 5 + i ) K ' w }]' (29) 

where a = * 0 / — qfj<? 

6 The only further stage to which wo need carry the calculation is for two 
doublets in any positions M at the point ( h , k, — /) with its axis m the direction 



32 


T H. Havelock 


(/, m, n), and M' at (h' t k', — /') in tho direction (l\ m', n') We have simply 
to put the surface values of and 3^/3z m the standard form, and evaluate 
the quantity 2 FG The reduction need not be reproduced here , omitting 
terms in p which make no contribution in the limit, we obtain 
rc*2 FG {(* — k 0 sec* 0)® + [I s - sec® 0}/^* sec 1 0 

= [(1 cos 0 sin P cos Q -|- m sin 0 cos P sm Q — n cos P cos Q) 

+ (l' cos 0 sm F cos Q' f m! sm 0 cos F sm Q' — n cos P' cos Q') 

+ [(Z cos 0 cos P cos Q — m sm 0 sm P sin Q f n Bin P cos Q) Me“* / 

+ ( l ' cos 0 cos P' cos Q'— m' sm 0 sm P' sm Q' + «' sin P' cos Q') M'e ~ *t ]* 
+ [{l cos 0 sm P sin Q — m sm 0 sm 0 cos P cos Q — n cos P Bin Q) Mc"* / 

+ (1' cos 0 sm P' sm Q'— m' sin 0 cos F cos Q'— n' cos P' sm Q') 

|- [(/ cos 0 cos P sm Q + m sm 0 sin P cos Q f- n sm P sm Q) Me - * / 

-4 ( l ' cos 0 cos P' smQ'-f- m' sin 0 sm F cos Q'-f n’ sm F sm Q') Wt~* f j*, 

(30) 

where P — ich cos 0, Q = kL sin 0, and similarly F and Q' Carrying out the 
rest of the calculation for R, tho wave resistance is given by 

R— pic,, 4 1 |^(Z* cos* 0 m* sm* 0 -J- «*) M*e ***^ * 

+ (*'* cos® 0 + m'® sin® 0 -} n' 2 ) MV W “ c ‘ 8 
+ 5 1 {(U r cos* 0 4* *w*' sm* 0 + «»') cos A cos B 

— (Itri -(- I'm) sm 0 cos 0 sm A sm B -f (nm' — n'm) sin 0 cob A sin B 

+ (nP — n7)cos 0sm AcosB} sec 7 0d6, (31) 

where A = k 0 (h — V) sec 0, B = k 0 (fc — fc') Bin 0 sec* 0 The various terms 
represent the contributions of the throe components of each doublet and their 
mutual interference in pairs 

Walcr of Finite Depth 

7 For water of finite depth h, we shall consider only the simplest case of a 
horizontal doublet of moment M at depth / It is clear that the same surface 
integral can be used for evaluating the wave resistance 
We now assume the velocity potential in the form 

cos 0<Z0 j 

+ ~J cosOdoj F (0, *) cosh if (* -}- h) 


(32) 
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This satisfies the condition 3^/0z = 0 at z — — h , wo note that the first term 
represents the original doublet and its image in the bed in an analjtical form 
valid for z +/ > 0, and therefore suitable for applying the boundary con- 
dition (2) at the free surface This yields 


F (0, K) 


_ 2e~** cosh K (h — / ) K 4- *n see 2 0 -f *1* sec 0 

cosh Kh K — K 0 sec 2 0 tanh kIi |- ip sec ( 

consequently the required surface values are given by the real parts of 
sec Orfoj" cosh f*(A — /)} tanh 


^ _ ‘itKjjM j' ( 

?Jj ’ ’ 


cosBdOl 
oz 


? 0 tanh Kh -J- ip sec 0 

jj" c~**co''li{ic (h —/)}(! 1 tanh*A) (k I ni sec I)) , 


- k u sec* (J tanh k 7 » -f ? p, set 0 


(33) 


' k- (Ik, ( 34 ) 


where w = x cos 0 f- y sm 0 

Comparing these with the corresponding values for deep water given in (](>) 
and (17), we can write down the expression for tin wav< resistance as 


- Lim 12p«^V [""«[* *•«'*•* 1 °°a‘l«(t-/))toh | ,ftl | + tanta) f|c 
n-« r Jo Jo (* — «o BM 2 0 tanh kA) 2 + p* Bee* 0 

( 35 ) 


There are two points to notice in evaluating this limit The result is only 
different from zero when 

k — k 0 sec* 0 tanh Kh — 0 (36) 


has a real positive root , and this occurs only for kJi sec 2 0 > 1 Further we 
must introduce m the denominator d (k — k 0 sec 2 0 tanh Kh) jdK We may sum 
up the result in this form 

B = [■'V«:ii‘<^ , ( | <(i-/))^nha(i+t»ij.a) m 0 -0 (J7) 

J* 1 — kJi see 3 0 scth“ Kh 

where k is the positive root of (38) , further, the lower limit 0 O) is given bj 


0 O = 0, for KjA > 1, or c 2 < gh, 

0 o = arc cos y/ (kJi), for c 2 > gh 

We may note that the change in the lower limit occurs at the so-called critical 
velocity y/ (gh) for the given depth From (37), R may be graphed as a function 
of the velocity for various ratios of / to h , the calculations may be earned 
out by numerical and graphical methods A similar expression m the case of 
a certain distribution of surface pressure was examined in detail in a pro\ ious 
paper,* and it may be anticipated that (37) would give somewhat similar 
curves 

* ‘ Roy Soc Proc ,’ A, vol 100, p 603 (1922) 
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The Arc Spectrum of Carbon. 

By A Fowled, D Sc , F R S , Yarrow Research Professor of the Royal Society, 
and E W II Sflwyn, B Sc , Imperial College, South Kensington 

(Received January 4, 1928 ) 

Introductory 

It is well known that in the region of observation extending from the red to 
X 2000 the spectrum of an ordinary carbon arc shows only a single line, X 2478 
Merton and Johnson, however, have observed a considerable number of lines 
which they have attributed to the neutral atom of carbon in the spectrum of a 
vacuum tube containing a trace of an oxide of carbon in helium at 20 to 30 mm 
pressure * Another method of developing the lines of C I, in this case almost 
perfectly free from lines of C II, has recently been described by J W Ryde f 
In these experiments, a carbon arc was fed with currents up to 250 amperes, 
the potential drop across the arc being 60 to 80 volts Many of the lines 
assigned to C I by Merton and Johnson then appeared with groat intensity, 
together with lines of N I, O I, and A I from the atmospheric gases, the lines 
in question being localised m a region near the negative pole of the arc 

With additional observations made during the present investigation, the 
spectrum of neutral carbon is now sufficiently well known to justify an attempt 
tp extend the analysis of the spectrum, which has already been partially 
elucidated by BowenJ from lines observed in the extreme ultra-violet 

EjrpertmerUal 

Photographs of the spectrum of an oxide of carbon in holium, as in Merton 
and Johnson’s experiments, have been taken with the vacuum grating spectro- 
graph, covering the region X 1250 to X 2760 in the first order and X 1250 to 
X 1380 m the second order Some of the lines have also been photographed 
in higher orders with other sources The effect of admixture with helium is 
to emphasise the known lines of C I with respect to those of C II which appear 
in company with them, and to introduce additional lines, of which many are 

probably due to C I The lines which remain after eliminating bands of 

• ‘ Roy Soo Proo ,’ A, vol 103, p 384 (1923) , vol 108, p 343 (1925) 

t Roy Soc Proo,’ A, vol 117, p 164 (1927) 

i ‘ Phys Rev ’ vol 29, p 238 (1927) 
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carbon* and lines of oxygen, mercury, nitrogen, and ionised carbon, and 
omitting those which appear w the list of classified lines (Tabic VI), are shown in 
Table I 


Table I — Unclassified Lines in Helium-Carbon 


Merton 

and 

Johnson 

A 

* 

A y 

* 

* 


2665 24 (On) 

37509 

2385 85(1) 

41901 

1361 27(1) 

73461 


2664 48 (On) 

37520 

2268 50 12) 

44068 

1359 42(1) 

77561 


266.7 04 (1) 

37540 

2042 24 (2) 

48000 

1357 21 (1) 

73681 

2661 7 (0) 

2661 90 (1) 

37550 

2005 0 (0) 

49859 

1331 83 (1) 

75085 

2660 3 (1) 

2(J«0 33 (1) 

37578 

A vac 


1321 77 (1) 

75656 


2658 50 (0) 

37004 

1093 65(2) 

50159 

1313 50(1) 

76132 


2639 42 (0) 

37876 

1765 4 (0) 

56644 

1311 36(2) 

70257 


2602 90 (0) 

38407 

1764 0 (0) 

56(189 

1283 11 (1) 

77936 


2592 30 (On) 

38564 

1481 75(5) 

67487 

1280 75(2) 

78079 

2582 9 (2) 

2582 85 (1) 

38705 

1472 3 (0) 

87920 

1280 33 (3) 

78105 

2867 7 (0) 

2567 78 (0) 

38932 

1470 20(1) 

68018 

1279 86(1) 

78134 

2515 15(1) 


30747 

1468 5 (0) 

118007 

1279 17(2) 

78176 

2419 6 (0) 


40978 

1467 48 (1) 

68144 



2413 9 (0) 


41414 

1364 20 (2) 

73303 




Several of the brighter lines of C I in Merton and Johnson’s list were noted as 
rather feeble lines in the spectra of ordinary carbon dioxide vacuum tubes 
photographed some years ago It has since been found that these lines can 
be obtained quite prominently, and comparable in intensity with many of tho 
lines of C II, by merely raising the pressure of the gas to about 20 ram All but 
the very faint lines of Merton and Johnson’s list in tho region X 4740- > 6600 
have been observed by this method The C I spectrum under these con- 
ditions would seem to resemble that obtained by Rydo’s high-current arc more 
closely than that given by the helium-carbon vacuum tube, as, for example, 
in the absence of the lines XX 4768 78 and 4757 59 
Results Bimilar to those of Ryde, but cxclud ng some of the fainter lines, 
have been obtained with currents much smaller than those employed by him 
Thus, it was found that while tho lines in question could not be seen at all 
with the ordinary currents of 5 to 10 amperes on a 110-volt circuit, they appeared 
with considerable intensity m the neighbourhood of the negative pole when the 
current was increased to 16 or 20 amperes The lines so obtained are in excellent 
agreement with those tabulated by Ryde By the use of the valuable neo- 
cyanme plates of tho Eastman-Kodak Company, this method has been utilised 

* Some of these carbon bands could only be distinguished from lines by companion with 
other plates in which the band spoctram was more strongly developed (<•/ Jevona, 

‘ Phil Mag ,’ vol 47, p 586 (1924) ) 

D 2 
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to extend the observations as far as X 10120 in the near infra-red, and the lines 
which have been observed, other than those listed by Ryde, are Bhown in 
Table II As the dispersion employed was about 100 A per millimetre, no 
great accuracy can be claimed for the tabulated wave-lengths 


Tabic II -Infra-Red Lines of Carbon Arc 


A 


Remarks 

! 

10119 (0) 

0880 

Possibly C 1 See Table V 

0623 (0) 

10380 

suggests C I See Table IV 

0407 (2) 

1 11627 

Probably ( 1 See Table V 

9304 (0) 

10642 

0264 7 (0) 

10790 7 

O I (Paaohcn) 

0100 0 

10877 7 

0170 2 

0142 ) 

10901 9 

1093S 4 

Am HiiggoeU N I 

0111 4 

10072 2 


0004 6 

10992 7 


0088 r, 

10999 9 

v( 1 multiplet See Table IV 

0078 1 

11012 5 

0001 8 

11032 3 

1 

•8336 4 

11992 3 

Carbon line 


* Occurs m Hyde's lint of lines of unknown ongiu Other lines of nitrogen and oxygen fall 
between A 9081 and A 83 JO 


The conspicuous multiplet beginning with X 9111 and tho singlet X8336 
have been proved to be duo to carbon by their observation m tho spectrum of 
carbon dioxide and then: absence from the spectrum of oxygen The origins 
of other lines are somewhat uncertain, as the vacuum-tube observations were 
not successful beyond X 9111 It is possible, however, that the pair of lines 
XX 0661, 9623 and the lines XX 10119, 9407 are due to C I, as they yield values 
of the order expected for terms of this spectrum 

The poles used m the experiments on the arc spectrum were rods of Acheson 
graphite, and were practically free from impurities It was found convenient 
to use thin or sharply pointed carbon poles m order to localise the stream in 
which the C I lines appeared 

In connection with the foregoing observations, it is important to note that the 
spectrum of the ordinary carbon arc, with small current, in so far as it is repre- 
sented by an arc m an atmosphere of nitrogen, has been found to show the 
principal lines of C I in the region more refrangible than X 2000, including the 
strong line at X 1931 These lines also occur, together with lines of C II, in 
the spectra of tho carbon vacuum arc, vacuum tubes containing carbon com- 
pounds, and the “ hot spark ” of carbon investigated by Millikan and Bowen 
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It thus appears that all the ordinary sources yield lines of C I which arise from 
combinations of the deeper terms of the spectrum, and that special methods 
only become necessary for the excitation of lines due to combinations of terms 
representing higher energy levels The observations of the arc recall those of 
A S King,* who similarly found that in metallic arcs with currents of about 
1000 amperes there was an increased development of lines of the neutral atom 
due to higher terms, whde lines due to ionised atoms were not notably modified 

Predtded Terms 

The terms of C I predicted by the Heiscnberg-IIund theory are similar t<» 
those for N Ilf and 0 IIIJ and are shown in Table III The notation is on 
the system adopted for 0 III, terms in each row being prefixed by the n k 
designation of the corresponding orbit of the senes electron Under ordinary 
circumstances, combinations betweon terms on different rows are regulatod by 
the familiar rules, applicable in this notation to the electron symbols, and by the 
rulo for inner quantum numbers as applied to the term symbols Dashes are 
appbcable to the electron symbols alone, and only become necessary when 
there is more than one family of terms In the case of C I the need for dis- 
tinguishing terras of similar type on the same row does not arise Other singlet, 
triplet and quintet terms appear when ono of the three 2, electrons represented 
in the last row of the table is removed to successively higher orbits 


Table III —Predicted Terms of C I 


K 

L 


X 

Electrons 

unclosed 

groups 

Terms 

1, 

2. 2, 

3, 3, 3, 

4, 4, 4, 

2 

2 2 



-V 

2 if 

*P >D, 'S. 

2 

2 1 

1 


*p i 

3« 

»P ‘P, 

2 

2 1 

1 


*P P 

3p 1 

•D *P *S »D, »P, »S, 

2 

2 1 

1 


d 

3 d 

*F *D »P ‘F, l D, ‘P, 

2 

2 1 


1 

* 


ip ip 

2 

2 1 


1 

**P p 


»]) ‘P *8 *Dj ip, *8, 

2 

2 1 


1 

«* p d 

Ad 

•F »D *P >F l D >P 

2 

1 3 



*’■ 


•8 *D *P *S ‘D, »P, 


* ‘ Astrophjs J ,’ \ol 0 2 p 238 (1925) 

fA Fowler and L J Froomau, ‘ Roj Soc Proo ,’ A, vol 114, p 672 (1927) 
f * Fowler, • Roy Soc Proo ,’ A, vol 117, p 317 (1928) 
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Combinations involving some of the deeper terms have already been identified 
by Bowen, namely, 2p *P — 2 p' *P, 2 p *P — 2 p' *D, 2p *P — 3* *P In 
addition, he has suggested that a partially resolved line at X 1277 represents 
2p *P — 3d 3 D, and, by assuming that 3d *D has one-quarter of its value for 
N II, finds a probable value of 91300 for 2 p *P Bowen has found confirmation 
of the two pp' combinations m the fact that they follow the irregular doublet 
law when compared with corresponding combinations of N II, 0 III and F IV 
Comparison with 0 III and N TI (Table VII) also shows that the magnitudes 
of the p' terms are inappropriate for the mam family of terms 

Triplet Combination* 

The four triplet combinations identified by Bowen, with one addition, are 
shown in the first part of Table IV The 2p 3 P — 3d *D multiplet has been 
resolved into two components, and the table indicates a provisional attempt 
to show the structure of this group, the separation 3 D X — 3 D 2 being merely 
estimated A similar attempt has been made to represent the structure of the 
other multiplets 

The second part of Table IV shows the probable combinations with tho second 
deepest triplet term, 3s 3 P These include all the 3 p and 4 p triplet termB except 
3 p 3 D, which probably gives a group of lines in the infra-red just beyond the 
limit of the present photographs Two lines observed m this region at X 9661 
and X 9623, approximately, have been taken to represent the first two lines of 
the triplet 3a S P — 3p 3 S , they have only been photographed in the high- 
current arc m air, and there is no independent evidence of their carbon origin 
The resulting value of 3 p *S, however, is of the magnitude expected 

It is of interest to note that tho 3d 3 P term is inverted, exactly as the corre- 
sponding terms of 0 III and N II It may also be remarked that Merton and 
Johnson’s lines, XX 4758 and 4757, which were not found by Ryde, do not form 
part of the multiplet 3« 3 P — 4p 3 P 

Three p 3 P terms are available for the calculation of triplet term values The 
computed formula for these is 

p 3 P 0 = R/[m + 0 719265 - 0 616474 /m]* R = 109737 , m =• 1, 2, 3, 

giving 2 p *P 0 = 90230, 3 p *P 0 = 18878, 4 p 3 P 0 = 8888 The correcting term, 
however, is so large that the formula cannot be relied upon to give closely 
approximate values The formula for the sequence of three singlet p X D terms, 
on the other hand, involves a very small correcting term, and the calculated 
values are much more likely to be near the true values A similar result was 
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Table IV — Triplet Combinations 




2p *P, 


2p *Pi 


2p *P, 



90975 0 

27 5 

91002 5 

14 8 

91017 3 

3«*P, 

= 30680 0 



00316 5 (2) 




20 0 



20 1 



3#*P, 

= 30000 0 

00308 9 (2) 

27 7 

00330 0 (2) 

13 1 

*00349 7 (3) 


40 1 

40 8 


40 0 


8#*P, 

= 30020 9 

*60349 7 (3) 

26 9 

00370 0 (2) 



2j>'»D, 

= 20929 1 

04045 9(5) 





-2 1 





2p' »D, 

= 20927 0 

[84048 OJ 


04075 6 (4) 



-1 3 




2p“ *D, 

-= 28925 7 

[04049 3] 


[04070 8] 


04091 6(3) 

2p' »P,„ 

, = 15703 5 

75211 0(4) 

27 3 

75238 9 (4) 

14 8 

75253 7 (3) 

3<f *D, 

- [12714 0] 
15 8] 

= 12709 0 

[78200] 


[78288] 


[78303] 

M»D, 

[78205] 


78293 (1) 




9 5 




3d*D, 

= 12700 0 

78275 (2) 





3d *P, 

= 11709 

79200 (2) 


[79293] 




~10 




3rf*P, 

= 11099 

[79270] 


79303 (1) 

IS 

79318 (0) 


[—5] 




38 *P, 

= [11094| 



[79308J 





3# ‘Pj 


3* *P t 


3# *P, 



30026 0 

40 0 

30060 0 

20 0 

30680 0 

3p *1) 


Out of range 





3p *S, 

20278? 

10348 

41 

10389 



3p*P. 

- 19000 1 



10999 9 (1) 



12 6 



12 6 



3p *P, 

- 19053 0 

10972 2 (1) 

40 3 

11012 5 (1) 

19 8 

*11032 3 (4) 

20 4 

20 5 


19 8 



3p *P. 

= 19033 2 

10992 7 (4) 

40 1 

*11032 3 (4) 



4p*D, 

- 10833 5 

[19792 5] 


[19832 5] 


19852 5(0) 


7 0 






4p *D, 

- 10820 5 

[19799 5] 


19839 5(3) 




29 8 






4j> s D, 

10796 7 

19829 2 (3) 





4j,*Si 

- 9913 7 

20712 2(1) 

40 4 

20752 0 (1) 

19 4 

1 20772 0(1) 

4p *P, 

- 0707 5 



20958 5 (2) 



14 5 



14 8 


*20991 9(4) 

4p »P, 

9093 0 

20932 7 (3) 

40 6 

20973 3 (2) 

18 6 

18 0 

18 2 


18 6 



4p ’P, 

-- 0675 0 

20950 9(4) 

41 0 

•20991 9(4) 




* V#cd twloe t Occurs in Kydc’n list of unknown line# 
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found for the corresponding terms of O III, and the calculated singlet terms 
have accordingly been adopted Since no mtercombinations of singlets and 
triplets have yet been recognised, the triplet terms havo lieen adjusted so as to 
give triplet and singlet terms in the same order as in 0 III and N II From 
the comparative list of term values in Table VII, it will be seen that the 3d 
terms of each typo show only small variations in the three spectra, and the value 
12700 assigned to 3d 3 D s (or 12714 5 to 3d* D,) cannot be greatly in error 
It is to bo understood, however, that the triplet and singlet terms have not yet 
been brought into exact relation with each other 
Numbers enclosed in square brackets represent calculated wave-numbers 
of lines forming parts of multiplets, or term values which have merely been 
estimated 

RintjUis 

The classification of singlets in C I jm sents considerable difficulties, because 
there are no extended series and many of the expected hues must occur cither 
in. the near infra-red or in the Schumann region Some of the lines, however, 
can be classified with considerable certainty from a general consideration of the 
predicted terms in relation to th<* already known terms of N II and O III 
Thus, there can bo no doubt that the strong lmes X 2478 and X 1931* represent 
2p % — 3s l l J x and 2p X D 2 - "hi 'P, respectively, since these combinations 
ahould give the strongest of all the smglets The three brightest lines in the 
visible spectrum, XX 5380, 5052, 4932, can also be classified with almost equal 
certainty Again, the interval between the lmes X 1751 and X 1459 appears 
to bo the same as that between 2p 1 D 4 and 2 p l S 0 and would seem to justify 
the identification of the common combining term as 3d X P X 
The terms 2p 1 B i and 4-y> 1 D a having been determined from some of these 
lmes, an approximate value for 3 p X D 2 could be donved by interpolation This 
suggested the bne X9407 (v = 10627) as 3p 1 D a — 3d X P X , and assuming this 
to be correct, a sequence of three p x D 2 terms became available for a more 
precise determination of singlet term values, to replace those which bad been 
provisionally adopted The calculated formula is 
j) x D 2 = R l[m + 0 168835 - 0 007117/m] 8 R = 109737 , m = l, 2, 3 
This gives 2p 1 D I — 81311 5, and other singlet terms havo been determined, 

* Millikan and Bowen have assigned \ 1931 to CI1I (‘ Phys Rev vol 20, p 316(1920)), 
but this is altogether in contradiction with the experimental evidence, since this line oocnis 
in the ordinary aro in air, where neither C II nor C III linos are present There is another 
line, howover, at X 1923 whioh appears under strong discharges, and is doubtless the 0 111 
line anticipated by Millikan and Bowen 
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with this as a basis, from the combinations shown in Table V The more 
doubtful term identifications arc distmgushed by a ? mark 


Table V -Singlets of C I 



2 p *D, 
81312 

11452 

2j>‘S 0 

89860 

7«>P, 

29326 


3p‘P! 
19646 7 

3j«P, 

-= 29526 

51786(10) 

11462 

40334 (10) 


* * * . 

*9880 * 

3d'f, 

3d'P, 

3d»D, 

- 129791 
12779 

- 11414? 

68333 (6) 
68533 (3) 

11452 

57081 (6) 


1 10627 (3) * * 

$11992 (7) 


4*>P, 








4/>‘l), 

4p 1 I*i 

- 10945 

- 9738 
9256 




18581 (8) 
19788 (6) 
20270 (5) 



WK 
4d *1’, 

- 7475? 

73837(1) 


62379 ( 1) 


1 



f Unerl for calculation of 3 p 'Dj 
j Used for oaloulation of 3 p ‘P, 

§ Uaod for calculation of 3d ‘D, 

* * Out of range 
Not oxpeoted 

As will appear from the blank spaces where lines might be expected, further 
progress in the identification of terms must depend largely upon the possibility 
of extending the observations farther into the infra-red, and of obtaining more 
complete development of the C I lines in the Schumann region 

List of Classified, Lines 

The lines which have been classified, in some cases merely tentatively, arc 
included in Table VT In view of the disturbances of wave-lengths in the high- 
current arc, Merton and Johnson’s vacuum-tube wave-lengths have been 
adopted in preference to those of Ryde for the region X5380 to X2478 The 
wave lengths for which no authorities are quoted in the footnotes have been 
determined in the course of the present investigation 
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Table VI —Classified Lines of C I 


A air 

* 

(. lawn tkftt ion 

Avne 


Clarification 

1 

10119 

9880 

Ta'P^p 1 ?,? 




9661 

10348 

3a *P, - VS, 7 

J1931 027 (10) 

51785 9 

2p'D,-3a 1 P, 

9023 

10389 

Sa’Pj— 3p*S, ’ 

1751 90 (6) 

57080 9 

2p>8,- 3rf’P, 

9407 

10027 

3p'D|— 3d*Pj 




9111 4(2) 

10972 2 


$1(158 17(2) 

60308 9 

2p*P,-3a*P l 

9094 5(5) 

10992 7 

Sa'P.-Sp'P, 

§1667 92 ( 2) 

00316 5 

3p»P,-3a'P, 

9088 5(1) 

10999 9 

3a*l’i-33J’P 0 

§1657 37 (2) 

00336 6 

2p'P,-3a«P 1 

9078 1 (1) 

11012 5 

3a*P,-3p‘P, 

§1657 01 (7) 

00349 7| 

2p*P 1 -3a*P, 

9001 8(4) 

11032 3{ 

Ta^P.-Sp'P, 

3a *p, vr, 

§1666 27(2) 

00376 6 L 

2p'P 1 -3a , P, 

8336 4 (5) 

11992 3 

VD,— 3.P1V 

1603 10(3) 

62379 1 

2p‘S,-4d'PiT 

*5380 242 (8) 

18581 37 

Sa^— 4p‘D, 


♦5052 122 (6) 

19788 16 

3a'P 1 -4p 1 8, 

§1561 381(5) 

64045 0 

2p*P,-2p'»D, 

•5041 06(3) 

19829 2 

3a*P,-4p*D, 

§1500 660(4) 

64075 5 

2p*P l -2p'»D 1 

*6039 06 (3) 

19839 5 

3a*Pj— 4p*D, 

§1560 267(3) 

04091 6 

2p*P,-2p'»D I 

*5035 76(0) 

19852 5 

3aM‘,-4p»D, 


*4932 00(5) 

20270 1 

Sa'lVlp'P, 

1463 43(5) 

08332 0 

2p l D,-3d>F,7 


1459 16(3) 

68533 0 

2p‘D|— Sd'P, 

*4826 73(1) 

20712 2 

1a , P,-4p , h 1 

1354 34(1) 

73830 7 

2p , D|-4d , P| 7 

*4817 S3 (1) 

20752 0 

3a*P|- 4p*S, 



t4812 84 (1) 

20772 0 

3a*P,— 4p*S, 

§1329 583 (4) 

76211 6 

2p*P,-2p'»P 


§1329 100(4) 

75238 9 

2p*P J — 2y' , P 

*4775 87 (3) 

20932 7 

7a *P,— 4p *P, 

§1728 839 (3) 

75253 7 

2p*P,-2p'»P 

•4771 72 (4) 

20950 9 

3a *P, 4p«P, 



•4770 00 (2) 
*4766 62(2) 

20968 5 

3a'P,-4p»P 0 

1277 64 (3) 

78275 

2p *P,— 3d *D, 

20973 3 

7a *P|— 4p *P, 

1277 26(2) 

78293 

2p , P 1 — 3d*D, 

*4762 41 (4) 

20991 9{ 

3a *P t - 4p’Pj 
3a'P,-4p*P, 

1261 57(2) 

79266 

2p , l’,-3i , P 1 



1260 99(1) 

79303 

2p , Pj-3d , P, 

*2478 526 (10) 

40334 39 

2p 1 S,-3s 1 P 1 

1260 75 (0) 

79318 

2p»P,-3d»P 1 


• A Merton and (uhnion 
f A Ryde, not in Merton and Johnson s list 
J A Rcnven and Ingram (‘ Phys Rev vol 28, j> 446 (1926) ) 
j A Bowen (' Phya Re\ vol 29, p 238 (1927) ) 


Companion mth N II and 0 III 

A close similarity between the spectra of C I, N II and 0 III is to be expected 
from the general theory, since the three atoms are similarly constituted Each 
has six external electrons, but the nuclear charge is 6 for C I, 7 for N II and 8 
for 0 III A general comparison of the terms of the three spectra is given in 
Table VII, those of 0 III having been divided by 9 and those of N II by 4 
The triplet separations of 0 III and N II have been similarly reduced for easier 
comparison with those of C I 
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Table VII — Terms of 0 III, N II and C I 



0III/9 dx/9 

N 11/4 dv/4 

01 A, 

'ip* p. 

40406 8 

59712 25 

91017 3 


12 7 

12 55 

14 8 

»p. 

49393 9 

59699 7 

91002 5 


21 8 

21 0 

27 5 

»p. 

49372 1 

59678 7 

00975 0 

2p>D, 

47163 9 

55882 7 

81312 

VS, 

44008 0 

*[30779 7J 

69800 

7i»P, 

19704 0 

22484 3 

30686 0 


13 1 

7 9 

20 0 


10690 9 

22476 4 

30606 0 


28 S 

34 1 

40 l 

*P. 

19662 3 

22442 3 

30625 9 

3«‘P, 

19067 0 

22414 5 

29526 

3p , D i 

17070 8 

18558 8 

23406 

3 P*D 1 

16747 6 

18081 0 T 



15 2 

15 4 


*D, 

16732 4 

18065 6 

Out of range 


24 4 

23 8 


»d. 

16708 0 

18041 8 J 


3p% 

10337 3 

17489 

20740 T 

3 P'S, 

16253 1 

*115143 1] 


3p* P„ 

10040 a 

17068 3 

19666 1 


9 1 

8 8 

12 5 

*Pi 

16031 5 

17059 5 

19653 6 


14 3 

14 0 

20 4 

*P« 

16017 0 

17044 9 

19633 2 

3p‘Pi 

13421 4 7 

10158 4 


3d*F, 

13348 0 

13042 0 

12979 7 

3d*K, 

13347 9 

13083 6 



21 8 

14 0 


*Pi 

13326 1 

13068 7 



19 8 

20 4 


•Pi 

13300 3 

13048 3 


W'P, 

13317 7 

12938 0 

12779 

34*0! 

13040 0 

12852 1 

t[12715] 


6 5 

6 0 

[5 0] 

•O, 

13036 l 

12846 1 

12710 


8 1 

• 7 6 

10 0 

*D, 

13027 0 

12838 5 

12700 


* Identification* nomewhut doubtful 
t Estimated by probable Ay 
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Table VII— (continued) 



OIII/9 Jr/9 

N IT/4 Jr/4 

Cl Jr 

3d *Pj 

12791 7 

12407 2 

11709 


-12 0 

-13 0 

-10 0 

'Pi 

12779 1 

12484 2 

11099 


-6 9 

-7 0 

[-8 0] 

•P, 

12772 2 

12477 2 

*[11694] 

3d 1 !), 

12424 0 

12181 4 

11414 ? 

4e*P, 

t 

10378 4 




12 9 


‘Pi 


10503 5 




29 9 




10833 8 


it ‘P, 

10190 2 ? 

10240 9 


4ji>n t 

8763 3 

9201 ? 

10948 

4r>U), 

8078 0 

9032 9 

10833 0 


11 0 

12 7 

7 0 

»d, 

8066 6 

9020 2 

10820 8 


23 0 

24 0 

29 8 

•i). 

8043 0 

8990 2 

10790 7 

ip »H, 

8018 7 

8828 0 

9913 7 

*P' s. 

8332 6 f 


9738 

ip *P 0 

8201 9 

8208 9 

9707 5 


9 9 

7 7 

14 8 

*Pi 

8242 0 

8281 2 

9693 0 


12. 1 

12 0 

18 0 

*P. 

8229 9 

8239 2 

9078 0 

ip ‘P, 

8109? 


9266 

2 p'*D t 

30070 

30682 

20731 

2P'*P„ 

33080 

32408 

15668 

2p' *Pj 




Kt 




2j>'» D, 




2p'*S, 

20030 

27608 



* Estimated by probable &v 

t Prenou* identification in 0 III oomidered doubtful 


A perfect correlation of the terms is scarcely possible, because for each 
spectrum the values have been obtained by the use of a formula which is only 
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approximate The term values for 0 III and C I have boon determined from 
a sequence of three smglet p terms m each case, and those for N II from a 
sequence of three s 3 P terms A recoraputation for N IT, using a third p’D 
term which has since been identified, merely increases all the term values by 
about 18 units, which may be considered negligible In all those formula, 
however, the correcting terms to the Rydberg formula are very small, so that 
the tabulated values for the three spectra arc unlikely to be much in error 
relatively to each other 

A regular progression in most of the term values m passing from O III to C I 
is clearly shown in the table In particular it will be observed that the 3d 
terms vary very slightly in the three spectra and that this fact justifies the 
adoption of 12700 as an approximate value for 3d 3 D 3 in f 1 T, on which the 
values of the remaining triplet terms of this spectrum have bet n based This 
value clearly cannot be much m error, but since mtercombmations of triplets 
and singlets have not been identified in C I, the triplet and singlet term values 
are not necessarily correct with respect to each other m this spectrum The 
adoption of this value, however, results in giving the terms of C I in the same 
order of magnitude as those of tho other two spectra 

The p 1 S 0 terms of Nil, as already noted in a previous comparison with 
0 III,* are very discordant Interpolation of 2 p *8,, between 0 III and C I, 
with the aid of the “ irregular doublet ” law, suggests a value of about 206000 
(= 51500 when divided by 4), but no support for this can be found m the 
observations of Nil This term should combine strongly with 3* ’Pj, and 
produce a lme near X 862, but no 1 me has been observed m this position At the 
same time, the 3s J Pj terra may be considered to be well established, because it 
combines with 2 p *D a , as deduced from the nebular spectrum, to give a line at 
X 746 9, and the adopted value of 2 p J D a is itself supported by an observed 
combination with 3d x D a , as determined from the laboratory spectrum Thus, 
adopting Bowen’s suggestion that the separation of two red nebular lines is 
identical with 2p' s P 1 — 2 p 3 P a of N II, and identifying these lines as 2 p i P n — 
2p 1 D 1 we have 

From laboratory observations Nebular lines Supposed combinations 
X v 

2p 3 P 0 = 238849 

2 p 3 Pj = 238799 6548 • 1 15267 4 2 p 3 P, - 2 p 4) a 

2p *P a = 238715 6585 6 15184 • 8 2p *P t - 2 p 4) a 

therefore 2 p 4) a = 223531 

* ‘ Roy Soe Proc A, vol 117, p 317 (1928) 
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The value of 2p 1 D a thus determined is strongly supported by the following 
combinations — 

2p x D s = 223631 2p x D 9 = 223531 

(Lab ) 3s X P, = 89668 (Lab) 3d x D, = 61754 

Calc line = 133873 Calc line = 171777 

= *746 98 = X 682 16 

Obs line = X746 97 Obs line = X582 16 

Thus, there can be little doubt that the 'U l P t term of N II has been correctly 
determined, and, for the present, the 2p 1 S 0 and ip *S 0 terms of this spectrum 
must be regarded as anomalous The corresponding terms of OIII and C I, 
however, appear to be normal 

Another way of comparing the terms of the three spectra, which is more 
useful in some respects, is by the application of the “ irregular doublet ” law, 
which has been so successfully utilised by Alillihan and Bowen for the identifica- 
tion of lines observed by them m the extreme ultra-violet For similarly 
c onstituted atoms this law takes the form, for spctroscopic terms, 

VT/R-± (Z-s), 

n 

where T represents a terra, R the Rydberg constant, w the principal quantum 
number, Z the atomic number, and k the screening constant, which is not very 
different for corresponding terms of the three spectra It follows that VT/R 
and Z should show an approximately linear relationship for terms of the same 
type which have the same principal quantum number The linear law accord- 
ingly provides a valuable test of the identifications of the three sets of terms 

In the first place it will be instructive to compare the tnplct terms, for the 
reason that these have been identified with greater certainty than the singlets, 
and the nature of the regularity to bo expected in the singlets will be more 
clearly indicated 

Table VIII shows the values of VT/R for the three sets of terms and the 
differences between them The near equality of the differences on the same 
row may be taken as an indication that the terms have been correctly identified 
The three C I terms which have not yet been identified yield Imes m the infra- 
red, but approximate values for them may be found by interpolation if desired 
The screening constants may bo derived from the tabulated values of \/T/R 
by multiplying these values by the appropriate principal quantum numbers 
and subtracting the results from the atomic numbers Thus, for the 2 p *P 0 
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Table VIII — Values of \/T/R for Triplet Terms 



OUT 

Difference 

NIL 

Difference 

Cl 

2j>*P 0 

2 on 

0 538 

1 475 

0 564 

0 on 

3s*P 0 

1 272 

0 306 

0 00(1 

0 377 

0 520 

3p'D t 

1 172 

0 3b0 

0 812 



3p*H. 

1 157 

0 359 

0 708 

0 363 

0 4357 

3p*P, 

1 147 

0 158 

0 780 

0 366 

0 123 

3d'F, 

1 04ft 

0 350 

0 090 



3d* D, 

1 034 

0 350 

0 684 

0 344 

0 340 

3d*P, 

1 021 

0 149 

0 675 

0 318 

0 327 

4s *P 0 

0 028 

0 307 

0 821 



4p*D, 

0 844 

0 270 

0 574 

0 160 

0 314 

4p«S, 

0 838 

0 369 

0 567 

0 160 

0 301 

4p'P u 

0 823 

o in 

0 519* 

0 251 

0 208 


* Identified Hinoo pajicr on N II was published 


terms the screening constants are 1 97 (0 111), 4 00 (N 11) and 4 18 (Cl) 
The reduction in screening with increase of atomic number is presumably 
accounted for by the greater relative distant c of the orbit from the core of the 
atom 

The values of VT/K for the singlet terms are shown in Table IX 


Table IX — -Values of \/T/H for .Singlet Terms 



Dili 

Difft renee 

MI 

Difference 

Cl 

2;i>D, 

1 Will 

0 539 

1 427 

0 5 66 

0 801 

2 p>S, 

1 013 




0 708 

3*'P, 

1 250 

0 140 

0 904 

0 165 

0 519 

3p‘D, 

1 183 

0 361 

0 822 

0 160 

0 182 

3p l S, 

1 157 





3/> l P', 

1 040 7 

0 ISl ’ 

0 707 

0 341 

0 423 7 

3d l F, 

1 046 

0 350 

0 600 

0 346 

0 344 

Sd'P. 

1 045 

0 358 

0 687 

0 146 

0 341 

3d»D, 

1 009 

0 341 

0 080 

0 311 

0 322 * 

4*‘P, 

O Oil 

0 101 

0 611 



4pH), 

0 848 

0 >67 

*0 581 

0 265 

0 116 

4p l S. 

O 827 





4p‘P, 

O 818’ 

0 2721 

0 514 

0 251 

0 201 


* Identified since paper on N II wa* published 


Apart from the p 1 S 0 terms, which have already been considered, most of the 
identifications of the singlet terms appear to be justified by the progressive 
values of the differences shown in the table The 3p 1 P 1 and 4 p 'P, terms were 
already considered doubtful in 0 III, and the above comparison suggests that 
the provisional identification of ^Pi, at least, is improbable 



48 A. Fowler and E W H. Selwyn. 

The above equation for \/T/R may be extended to combinations between 
terms with principal quantum numbers and n 2 , as follows — 

T, T, _ v _ (Z - *,)» (Z - «,)» 

R R R V n* 

= [(»,* — «!*) Z 2 — 2 (»,*«! — «1*S 2 ) Z + HjV - 

which shows that an approximately linear relationship is to be expected between 
Z and the wave-numbers of lines, when both terms involved have the same 
principal quantum numbers This is illustrated in Table X 


Table X — Linear Relations between Corresponding Lines 


Ime 

Cl 

Difforente 

Nil 

Difference 

0111 

Difference 

F IV 

3«*P,-3p*P, 

10993 

10537 

21600 

11213 

32808 




10027 

11814 

22481 

11297 

33778 



2p*P,-2p'»l>, 

84018 

23072 

92120 

27627 

119747 

27487 

147234 

-P*P|~ *Pj 

75212 

31376 

10087 

32983 

142076 

32562 

174027 


Millikan and Bowen have shown* that although a linear relationship should 
not exist for lines whose terms have different principal quantum numbers, such 
a relation is to be expected for numbers obtained by reducing the wave-numbers 
of these lines by the formula 

v' = v - (Z - A) s (» a * - V)KV> 

where A is a number whose value is chosen convenient for calculation Assign- 
ing a value of 5 to A, this procedure has been adopted for corresponding lines 
of the three spectra, as shown m Table XT 
It will bo seen that the approximate linear relations shown m Tables X and 
XI justify the classification of the lines m question, with the possible exception 
of 2 p J D a — 3# ‘Pj The identifications of these fines in the three Bpectra, 
however, appt ar to lie well founded 


Phys Rev vol 28, p 314 (1926) 
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Table XI — Further Lunar Relations between Corresponding Luips 


L.n, 



( 1 

r .17S(, 

36547 

2 j ,>d,-3<> i p 1 

Nil 

133S71 

72000 


OT1I 

272812 

117667 


CT 

011370 

1)100 

2/>»P -3 ■Pj 

NIT 

1 181143 

870S0 


O III 

267)115 

130000 


Cl 

68533 

73292 

ijt'D -W'l'j 

N 11 

171778 

1 10813 


0 III 

104702 

167 W 


t I 

7S275 

(83034 

2 / >»p,-7<? j n 3 

N If 

187411 

126467 


0)11 

1271 IS 

180073 


t I 

7021.6 

61027 

2/»»P„-3rf>P, 

Ml 

*[ 18S710J 

127752 


Oil! 

120272 

102107 


Different 


76364 

42768 


67521 

57684 


(1.7413 

(1348(1 

63727 

64355 


* < akulfttrfl line 


Triplet Separation* 

As regards, the separations of the triplet tenns indicated m Table VII, it will 
be observed that Av/9 for 0 III and Av/4 for N II are nearly equal f»r most 
of the corresponding terms In Nil the is 3 ? separations arc somewhat 
anomalous, but the sum of the two separations is practically identical with the 
corresponding sum m 0 III The 3d 3 F separations in the two spectra are also 
slightly discordant 

The most notable feature of the separations in C I is that they are generally 
greater than the reduced separations m the other two spectra 
Sommerfeld’s “ regular doublet ” law, which Millikan and Bowen have found 
to be applicable to many optical spectra of similarly constituted atoms, does 
VOL. oxvm —A. B 
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not appear to hold for the spectra under consideration, with the exception of 
the 2 p *P terms This law takes the form 


R**(Z - s) 
n a k (k ~ 1) 


where R is the Rydberg constant, a the relativity constant (a* ~ 5 31 X 10" s ), 
Z the atomic number, s a screening constant, n the principal quantum number, 
and k has its usual values, 2 for P, 3 for D terms, and so on Ra* = 5 83, and 
it is thus found that Ra*/« 3 k (k — 1) is 0 065 for 2P, 0 108 for 3P and 0 045(i 
for 4P Some of the results for the Hpectra in question arc as follows — 



2p»P„-2j>»P, 

At i/At/0 300 t 

7/j»P # -3p»P, j 

A, i/Av/0 108 * 

4p»P,-4p*P, 

At VAVl 6 0456 s 

C! 

Nil 

oni 

FIV 

42 3 275 2 725 
134 4 377 2 1127 
309 5 394 2 808 
637* 6 404 2 536 

33 4 181 1 819 

94 5 433 1 667 

213 6 665 1 335 

33 5 166 0 834 

78 6 431 0 569 

197 8 108 -0 108 


* I S Bowon, 1 Phys Kev ’ vol 29, p 242 (1927) 


It will be observed that while the calculated values of s are consistent in each 
case, they show a diminution, in place of the expected increase, towards a 
maximum of 5, m passing from 2 p 3 P to 4 p 3 P 
Land6’s modified formulaf also leads to unexpected results This may be 
written in the form 


Av = 


Rq«C* (Z - a)* 
(n*)* k(k-iy 


where n* is tho Rydberg denominator [C*R/(n*)* = v], C = 1 for neutral 
atoms, 2 for singly ionised atoms, and so on, and a is a screening constant The 
formula may also be written 


An* = 


2jfc (k-l) 


(Z -*)* 


The apphcation of this formula gives the following results for some of the terras 
in question — 


f * Z f Physik,’ vol 25, p 49 (1924) 
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2 p ‘I'd 

— 2p*P, 


3j»»r,-3p>P, 


Ay 4»*xlo* 

Z-s 

* 

Ay d»*xl0* L a 

Cl 

42 203 

4 366 

1 634 

77 1979 12 21 

Nil 

134 381 

5 307 

1 043 

04 1738 11 44 

Oil! 

300 024 

6 283 

1 717 

21 1 1025 12 04 


The results for 2 p 3 P are in close agreement, but for Is 3 1 > , 3 p J P and 4 p 3 P 
the calculated values of Z — s arc greater than Z itself, and the formula is 
clearly not applicable to the determination of s from these spectra 


Summary 

Further observations of the arc spectrum of carbon (0 I) have lieen made, 
and the classification of the lines has been considerably extended The deepest 
term is a triplet P 0 , the value of which is estimated at 91017, corresponding to 
an ionisation potential of 11 2 volts Comparisons are made with the spectra 
of Nil and OUT, the atoms of which are similarly constituted, but differ in 
nuclear charge 

The authors desire to express their thanks to the Department of Scientific 
and Industrial Research for a grant which has enabled one of them (E W H S ) 
to take part in the foregoing investigation 
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The Chemical Constant of Hydtogen Vapour and the Failure of 
Nemst’s Heat Theorem 
By R H Fowlkb, FRS 
(Received Januaiv 10 1928) 

§ 1 Introduction -The recent successful explanation of the specific heats of 
hydrogen gas at low temperatures by Dennison* leaves little doubt that at all 
low and ordinary temperatures hydrogen must be regarded as a mixture of two 
sets of molecules, effectively distinct One of these sets may be called the anti- 
symmetncal molecules, because for these the rotational quantum number is 
odd and the rotational wave function antisymmetncal m the nuclu The other 
set may l»e called the symmetrical molecules because for these the rotational 
quantum number is even and the wave function symmetrical in the nuclu When 
account is taken of the orientations of the nuclei the complete wave function 
is antisymmetncal in the nuclei in all cases At the temperatures mentioned 
the rate of change from one of these forms to the other is very slowf though 
not zero, and any changes that actually occur in any experiment as ordinarily 
conducted will be so few that they can be neglected altogether 

In view of what we have said it is natural to discuss the results of any experi- 
ment at these temperatures as if the hydrogen gas were a mixture of two 
absolutely distinct sets of moleculeB In this case the laws of classical thermo- 
dynamics of course apply and control the equilibrium properties of the mixture 
From the point of view of the actual hydrogen gas this equilibrium is a false or 
metastable one Provided however, that the false equilibrium is attained 
rapidly compared with the neglected rate of change the thermodynamic pro- 
perties of the ideal mixture must be true of the actual gas, and we shall assume 
this in the following discussion 

It is natural to follow up Di nmsou’s work by applying it to a study of tho 
vapour-pressure equation of hydrogen and of its chemical constant as deter- 
mined by gaseous equilibria We shall find that tho vapour-pressure equa- 
tion can be satisfactorily accounted for if both antisymmetncal and symmetncal 
molecules are present indifferently in the vapour and condensed phases As a 

* Dennison, ‘ Roy Soc Proc ,’ A, vol 115, p 483 (1927) 

t The rate of change can be estimated theoretically, though with considerable uncer- 
tainty at present I understand that it might be so great that the mean life of a molecule 
of either set before changing into one of the other set could be about 10 days, bat that this 
is an upper limit for tho rate and lower limit for the mean life 
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result of this it follows, however, that the weight of the hj drogeu molecule in 
the crystal form cannot be umty (with the usual convention) but must be 
9 and 1 for the lowest states of the antisymmotncal and symmetrical molecules 
respectively The constant in the vapour-pressure equation is therefore not 
the chemical constant of gaseous hydrogen but is smaller than that constant by 
} log 3 This result fits m quahtatively with a suggestion made by Eueki n* 
as long ago as 1924, after an exhaustive analysis of all the observational material 
It appears to be a definite example of a failure of Nernst's heat theorem even 
in its most restricted enunciation, but a failure duo, of course, to tin fact that 
the theory and observations arc concerned rather with a metastable equilibrium 
than with the true equilibrium state of the hydrogen concerned 
§ 2 Known Properties of Hydrogen —We must now record what wc may 
regard os known with certainty about hydrogen gas As taken over from higher 
temperatures it is a mixture of anti symmetrical and symmetrical molecules 
in the ratio 3 1 [This particular ratio arises from the weights of the nuclear 
orientations There are three symmetrical onontationB and one antiaym- 
metncal] The rotational partition functions are respectively 

/„(&) = 3 t S (2j + l )aW+»*W 

/, (3) = S (2y + 1) tfO+iWA 

j-0 2 4 

The external factor 3 is for the nuclear orientations The moment of inertia 
A is 4 67 X 10” 41 gm cm 2 The specific heat curve at low temperatures is 
characteristic of a constant 3 1 mixture of two sets of molecules with these 
partition functions 

At very low temperatures hydrogen vapour in equilibrium with the con- 
densed form has a well defined vapour pressure, and the constant in the vapour 
pressure equation is that characteristic of a monatomic gas whose structural 
units have the same weight in the crystal and vapour phases 
These facts must bo carefully analysed, for if they were based on sufficiently 
varied experiments they would have important consequences Suppose we 
start with the 3 1 mixture, cool it down and condense it (the normal process) 
If the remaining vapour ib not in the constant 3 1 proportion at all tempera- 
tures we could remove it at any convement stage, and on heating it up should 
find that it had no longer the usual specific heat This experiment has probably 
never been performed For this discussion we shall assume that it shows no 

* Euoken, * Z f Physik,’ vol 29, p 12 (1924) and the next following paper (with 
collaborators) 
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change in the specific heat curve, and therefore that in the vapour-solid equili- 
brium the two components are always present m either phase m the constant 
3 1 proportion On general grounds this seems to be the most probable state 
of affairs 

We can now carry this analysis a little further It is evident without calcu- 
lation that the constant 3 1 proportion can only be preserved if the work of 
removing one molecule of either sort from the condensed form to the gas is 
exactly the same at all temperatures It follows that molecules of either sort 
must be indifferently present m the condensed phase with the same rotational 
partition function as they possess m the vapour phase, and a work of evapora- 
tion at the absolute zero the same for both types Only the absolute values of 
the weights can differ m the two phases, and as we shall see this last difference 
is ruled out by the observed value of the chemical constant Of course at the 
low temperatures at which the condensed forms actually can exist we are really 
only concerned with molecules of either type in their respective lowest rotational 
states 

We now pass on to a formal presentation of this argument It is in this 
connection a matter of indifference whether we use classical statistics or the 
modified form required by the new quantum mechanics * We shall, therefore, 
oast the discussion into the classical form, to avoid an appearance of un- 
familianty in non-essentials 

§ 3 Mixed Crystal* — It is necessary to contemplate a rather more general 
assembly than any commonly discussed,! which contains a mixed crystal of 
two components and the corresponding vapours This is easy enough m a 
formal way in the general case If k v r (z) is the partition function for all possible 
states of the crystal composed of P molecules of one type and P' of the other, 
we have then only to form the function 

K (x, x', z = £ ^Kprf*), (1) 

r,i‘>o 

and the total number C of weighted complexions of the assembly is, in the 
usual notation, 

C = 7^T ! jjj K & *) ex P i*9 (*) + *V(2)} (2) 

* For the statistics of hydrogen molecules (or any neutral atom or moleoule) the modified 
form is probably that of Bose and Einstein which may only use wave functions symmetrical 
in all the molecule* If the wave functions are to be anluymmetncal in all the electrons 
and all the protons they will neoeesanly be symmetrical in neutral combinations. This 
is pointed out by Bom and Heisenberg in tbeir report to the Solvay Conference (1927) 

f See, for example, Darwin and Fowler, 1 Proc Camb Phil Soc vd 21, p 730 (1923) 
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In this expression X and X' are the total numbers of molecules of the two types 
£ is the total energy of the assembly and g (z) and / (z) are the partition functions 
for the two types of molecule in the vapour phase From equation (2) all the 
usual mean values of importance can be derived formally, but the formal 
expressions are of httle value unless K (x, x', z) can be evaluated at least 
approximately 

The form of K has hitherto only been evaluated properly for a crystal of one 
component (P' EE 0) But there ib another case, sufficiently representative of 
what we require here, in which explicit evaluation is possible, the case m which 
the two components are so much alike that the partition functions k p p are 
practically independent of the relative arrangements of the molecules of the two 
components The number of sui h arrangements is (P -f P') 1 /P 1 F >, bo that 
in this case k v p (z) takes the approximate form 

[f{z)V [r(i)P , (P + F)'[-r(.ff ,|P /(P , F») 0) 

The factors/ (a), /'(i) are retained to represent the rotational partition functions 
of the two components in the crystal, and [*(z)] r ^ 1 is the ordinary approximate 
partition function for the crystal of P + P' units constructed by analysis of 
the normal modes With the urc of (3) in (1) we now find 

K(x,x,») j _ _j_ x > j> K ( z ) ^ 

We can now use all the ordinary arguments If N, N' arc the average numbers 
of molecules of the two types in the vapour, 

X = Zg[3),K = Z'g'(3) (5) 

The average numbers P, P' in the crystal are 

, wh»> r, sim« ia — ( 6 ) 

i -«/<») + 57' (»»•(*> i 

The parameters 5, and ■&, the partial potentials and the temperature, are 
determined by the unique position of the saddle-pomt of the integrand of C, 
given by the vanishing of its three partial differential coefficients In addition 
to these equations we have, of course, 

N + P = X, N' + P' = X' (7) 

finally since most of the molecules of both sorts will be in the crystal P and P' 
must both be very large, so that 

«/(*)+?/'($)} *(*) = ! 


( 8 ) 
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In our problem we have a given relation between X and X' of the type 

X =. nX', (9) 

and we assert that we know that we must have N — nN' for all temperatures 
Therefore P = «F also These conditions are satished if and only if 


W 57' i 


( 10 ) 


The equality gig 1 = ///' means (i) that the work of evaporation at the absolute 
zero is the same for both types of molecule , (n) that the ratio of the ordinary 
rotational partition functions is the same in both phases , (m) as a consequence 
of (n) the only reasonable difference remaining in the separate partition functions 
is that all the weights m both functions in the vapour phase should differ by a 
constant factor a from those in the solid phase On general grounds any value 
of a other than unity is inadmissible 
From (8) and (10) it follows that 


Therefore 


5 = 


1 


« + !/(&)*(*)’ 
_ * ffP) 

n+llpyW 


N -1- N' — 9 ft) 

/(*)*(*) /'(*)«(*) 


~« + i /'(*M$) 

1 9 ’ ft), 

n + ir($MS)’ 

9' () 


( 11 ) 


( 12 ) 


§ 4 Application to Hydrogen at Low Temperatures —The application to hydro- 
gen at low temperatures is immediate Let y be the work of evaporation of one 
molecule of either type at’the absolute zero If the energy zeros are suitably 
chosen, then 

k(5)~k(0) = 1 (5-0), 


and if (5) is a partition function which may be chosen to reproduce exactly the 
specific heat of the condensed phase Further, retaining only (for these tempera- 
tures) the first terms in / g and /, we have 


m 


93* /' (5) = I, 


=JL\ 

8n*A r 




(27m)* V5* 
ft* (log W 


«/(*). 


where V is the volume accessible to the vapour phase If v is the vapour density 
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of the hydrogen a* a whole at temperature T (S = e 1/iT ) we find on ignoring 
the specific heat of the crystal that 

v = a e -x/w (13) 

or 

logp = — H- -f log T + log (U) 

This is the standard result for monatomic vapours of the same weight m both 
phases, and agrees with the observed result for hydrogen at very low tempera- 
tures, if « = 1 

This analysis of the known facts seems reasonable in itself and carries the 
facts without strain There seems to be no other obvious alternative 
Wo must observe, however, that this success requires a solid phase for which 
the complete partition function cannot have unit weight for its lowest possible 
state For the complete partition function for the normal crystal, a 3 1 
mixture of the two types, will be 

(/ W (TW {*w +r * (P = 3F), 

and as $ -»• 0 the asymptotic form of this is 

If therefore we treat all the hydrogen together we have a crystal partition 
function k* (3) satisfying 

**(3)^9* (15) 

The various factors contributing to this result should be distinguished It 
has long been recognised! that supercooled liquids and mixed crystals need not 
obey Nemst’s Heat Theorem m the form which asserts that these entropy differ- 
ences necessarily tend to zero with the temperature Though wo are formally 
dealing with a mixed crystal of two sorts of hydrogen the case here dealt with 
is not an example of this recognised exception, for we should assign the same 
value to [k* (3)]*'+** if the two sorts of hydrogen wore present permanently as 
distinct crystals, the antisymmetncal and the symmetrical Again the 9 itself 
is really built up of two separate factors 3 arising from distinct sources Oni 
comes from the pair of orientations of each nucleus, and the other from the 
three antisymmetncal rotational wave functions for the molecule as a whole 
The former of these factors 3 is due to a source which must persist through all 
combinations into which the hydrogen atom enters, and might equally affect 
f See particularly Lewu and Randall, ‘ Thermodynamics ’ (1924), especially ohap 31 
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them all, though this is not likely The other factor 3, due to the non-inter- 
f hanging property of the two sorts of the hydrogen molecule itself, might be 
peculiar to this combination 

The same result is, of course, true of the vapour If we treat the vapour 
mixture as a whole then its energy and specific heat correspond exactly to the 
partition function 

(16) 

and the equation for the equilibrium density of the vapour ib now 

N* = N + N'-2!g| (17) 

K (-J) 

The only effect on these formulas due to the evanescent rate of change between 
the antisymmetrical and the symmetrical molecules is that wc have to use 
instead of {/.(*)+/.(*)} 

§ 5 Hydrogen at Ordinary Temperatures - -Once we have accounted for the 
value of the chemical constant at low temperatures, there is nothing more to 
do For thermodynamical arguments give us the relation (if the vapour phase 
is a perfect gas) 

log? = + f |pif {(°')~ -««-}«" +A. (18) 

where Xo and A are constants, R is the ordinary gram-molecular gas constant 
and C the specific heat of the specified phase (Cp)*,, must include the latent 
heats of melting or any other transition of form Any form of the quantum 
theory allows us to particularise this to 

l °gl’ = — 5J+ 8 ,0 8 t + £ (( C '. ) TO — (C»W)'f r "+> (19) 

In (19) (<V)t»d is the specific heat of the internal motions (vibrations and rota- 
tions) of the molecules in the vapour phase and t the chemical constant which we 
have just been studying If, as ib constantly done for convenience in a suitable 
range of temperatures, we break up (C p ') Tmp into nR -f (C p ")t*» with n con- 
stant, equation (19) can be replaced by 

!og ? “ - ^ + (J + »> >»g T + £ ^5 f; <(°»">™ - (O.WgT" + (20) 

where »' is another constant, also called the chemical constant for thiB range 
The difference of » and t' depends only on the specific heat of the vapour 
molecules A theory which gives t correctly and oorrect specific heats, will 
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automatically give the correct value of which need not therefore be further 
discussed 

§ 6 The Postiton of Nemst's Heat Theorem, —In its most restricted and least 
exceptionable form Nemst’s Heat Theorem asserts that the entropy change m 
any reaction between pure crystalline substances tends to zero as the tempera- 
ture tends to zero No question arises as to the validity of the assertion that 
such an entropy change tends to a finite limit as T > 0 , the only question is 
whether this finite limit is always zero General statistical theory indicates 
that this finite limit is always zero if and only if the weights of the lowest states 
of all the crystalline forms concerned can be taken to be umty It is, of course, 
not necessary that they should be so taken , any weight whatever can lie 
assigned to the lowest state of any atom provided that it carries that weight 
with it as a factor into every combination For example, the orientations 
of the hydrogen nuclei add a weight factor 2 to all the states of the hydrogen 
atom and 4 to all the states of the molecule (apart from questions of the possi- 
bility of intcrcombmation) If they also add 2 to the weight of the normal HC1 
molecule, they will bo without effect on the equilibrium constant of the reaction 
H. + Cl, 2HC1, 

and so on in general 

The foregoing investigation of hydrogen throws grave doubts, however, on 
this persistence of the weight factors Once it is clear that the Bimple convention 
of unit weight for any state of a simple non-degenerate system obeying the laws 
of quantum mechanics does not lead naturally to unit weight for the normal 
state of a crystal built up out of the particular systems, hydrogen molecules, 
tho whole argument from simplicity falls to the ground and we have no longer 
any theoretical reason to expect Nemst’s theorem to be true Whether it 
fails or not m actual cases we are not yet in a position to predict from the theory 
of molecular structure alone We should require for this a knowledge of all 
the normal molecules concerned in any gas reaction as precise as we possess for 
hydrogen. It is therefore hardly possible at present to do more than note that 
the evidence collected by Eucken already mentioned is very difficult to reconcile 
with the general validity of Nemst’s Heat Theorem In fact, Eucken makes the 
interesting observation that apparently the hydrogen molecule is the worst 
culprit, and that the greater part of the discrepancies can be removed by 
increasing its chemical constant by 0 3 (logi 0 2) above the value derived from 
the vapour-pressure equation on the assumption k* [$) ~ 1 If we might ignore 
the nuclear weights and simply take hydrogen as a mixture m which f of tho 
molecules have a lowest state of weight 3 we could suggest that the chemical 
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constant of hydrogen ought to be increased byj$ log 10 3 or 0 36 which fits Eucken’s 
figures still better than 0 3 There is, howe\ er, no proper justification for such 
a procedure We can only conclude, but this is amply justified, that both theory 

and observation suggest that Nemst’s Ileat Theorem should not hold for 
reactions in which hydrogen plays a part 
It is of some importance to note that the theoretical reasons for expecting 
this failure depend eventually on the fact that hydrogen must be treated as a 
metastable mixture If the whole process is conducted so slowly that the 
hydrogen is m its true equilibrium state then the exact theory gives a unit 
weight for the lowest state of the normal molecule both in the vapour and the 
solid, and all basis for suspecting failure disappears It may therefore be pre- 
ferred to say that Ncrnst’s Heat Theorem is inapplicable to hydrogen reactions 
as ordinarily conducted, though it might be true, or probably is true, of such 
reactions if they were conducted at extravagantly slow rates But the quasi- 
equilibrium properties of hydrogen ordinary recorded, its vapour pressure, 
reaction constants and specific heats, do not refer (or at least do not all refer) 
to this true series of equilibrium states at all 


Oscillations m a Budije earned, by the Passage of a Locomotive 

By Prof C 1 E I\glis 

(Communicated by Sir Alfred Ewing, F R S — Received October 11, 1927 ) 
[Flats 1 ] 

For purposes of bridge design it is all important to be able to predict with a 
reasonable degree of accuracy the state of oscillation which will be set up when 
a given locomotive crosses a bridge at any specified speed A large amount of 
experimental data relating to impact effects on bridges has been accumulated, 
but in default of an underlying theory sufficiently comprehensive m character 
to account for the phenomena observed, the conclusions emerging from experi- 
mental results have been somewhat disappointing and vague 
The problem is one which most essentially calls for the closest possible co- 
operation between mathematical analysis and practical experiment At the 
present stage experiment has outrun theory, and it was with the object of 
redressing, m some measure, this lack of balance that the following theoretioal 
investigation was undertaken 




Oscillations in Bridge caused by Locomotive 01 

In March, 1923, a Committee under the chairmanship of Sir Alfred Kwmg, 
K C B , F R S , was appointed by the Department for Scientific and Industrial 
Research to investigate stresses m railway bridges with special reference to 
impact effects The author of this paper has been privileged to servo on this 
Committee, and m the process of evolving the following matht matu al analysis 
he has consequently enjoyed the exceptional advantage of having the guidance 
of practical experiment to point the way and to check predictions deduct d by 
theory 

Through the courtesy of the Bridge Stress Committee it has been possible 
to reproduce some of their experimental records, and to give thereby an indica- 
tion of the degree of accuracy which can be attained in predicting practical 
results by means of the m ithematical methods developed in this paper 

Fundamental Assumptions 

Locomotives and bridges are complicated structures, and to reduce the 
problem to manageable proportions some process of simplification and idealisa- 
tion is a necessity This preliminary process demands careful consideration 
guided by experiment, otherwise there is a danger that, in seeking for simplicity, 
factors which are of first-rato importance may be idealised out of existence 
As an example of the necessity of experimental guidance to prevent mathi matical 
analysis running off the rails, it may be mentioned that the experiments of the 
Bridge Stress Committee had reached an advanced stage before it was fully 
realised that the friction m the spring movements of locomotives played a most 
important part m limiting the oscillations in bridges of moderate span A 
mathematical analysis which leaves this factor out of account, though applicable 
to certain types of bridges, will in other cases lead to results which have no 
resemblance to reality 

For a bridge of fairly long span whose natural period of vibration is com- 
paratively sluggish, the oscillations set up by the passage of a locomotive are not 
sufficiently largo or rapid to overcome spring friction In such a -ase tho 
whole mass of the locomotive behaves as though it was unsprung and damping 
action due to spring friction does not occur This is the state of affairs to which 
mathematical analysis will be directed in the first instance, and the locomotive 
will be idealised as a concentrated mass moving across the bridge Associated 
with this concentrated mass a pulsating force will be taken into account This 
force has rts origin m the weights attached to the driving wheels, to neutralise 
the inertia forces sot up by reciprocating parts of the locomotive These 
balance weights give rise to an alternating pressure between the wheels and the 
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rails which varies as the square of the speed, and it is this aetion which is mainly 
responsible for the oscillations generated in a bridge by the passage of a 
locomotive 

In the case of electric locomotives, where such balance weights are not required, 
their passage across a bridge sets up little or no oscillation, and the deflection 
at all speeds is practically identical with the “ crawl deflection,” that is, the 
deflection produced by the locomotive moving at a very slow speed 

The most important bridge characteristics which have to be taken into 
account are its total mass and its natural period of vibration Provided that 
these two factors are left unchanged, then for purposes of calculating bridge 
oscillations the structure can, without serious loss of accuracy, lie treated as 
uniform in mass and section 

Damping influences 1 n the bridge itself must lie taken into account The effect 
of damping when residual vibrations are dying out may appear insignificant, 
but in checking the growth of a synchronous oscillation it plays a most important 
part, and a theory which fails to take account of this influence will predict in 
certain cases a state of oscillation far in excess of that actually observed This 
(lamping arises partly from a lack of perfect elasticity in the structure, aug- 
mented by the somewhat inelastic character of the permanent way, and partly 
from friction in the supports at the piers 

In bridges of long span no great error is introduced if the locomotive is treated 
as a concentrated mass, and, provided that the oscillations do not become 
sufficiently violent to induce spring movement, their general character can be 
ascertained by a mathematical investigation of the comparatively simple 
case depicted in fig 1, the moving mass there shown being the total mass of the 
locomotive 

Throughout the analysis it will be assumed that the speed t> is constant and 
that the supports do not m any way constrain the directions o! the ends of the 
girder 
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Deflection of a Girder expressed in the form of a Harmonic Senes 
Consider the case shown in fig 2, in which a girder AB of uniform section, 
freely supported at its extremities, is deflected by a load W concentrated at a 
section defined by x = a The concentrated load can be represented by the 
harmonic senes 

2\V f 7ca rx ‘irea 2 tw I 

— j^sin — sin — -f sin _ sin — + etc | , 


and the deflection (y) at any point (x) on the centre line of the girder is given 


El p. = 2 JL f «n Z an " + nn 2™ + , tc 1 

dx* l L l l l l J 


where I is the moment of inertia of its cross section 
Hence 


2WP \ m t 


gives the deflection expressed in a harmonic series 
The form of this series indicates that the first harmonic component of the 
load is the predominant cause of deflection, and, unless a high degree of accuracy 
is required, contnbutions made by the other harmonic components can be 
ignored This ib particularly true if the calculations relate to the determina- 
tion of the central deflection, since the contribution made by the second 
harmonic component is then necessarily zero Before extending this treatment 
to the case of moving and pulsating loads, it is desirable to study the natural 
period of vibration of a girder when unloaded and also when it is carrying a 
concentrated mass 


Natural Periods of Vibration for an Unloaded Girder freely supported at 
its Ends 

Let m be the mass of the girder per unit length 

For a free undamped oscillation, the equation of motion is 
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A solution of this which satisfies the condition that y = 0 and cPy/daP = 0 
at both ends is 


where 


_ r* /El _ -J /Eli 

-™o ,jV pV m, 


(A) 


This is the fundamental mode of vibration 
Higher frequency modes are given by 

»/ = A z sm — 1,111 

»/ - \ 3 sin sm 187M1,/, 
etc , etc 


It should be noted that a close approximation to the central deflection D pro- 
duced by a steady central load W is given by 


D = 


W 

27tVM 0 


(B) 


Natural Pa tod* of Vibration for a Girder carrying a Mass M concentrated at 
Section x — a 


Let h be the deflection at x — a The mass M concentrated at this section 
applies to the girder a downward force — M {iPh/dt 2 ) 

Replacing this concentrated force by its equivalent scries of sinusoidal load 
distributions, the equation of motion for a free undamped vibration take the 
form 


A dx* dP l * 2 L 


2na 2nx , , "1 


Consider a solution m th< form 


y — A sm 2nnt 


sm — sip — Bin — sin — — 


„ 2nx 

l , 


04 »»* 

2 “5? 
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Tins will satisfy the equation provided that 

— t-ri- + ‘-—Li.*, 

1 l-i! 2 *- 2 i 

L Wo* no -I 

"mb 
am — bid — 

— — H 

L Wo 2 


TOE 2710 27KC 

— sin — j- sin -j- 




t 7t« 7U . 27CO 27t£ . , 

sin — sin — -f sm y— sin -y- | etc 

That is, if 

71q 4 Mq l^sm y Bin y + sin 2y B jn ?E£ -f etc J 


i a; 

Mo «o s 


w f 7TO 7W- . 27TO 27tX . , I 

X ^ siny 8m y + sm — sm — — |- etc J 


7 + ~+ete 

1 - 2* - SL 


From this condition a senes of values of n can be determined specifying the 
vanous frequencies and modes of vibration 

The fundamental frequency («j) is given approximately by 


h 2M l_ 

Mo n* 1 _n£ 


VOL cxvin — A 
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As previously mentioned, the primary cause of oscillations in a bridge is the* 
“ hammer-blow ” efT< ct of tin balance weights of locomotives The frequency 
of the blows can range up to a maximum of about fi per second, IJ revolutions 
per second being about the maximum attainable in the case of a steam loco- 
motive Except for short spans, this range of frequency will include the 
fundamental frequency of th« loaded bridge, but it is usually well below the 
frequency of the higher modes of vibration of the structure In consequence, 
these higher modes of vibration i annot be developed to any considerable extent, 
and the bridge oscillations approximate m form to a simple sine curve A 
maximum Htate of oscillation is to be anticipated when the engine speed is such 
that the hammer-blows synchronise as closely as possible with the fundamental 
frequency of the bridge Exact synchronism can, however, be only momentarily 
attained, since the natural period of the loaded structure is changing constantly 
as the mass moves along the bridge, and it is this change of natural frequency 
combined with the influence of damping that shields a railway bridge from the 
excessive state of oscillation which would 
inevitably occur if a condition of exact 
resonance could bo maintained over a 
prolonged period, unchecked by damping 
For bridges of long span the dead load 
of tho structure is so great that, m com- 
parison, the mass of a locomotive becomes 
insignificant Accordingly, the case of a long-span bridge can be studied with 
a fair approach to reality by reducing the problem to that depicted in fig 3, 



Fig 3 
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in which the mass of the moving load is ignored and the girder is merely 
subjected to a periodic force P sin 2kN£ moving forward at a uniform speed v 


Oscillation ‘produced by a Concentrated Pulsating Force moving at Uniform 
Speed along a Girder 

The applied moving force can be represented by the harmonic series 


Y Bin 2kN t £ sin ~ sm ~ -f sm sm f 


^y-sin 2nNt|~ f 


am 2nnt sm ~ sm 4nnt sm + eti J , 


Retaining, in the first instance, only the primary component of this senes, and 
neglecting the effect of damping, the equation of motion for the girder is 

EI^~ + m ^ 8111 ‘^ nnt 8111 

dr' dP l l 

or 

El 7 ^ + = ? fens As(N - u)t — cos 2 k (N [- n) <1 sin^ 

ax' dt? l L J l 

Using results already established, vi/ , 

2 k « 0 = ~ \/— and D = P , 
l 2 v m 2t i*n 0 *M 

where D is the central deflection due to a steady central load P, a particular 
integral of the above equation can bo obtained in the form 

T) r cos 2 k (N — n)t cos 2 k (N -1 n) t~| kj. 

To satisfy the starting conditions that y — 0 and dg/dt = 0 nutmlly, it is nec es- 
sary to superpose upon this forced oscillation a free oscillation of the type 


Making this adjustment, the state of oscillation which satisfios the general 
differential equation and also satisfies the starting conditions is obtained m 
the form 



(D) 

v 2 
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The higher harmonic components of the applied force will each give rise to 
corresponding harmonic deflections of the girder which can separately be deter- 
mined without difficulty For instance, the state of oscillation generated by the 
pth harmonic component of the applied force is given by 



These higher harmonic components are usually small m comparison with the 
primary component, and in practii al calculations relating to the central deflec- 
tions of bridges it is hardly necessary to take into account more than the first 
harmonic component, that is to say, the < fleet produced by the primary harmonic 
component of the applied force 

In a brief article communicated by Prof S P Timoshenko to the ‘ Philo- 
sophical Magazine,’ vol 43 (1922), this same harmonic senes was established 
and the exact solution from winch the harmonn senes emanates is given 
in a paper contributed by the pnsent writer to tho ‘ Proceedings of the 
Institution of Civil Engineers,’ May 18, 1924 The numerical manipulation of 
this exact solution, which involves hyperbolic functions, is, however, a some- 
what laborious process, and, unless an exceptionally high degree of accuracy is 
required, it is preferable and justifiable to adopt the approximation given by 
formula (D), which results from retaining only the first harmonic component 
of the exact solution 

As mentioned previously, the most violeut state of oscillation is to l>e anti- 
cipated when the frequent y of the applied force synchronises with the funda- 
mental frequency of th< girder, that is to say, when N -= ti 0 Under these 
circumstances the oscillations are cumulative m character, and, m the absence 
of damping, they will mount up continuously until the instant at which the 
force leaves the bridge 

By putting vt — l, that is, id ~ £ m formula (D), this culminating state of 
osi illation is defined by 



Now 

n __ Circumfere nce of d riving wheel 
N Twice span of bridge ’ 

and consequently for long-span bridges, to which the application of this theory 
is confined, n/N is a small fraction For example, if the span is 260 feet, n/N 
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is unlikely to exceed and for numerical calculations it is legitimate to 
neglect n 4 /^ 1 in comparison with 4n*/N* 

Employing this approximation, the above expression takes the form 


y — 2NTD cos 2 ttN< sin — , 

where T is the time taken for tht load to traverse the bridge The extent of 
the osm illations when the pulsating force is just leaving the bridge is accordingly 
the deflection due to the force steadily applied at the centre, magnified by twice 
the number of alternations the force makes during its passage along the bridge 
Up to this stage no consideration has lieen given to the fact that m addition 
to the alternating force the girder will be subjected to a constant gravity force 
W arising from the weight of the moving load 
The equation for the deflection so produced is 

., T (1*1/ (Pi/ 2W r mi nx . 2m l 2nx . . 1 

u w + “rTrr*T 


and the corresponding forced oscillation is 



exceed 1/100 Consequently, a very close approximation to the forced oscilla- 
tion is given by 

. 2WPr 


y 7r 4 ElL 


nx . 1 2mi 


.Sf i 


i 


i 


To this close degree of approximation the deflection of the girder m dergoes no 
dynamic magnification and the forced oscillation due to a gravity force may, for 
all practicable speeds, be treated as identical with the trawl deflection, that is 
to say, the deflection produced when the steady force is moving very slowly 
along the bridge This agreement holds true when mated of i single gravity 
force the girder is acted upon by a number of separate forces such as occur in 
the case of an actual locomotive 

It must not, however, bo assumed that the gravity forces of moving loads 
are incapable of setting up oscillations The approximate expression given 
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above for the forced oscillation satisfies the condition that the girder is initially 
without deflection, but it does not satisfy the condition that the girder is 
initially at rest The adjustment of this starting condition calls for the super- 
position of a free period oscillation, and the complete state of motion set up by 
a steady moving force is very accurately defined by 

+ J;(sin^ — ^ sraSwio^sin^p + etc J, (E) 

where S is the central deflet tion produced by the load W when placed at the 
centre 

In spans of a sufficient length to justify neglecting the inertia effects of the 
moving mass, v/2ln 0 is a small fraction, and the state of oscillation included in 
formula (E) can hardly add 10 per cent to the crawl deflection Accordingly, 
this theory tends to confirm a statement made earlier m this paper that smooth- 
running locomotives produce but little vibration m a bridge, the deflection at 
all practicable speeds being nearly identical with the crawl deflection 
The result of applying the foregoing theory is illustrated by fig 4, which gives 
the deflection at the centre of the girder plotted to a base which represents the 
position of the load In order to draw a comparison with experimental records 
given later, the bridge characteristic s taken in the calculation agree with those 
of Newark Dyke Bridge a single-track bridge on the mam line of the London 
and North Eastern Railway The span is 262 5 feet, the total mass is 460 tons, 
and the unloaded frcquoni y is 2 88 oscillations per second For thi locomotive 
the hammer blow is 0 576 ton at one revolution per second, the circumference 
of the driving wheels is 14 0625 feet and the total weight is 107 65 tons 
In the calculation the locomotive is treated as a concentrated load, and the 
central deflection produced by this load placed at the centre is 0 55 inch 
When the locomotive is at the centre of the bridge the frequency of the structure 
is reduced to 2 4 oscillations per second The engine speed is taken as 2 4 
revolutions per second or approximately 23 miles per hour, and the calculation 
is based upon the somewhat inaccurate assumption that during the passage of 
the locomotive the frequency of the girder has the constant value 2 4, so that 
the condition of synchronism is realised m its fullest possible form It will be 
seen that the oscillations continue to mount up until the load leaves the bridge 
and the maximum deflection exceeds the crawl deflection by 75 per cent 
The violence of these oscillations is greatly in excess of those actually observed 
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m Newark Dyke Bridge, and this lack of agreement botween experiment and 
theory is due to the fact that in the latter neither the change in natural frequency 
due to the passage of the moving mass nor the influence of damping have been 
taken into account 
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Effect of Dampuuj 

Consider ogam the case represented by fig 3 The damping is assumed to be 
a distribution of force along the bridge which varies with the velocity of the 
vertical movement For convenience thiH load distribution per unit length will 

lie represented by 4 ^ , where n b is a damping coefficient which has the 

dimension of a frequency Taking into account only the primary harmonic 
component of the applied alternating force, the state of oscillation it sets up is 
given by the equation 

EI^ + ^ 8,n 2rcNf sin 2mnt sin , 

ax* at at* l I 

and a particular integral of this equation is 



where 


cos (27t (N + n)t — 


rer 
l ’ 


tan <f> — 


% (N - n) 
nf - (N - n) a 


and 


tan i{i = 


n b (N~ + *») 
«o 2 - (N + «)* 


(F) 


The free oscillations of the girder are given by 

E I g + 4 w „^ + ) „* = 0j 

and provided that v b is less than n„, this yields a fundamental mode of vibra- 
tion of the form 

y = «"•' [A sm fit -f- B cos p t] sm ~ , 

where 

7t = 2 mi b and (1 = 2it\/ w 0 * — nf 


In any practical case relating to a bridge oscillation, nf is negligible m com- 
parison with nf , the fundamental frequency is hardly affected by damping, 
and a sufficiently accurate representation of the fundamental mode of vibration 
ib given by 

iunU [A sm 2nnf B cos 2nvf] sm ^ (G) 
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The form of this equation indicates that free oscillations die out m geometm 
progression For long span bridges this decrease as indicated by the subsidence 
of residual vibrations is not very rapid A ratio of 0 86 for successive oscilla- 
tions is fair average estimate and the value of n b will not in general exceed 1/10 

The complete expression for the oscillation set up by the alternating force 
must satisfy the conditions that y = 0 and dyjdt = 0 when t -=- 0 These 
starting conditions are adjusted by superposing upon the forced oscillation 
given by formula (F) a free oscillation of the character defined by formula (G), 
the constants A and B being selected so as to satisfy the two conditions 

As m the previous case of the undamped girder, the forced oscillation due to 
the gravity force is indistinguishable from the crawl deflection, but m order to 
smooth away the abrupt commencement of this deflection, another free oscilla- 
tion has to be brought into existence The result of applying this full process 
is depicted in fig B (p 71) 

The case is the same as that which gave rise to fig 4, the only difference being 
the introduction of damping The value of n b is taken asO 075, which causes 
free oscillations to die out m a geometric progression havmg a common ratio 
0 82 A comparison of figs 4 and 5 reveals the fact that a small amount 
of damping can exert a powerful effect in subduing the oscillations generated 
under conditions of resonance, and by taking this influence into account 
theoretical predictions relating to actual bridges assume some semblance to 
reabty 

If the value of n b as deduced from the subsidence of the residual vibrations 
in the bridge is employed, the state of oscillation predicted m the case of reso- 
nance is still appreciably greater than that recorded by experiment The agree- 
ment, however, is sufficiently good to suggest that analysis is proceeding in the 
right direction, and with some degree of confidence we now pass on to the more 
complete theory in which the inertia of the moving load is taken into account 


Impact Effect* due to Hammer-Blow, taking into account the Mass of the Moving 
Load and Biidge Damping 

The problem to be investigated is illustrated b) fig G 
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Most of the symbols involved have already been dehned, but for convenience 
they are now re-stated m the following table — 


M 0 is the total mass of the girder , 
m is the mass of the girder per unit length , 
l is the length of span , 

I is the moment of inertia of the cross section , 

(Oq = 2tth 0 = — \/ — , defines the natural frequency of the girder , 
Mq 


lmi b m rjf 
at 


is the distribution of force which produces damping , 


M is the moving mass , 
v is the velocity of the mass along th( girder , 

P sm 27tN< is the hammer hlow associated with the moving load , 

to — 2rcn = — , 

d =* 2nN , 
tOft — 27t»j 


Adopting the approximation whuli has Imho justified in previous cases, it 
will be assumed that'tho state of oscillation owes its existence almost entirely 
to the primary component of the reaction between the moving load and the 
girder and that the higher harmonic components of this re action can be neglected 
On this assumption, and leaving out of account the effect of gra\ity, the 
equation of motion for the girder takes the form 

EI^ + 2 + m § -- 1 1 P sm Lit — M ^ ] sin U sin ^ , 
ax' at at* l l at* A l 


where h is the depth of M below its mean level 
A solution of this equation is obtained in the form y ~ f(l) sm ^ , conse- 
quently h —f(t) sm tot and 

~ — sin to l 2 to cos to t — to 2 sm tot f ( t ) 

at* at* at 

To determine/ (<) wo have the differential equation 

pr/ (0 + 2o #■+ w ^ + tI 8in * “* % + “ sm 2u 'di~ ** 8Ul * w] 

2P 

= — sm Lit sm tot , 
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and this reduces to 

f{t) [*>„•- - cos 2<of)] + f [*<*, + §? « sin 2od\ 

+ |_1 + ^ (1 “ cos 2<of) ] = -£[cos (fl - co) t - cos (fl + c) «] (H) 

An exact solution can hardly be expected for this somewhat complicated 
differential equation, but two alternative methods are available for deducing 
numerical results The first and least laborious method is limited in its applica- 
tion to cases in which the varying frequency of the girder due to the passage of 
the moving load does not at any instant synchronise with the constant frequency 
of the applied alternating force 

In the second method of attack the solution is obtained in the form of a 
convergent series The numerical work mvolved is distinctly laborious, but it 
is free from the limitation restricting the apphcation of the other more concise 
method 


Approximate Solution apjdunble to Non-Synchronom Cases 
Consider the solution of the equation 

m [“•’ - H ■ in ‘ “*] - + 2 f ’[*» h ^ ,m H 

where £l x = Q — co 
Let 

/ (t) = cos iljt $ (t) -f sin <}/ (/) 

Unless a state of synchronism occurs at some stage in the passage of thi moving 
and pulsating load, it will be found that the timo variations of <f> (t) and (t) 
are always small in comparison with those of cos and sin ity 
Consequently 

— sin (t) -f- cos (<)] approximately, 
and 

[cos (/) -f sin tfyiji (<)] approximately 
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Hence, by substituting these approximate values in the original equation 
cos iiji |(« 0 * ~ ^ <o*sin* otij <f> (t) uj + ^ w Bm ^(/) 

-(l + |? sin 2 to*) 0^(2)} 
+ sin Cty j^o* — ^ «* sin* «2 j <J» (0 — 2 1 c,* + to sin 2 o>2 j ^ (0 

- (l + ^ «<n s «/) Of <j> (*)} 

= TjT cos 


Equating coefficients of cos and sin 
{<o 0 ’-fl 1 »-|l(Q 1 *+ to*) sm 2 iot} *(t) 


+ 2Q 1 {<o* + ^ w sm 2<o< j <H«) = ^ , 


<o 0 2 — iJ x 3 — ~ (Q t 2 -f «*) sm 2 w< [ <{< (() 


Mo 


— 2£2j -j- jj- to sin 2w*j <f> (l) — 0 




i W 0 2 - Cl* - l ~(i2, 2 + CO 2 ) SHI* w t 

[ ° Qj*[2a)j O) sin 2co<J + [co^-Q^- ^(tV+co 2 ) sin* wl]*’ 

Qj |^2co* + ^usm 2cotJ 


M ° Of [2<o»+ ^ o) sm 2cn* J + [co 0 *-£l 1 8 - ^(O^+co*) sm*trt]‘ 

If D is the central deflection produced by a steady central force P, 

P D a D rj 9 2i 
E'" 2 "•’=2 


Let flj = SkNj 
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Then using the notation 

0) S = 27W6, 6) — 27t — , 

and dividing through by 




>*\ -ntfji* 


<M0 = 


* XT .[ 0 .Me 2nuH* , [ . v * 2M /„«,«•' 

N ‘[ 2 ”»+m i““— J +L"« - N > -s;( N ‘ +*w 

»■[»+£ i-y] 

" M 2 "* ?]' 


Abrupt vanations in <f> (t) and (J; (t) only occur when the expression 

•»Y 


“•*- N ‘’-c( N ‘ , + p) a,, ‘T 


passes through a zero value, the vanations due to the other term m the 
denominators which is numencally small being relatively unimportant 
Owing to the smallness of «*/4Z* in comparison with N^, this zero condition 
in effect states an equivalence between and the loaded frequency of this 
bridge As long as this equivalence is avoided by an ample margin, the assump- 

tion that the variations in <f> (t) and v|> (t) arc small in comparison with those of 
sm Lit and cos Lit is justifiable, and the state of forced oscillation can be 
expressed in the form 


D ,r$i 2 tcN,< + (Ji| sin 2itN,t 

y ~2”°L tf + v 

_ 4>'i co 8 -f (}< a sin 2 tcNj/ I gin kx 

W + W \ i’ 




t \r To i M v ‘ItwC\ 


♦.-V-JV-ffa+S)-?. 
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In practice it is convenient to express the oscillations in terms of the maximum 
crawl deflection, since this measurement is always recorded in an actual bridge 
test Let 8 denote this quantity, which in the idealised case under considera- 
tion is the central deflection produced by a steadily applied central load M 
Let Pj be the hammer blow at one revolution per second The hammer blow 
at N revolutions is P X N*, and this steadily applied at the centre has been taken 
to give a central deflection D 
Consequently 


and the expression for forced oscillation takes the form 


+ k‘ + *?~ v + v) m -} „ (J) 

+ cos 27 cNf|(- T- ~ JT^TI ^C 08 !^ 

c W + +r W I- W* 1 

“ f t* «!>,■) sm t) _ 

For non-synchrouous cases to whic h this formula is restricted, the maximum 
state of oscillation is to be expected when the load is at the centre, that is to say, 
when 7 wt/l - w/2 This maximum state of oscillation is accordingly defined by 


U 1 2M"“' * r U ^ + ' W + w) 

- - 2 " n, (* 7++? + «++?)) sm f' 

where ^a'l'i'I'a have the particular values consequent on putting nvt/l = u/2 


Senes Method of solving the Equation 

f (0 [' W 0 ! — ^<’^(1 — cos 2<^)] + ^ [ 2 “* + ^ to sm 2to*j 

+ |^[ 1 +^ (1 - c o8 2 ^ ) ]==j| [co s ( fl-w , <- c os(fl+(o , <J (H) 

This method is applicable to all cases, but is particularly suitable for those in 
which synchronism occurs 
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f(t)~ £ |Af cos (£2 -f ra) t -f B r sm (£2 + n*)t ] 


where r is any odd number positive or negative 
By substitution it appears that the coefficient of cos (Q -|- rw) t for the left- 
hand side of the equation is 

~ + ruf — ^ (w* + (£2 1- ru) J } j -1 B r 2uj (11 + rco) 

+ Af -2 2 ^(^ + r — 1 w ) 2 + Af^s^-fll-f r-f 1 to) 2 , 

and the coefficient of sm (£1 -f r<o) t is 
B r [ o„ a - (£1 -1- m) 2 - ^{6,* + (£1 + * O)*} | - A,2<o» (Q h ru) 

+ « r -a 2 M a ( Q + «)• + Br + . 

Tlie right-hand side of equation (H) can lie expressed m the form 
2 w„ a [cos (£2 — o) t — cos (£1 -f to) /], 


where D is the central deflection produc od by a steady central load P 
Abbreviating the notation by writing 



'N -f m — q T , 


and equating the coefficients of cos (£1 -f- rw) t and sin(£l ( rto) / on both 
sides of the equation, the following relations are established — 

has the value 2 n 0 2 when r = — 1 , 

has the value — 2 n 0 ! when r = 4 1 » 
has the value zero for all other values of r 

4 '■«’ - “£r *■] - + B - J;’- 1 

is zero for all values of r 
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From these equations the coefficients in the series 

1 [A, cos (£2 + ru) t + B r sm(ft -f r«) t] 

can be determined to any degree of accuracy which may be desired 
If the solution only extends, say, from r = — 11 to r — -f 11, there will be a 
luck of balance represented by small terms of the character cos(A -f- 13co)/, 
sin (£1 + 13w) l, cos (il — 13<o) t, sm (ft — 13o>) t These can bo regarded as 
small forces, and their neglect is justified if the period of these forces is either 
much above or much below the range of frequency of the loaded structure 
The senes must, in fact, be extended m both directions until it passes right out- 
side this range, and this method of solution is particularly applicable to a case 
in which the frequency of the hammer-blow is well inside the range of frequency 
of the loaded structure, because, under these conditions, tho senes does not 
have to be earned far m either direction 
For a non-synchronous case, the series in oiu direction is apt to 1 m* divergt nt 
before it ultimately becomes < divergent, and to such a case it is preferable to 
apply the approximate method of solution established previously 

Since tho forced oscillation does not in general satisfy the condition that the 
girder is initially at rest with zero velocity, it is necessary to superpose another 
state of oscillation obtained by solving the equation 

f[t) [< sin 2 wtj \ sm 2w t j 

(K> 

A solution of this can he effected in the form 

/(/) = 2 [Aycosfp-f ro>)<-f-B r sm((3-|- r<o)t], 

where r is any even number, positive, negative or zero 
By substituting and equating separately to zero thi coefficients of cos ((3+rto)f, 
sin (fl + »■“)<» two general relations between A^* B r+ » A r B r A r _ s B r _ g can 
be estabbshed If a limit is put to the extension of the senes in both 
directions, tho “A” coefficient can all be expressed m terms of A 0 , a and (i, 
and the “B” coefficient can all be expressed in terms of B 0 , a and (} Finally, 
equating to zero the coefficients of cos (Ji and sm (&, two equations are obtained 
from which values of a and (3 can be determined If a high degree of accuracy 
is desired, it is attainable by this process, but in practical bridge calculations the 
accuracy required hardly justifies the labonous computations involved in this 
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method The state of oscillation under examination is one which soon dies 
down to insignificance It is only concerned with the early stages in the growth 
of the bndgo oscillations, and for its determination the approximate method, 
which follows, is sufficiently accurate for all practical purposes 

Approximate Method for determining the State of Free Oscillation in a Girder 
when traversed by a Concentrated Mass and subjected to Damping 

Consider a solution of equation (K) of the form / (/) = e - *' sm fit, where a 
and p are function of t, or the position of the load on the girder These varia- 
tions of « and p over a limited period of time, say, tho period of one free oscilla- 
tion, are hardly appreciable, and over such a period a and fi can, without serious 
loss of accuracy, be treated as constants. 

On this assumption 

^ — — ae"*‘ sm fit (- fic~** cos p/, 


and 


p*) e ■* 8m p* 

— 2a pc'* 1 cos fit 

Substituting in the equation for / (t), and equating separately to zero the 
coefficients of cos fit, sm fit, the values of a and p for the particular period under 
consideration are given by 

oi» + to sm 2 lot 

“ = — & 

1 + ^ sin* at 

Mq 


o> t * — rp to* sin* col 
ft* M « 

P , , 2M . ( 

1 + — sin* <ol 

oij -f fp- to sin 2<ot 
m g 

1 + ^ sin* 

_ Mq 


Another way of arriving at this same conclusion is to assume that over a 
limited period of time the coefficients of / (t), dfldt and cPfjdt* in the differential 
equation for/ (t) can bo treated as constants Neglecting, in the expression for 
P, certain terms which have no numerical importance, values for a and p which 
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can be employed when the load has advanced a distance x along the bridge are 
given by 

0 f , M v 2raf| 

H* + g, a^rJ 

, . 2M ,w 

1 + M^ ain 7 


, , 2M a izx 

1 + K" m T 

When t = 0 the state of free oscillation ,s 


y = [A sin 2nnJ -j- B cos 2 tw»i/], 
and by a suitable choice of A and B this free oscillation can be adjusted to 
satisfy the starting conditions By dividing the girder into a number of short 
lengths and applying to each length m turn the approximate method just ex- 
plained, the manner in which the superposed free oscillation dies out can be 
predicted with an accuracy quite sufficient for all practical purposes If hammer 
blow does not exist, the deflection produced by the moving mass is merely the 
crawl deflection combined with a state of free oscillation which smooths off the 
abrupt commencement and termination of the crawl deflection 
One result of applying this foregoing general analysis to the case of Newark 
Dyke Bridge is shown in fig 7 (p 71) The data for the bridge have already been 
given The locomotive is treated as a concentrated mass of 107 66 tons, and, m 
the case illustrated, it is taken to be running smoothly without hammer blow at 
a speed of 67 J miles per hour 

It will be seen that the dynamic effect of the load is quite small, and if it were 
possible to dispense with balance weights in steam locomotives, impact allowances 
for railway bridges would shrink into insignificance 
This problem of the dynamic effect of a smooth-running load was investigated 
by Sir G G Stokes as far back as 1849 * His treatment was mainly restricted 
to cases in which the mass of the bridge was neglected Its unloaded frequency 
in consequence was infinitely high, and this, added to the fact that damping 
was not taken into account, led to results which, though interesting from a 
mathematical standpoint, can hardly be applied to predict the behaviour of 
actual bridges Further results of applying the general analysis to the case of 
Newark Dyke Bridge are shown in fig 8 
Eleven different engine frequencies have been examined, the locomotives in 
* ' Proo Camb PhiL Soo ,’ voL 1, p 83 (1849) 
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«ach case developing a hammer blow having the value of 0 576 ton at one 
revolution per second 

For the two lowest and the three highest engine frequencies the approximate 
method of analysis was employed For the six interim diate cases, conditions 
of synchronism necessitated tho senes method of solution The experimental 
records actually observed by tho Bndgc Stress Committee when a locomotne 
having tho same charactenstics traversed the bridge at various speeds are 
shown m fig 9 In both diagrams the curves give the deflection at the centre 
plotted to a base which represents the position of the locomotive In the 
experiments some difficulty was experienced m maintaining a constant speed 
for the locomotive The periodicities recorded represent fairly accurately the 
frequency of the hammer blows when the locomotive was at the centre, but m 
some of the records, particularly the case defined by N = 2 4, thpre is evidence 
that the engine speed was increased during the latter part of the run 

Making allowance for some small uncertainty m tho specification of the 
hammer-blow frequencies, the agreement between theory and experiment is 
sufficiently close to justify tho belief that the foregomg mathematical anal) sis, 
which takes into account the inertia of the moving load and the damping m the 
bridge, is capable of predicting oscillations with an accuracy sufficiently good to 
form the basis for the calculation of bridge impact allowance 

Owing to the distributed character of the load, it will lie observed that in the 
experimental records the crawl deflection does not start down abruptly as it 
•does when the locomotive is idealised into a concentrated load On this account 
in constructing the theoretical diagrams, the state of free oscillation necessary 
to eliminate the initial slope of the crawl deflection has not been included, 
since, for the purpose of comparison, its introduction would constitute a 
departure from reality 

Theory and experiment agree in demonstrating that the most violent state of 
•oscillation occurs when N = 2 4, that is, when synchronism occurs as the 
locomotive passes over the centre of the bridge Tho residual oscillations 
recorded for this case are considerably greater than those predicted by theory, 
but this can be accounted for by a speeding up of the locomotive as it approached 
the end of the bndgc 

The maximum deflections show a good agreement betw-xm predicted and 
recorded results throughout the whole range of speeds, and the rapid diminution 
of the impact effects predicted by theory when the engine frequency passes 
outside the range of frequency of the bridge is well confirmed by the experi- 
mental records At the highest speed (N — 6), amounting to 57 } miles per hour. 
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although the hammer blow is nearly 21 tons, its frequency so greatly exceeds 
that of the bridge that its capability of producing oscillations is reduced to 
insignificance For engine speeds lying withm the range of the bridge frequency, 
that is, for cases between N = 2 4 and N -- 2 9, the passage through a con- 
dition of resonance is likely to produce the phenomenon of “ beatB ” This 
expectation is fulfilled, and beats can be detected in both the theoretical and 
the experimental records 

A further check on the validity of the mathematical analysis has been 
provided by experiments on a model bridge performed at the Cambridge 
Engineering Laboratory 

Fig 10 (Plate 1) is a photograph of the apparatus 

The bridge congists of two parallel rectangular steel bars giving a span of 
12 feet To eliminate damping, the bars rest on fixed knife edges at one end and 
on rocking knife edges at the other The moving load is a two-wheeled truck 
stabilised by a small trailing wheel which runs on a centre rail supported inde- 
pendently of the bridge The hammer-blow effect is produced by mntor- 
dnven wheels rotating m opposite directions and carrying balance weights 
The frequency of the hammer blows and their magnitude can accordingly be 
altered at will and independently of the velocity of the truck The truck m its 
approach run is accelerated by a falling weight, but it crosses the bridge at a 
constant speed The central deflection is recorded directly by a needle on a 
moving celluloid film In computing bridge oscillations, apart from damping, 
the quantities which have to be known are n 0 , M/Mo, vjl, P/M and N If these 
data are the same for two bridges, the state of oscillation will be the same 

The model bridge is designed so that n 0 = 5 7 and M/M 0 = 2/5, and these 
characteristics correspond to those of a bridge of about 120 feet span Conse- 
quently, the behaviour of a locomotive on such a bridge can be deduced by 
experiment if the speed of the truck is made one-tenth the speed of the loco- 
motive and its hammer blow is that of the locomotive reduced in the ratio 
of the mass of the truck to the mass of the locomotive If it is desired to 
introduce damping, this can be done by locking the rocking knife edge and 
regulating the friction thus created until the free oscillations of the model bridge 
die out at the desired rate Experiments with this model confirm theoretical 
predictions m a satisfactory manner The degree of accuracy attained is 
illustrated by fig. 11 The full line represents the deflection computed by the 
senes method of analysis and the dotted curve is the deflection obtained by 
experiment The penodicity of the hammer blows was 4 4 periods per second 
and the speed was 12 feet per second 
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Up to this stage the analysis developed is only applicable to cases in which 
the whole mam of the locomotive can be regarded as unsprung This con* 



Fid 11 —Deflection Diagrams for Model Bridge. 


dition is satisfied in long-span bridges such as Newark Dyke An exam- 
ination of the deflection records of that bridge reveals a maximum accelera- 
tion of 5 14 feet per second The unsprung mass of the locomotive excluding 
the tender is about 45 tons, and to give this mass an acceleration of 5 14 feet 
per second calls for a force of 7 32 tons Experimental evidence derived from 
an analysis of numerous bridge records leads to the belief that, in the case of 
this particular locomotive, it requires a force of at least 8 tons to overcome 
spring friction, and consequently in its passage across Newark Dyke Bridge no 
spring movement is likely to occur 

For short span bridges of, say, less than 30 feet, tho frequency of the bridge 
even when loaded is so high in comparison with that of the hammer blows that 
the effect of these m producing deflection is almost purely statical 

This point is brought out by fig 12, which is an actual deflection record 



taken by the Committee on a bridge of 33 feet span at Lancaster The full 
line is the record obtained by experiment and the dotted line is the curve of 
deflection obtained by treating the hammer blows as if they were statical 
forces 

For bridges of intermediate length, say from 40 to 200 feet span, spring 
movement at high engine speeds is likely to occur This movement has a pro- 
found effect on the state of oscillation generated by hammer blows, and a theory 
which fails to take this effect into account may be very misleading when applied 
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to bndgea of moderate span. The motion of the sprung part of the locomotive 
modifies the apparent free periodicity of the bridge, and the friction m the 
spring movement exercises a powerful braking action which limits the extent 
to which the bridge oscillations can be developed 

The general effect which spring movement has on bridge oscillations can be 
studied by reference to fig 13, which represents a typical amplitude frequency 
curve for a bridge of moderate length, say 200 feet The diagram shows how 
the maximum amplitude of the oscillation varies with the frequency of the 
hammer blow 

If the springs were locked, the amplitude frequency variation would follow 
the full-line curve If spring movement occurs when the vertical acceleration 
exceeds a definite value, the amplitude frequency variation follows the dotted 
line 

Up to the frequency N = 2 0 the locomotive behaves as though it was with- 
out springs The acceleration of the body of the locomotive then becomes more 
than spring fnction can provide, spring movement is induced and provides 
a damping influence which rounds off the resonance peak which would occur 
if the springs had remained completely locked 

Spring movement ceases again when N = 2 5 and does not recommence until 
N = 6 

At this comparatively high frequency, although the amplitude of the motion 
is small, its acceleration ih sufficient once again to break down spring friction, 
and from this point onwards in the range of frequencies spring movement will 
continue The natural frequency of the locomotive on its springs is considerably 
less than 5, and as the oscillations of the bridge increase in frequency beyond 
this figure, the motion of the spring-borne part of the locomotive tends to 
become antiphased to the motion of the bridge 

The spnng-bome part of the locomotive then in effect makes a negative mass 
contribution to the bridge, and the net inertia effect of the whole locomotive 
may be an increase rather than a decrease in the apparent natural frequency 
of the loaded structure 

Owing to this, a condition of resonance at a high frequency of hammer blow 
is established, and this resonance gives rise to the peak which occurs in fig 13, 
when N — 6 35 

If the engine frequency is limited to 6, for spans approaching 200 feet in 
length, this second peak is off the picture, and even if it was practically attain- 
able, its height would be found to be less than that of the low frequency peak 

Fig 14 represents a typical amplitude frequency curve for a moderate span of, 
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say, 120 feet It differs from fig 13 m that there is no intermediate range of 
frequencies for which the springs become locked, and the second peak in this 
case is considerably higher than the first 
Fig 15 gives a number of amplitude frequency results recorded by the Com- 
mittee in experiments on Langport Bridge, having a span of 120 feet Though 
somewhat erratic, the records can be seen to group themselves along a curve 
which has the general character of the dotted curve in fig 14 The amplitudes 
first of all increase with the frequency This growth then receives a check, but 
at yet higher frequencies a more vigorous growth leading up to a high frequency 
condition of resonance is indicated, though owing to practical considerations 
relating to engine speeds this condition of resonance could not be fully attained 
During the passage of a locomotive across a bridge the springs may be locked 
for parts of the run and free at other stages This consideration discourages 
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the application of mathematical analysis to predict the state of oscillation 
throughout a complete run, but in calculating impact allowances it is only 



Fio 15 — Langport Bridge Deflection Reoords. 

essential to determine the maximum state of oscillation which w ill be developed, 
and a value for this which at any rate is not an underestimate can be obtained 
m the following manner — 

Imagine a locomotive standing at the centre of the bridge and suppose that 
when the throttle is opened it starts skidding its driving wheels at a constant 
speed A state of oscillation will thereby be generated which sets a superior 
limit, to the maximum oscillation developed when the locomotive traverses 
the bridge at the same wheel speed 

This simplification of the problem does not introduce any great error, because, 
owing to the heavy damping introduced by spring movement, the oscillations 
reach their maximum m a space of time so short that it is only a fraction of the 
time taken by a locomotive in crossing a bridge of moderate span In a long- 
span bridge, where the comparatively small amount of bridge damping alone 
exists to limit the oscillations, the full state of oscillation takes longer to develop, 
but aB a compensation the period during which the locomotive is approximately 
at the centre of the bridge is extended The kind of error introduced by pre- 
dicting the maximum state of oscillation on the assumption that the locomotive 
remains stationary at the centre of the bridge is indicated by fig 16, which gives 
the maximum deflection curves, actual (with a moving locomotive) and predicted 
(on the assumption of a stationary oscillator) for Newark Dyke Bridge 

The calculation gives a value about 10 per cent in excess of the maximum 
recorded deflection, and this error at least has the merit of being on the safe 
side 

The analysis for deducing impact allowances based on the assumption that the 
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— Deflection producod by Central Oscillator 
— Deflection produced by Moving Locomotive. 


bridge must be capable of withstanding the oscillating effect of a locomotive 
stationary at the centre of the bridge will now be considered 

Oscillations due to a Locomolne situated at the Centre of a Bridge 

The locomotive is supposed to be stationary but its driving wheels to be 
rotating N times per second 

The bridge oscillator situated at the centre of the span, which for purposes of 
analysis replaces the actual locomotive, is 
represented by fig 17 

M, is the mass of the sprung load 
is the mass of the unsprung load 

Mo is the total mass of the girder, l is its 
length and m its mass per unit length 

P sin fit is the alternating force action on 

M i 

2?tn 0 = <o 0 defines the unloaded frequency 
of the girder 

271*4 — w i defines the frequency of the girder when carrying a mass M 1 at 
the centre 




92 C. E. Inglis 

2rm, = w , defines the frequency of the girder when carrying a mass M t + M, 
at the centre 


, 7t*EI , 7r«EI . # _ « 4 EI 
W ° ~m Q ’ 0)1 ~P[M a + 2M l ]’ * P[Mo-f2M 1 +2M J ]* 


Let A denote the depth of M t below its mean level 
Let 2 denote the depth of M, below its mean level 

Let |x (z — h) be the extra thrust in the springs due to the extra compression 
(z~h) 

Let the damping effect due to resistances in the spring movement amount to 


a force it; ® (2 — h) acting downwards on M t and upwards on M a 
at 


Let 2 tc ryn ^ be on upward distribution of force representing the effect of 
at 


damping m the girder 

The equation of motion for the girder, assuming that concentrated forces are 
represented by their first harmonic component, is 


EI 0 + 2w *f 


+ m 




- | [* » - M, + p (* - h) + k | (z - J *)] sin 2 (L) 


Obtaining a solution for this m the form y = f(t) sin —■ , h =f(t) and the 
equation for / (<) is 

[M G w 0 *+2p.]/(04-t2n« t M o +2*c]^-bM o ^= 2PsmQt4-2p2 + 2if~ (M) 
For the motion of M, 

~ M 'S = *»(*--*) +«| (*-*) 

or 

+ = <N) 

For a free undamped oscillation of M, on its springs 

and the oscillation is given by 


« = A sin 27m/, 
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For a damped free oscillation 


and provided that k < 2M ,n, the damped oscillation is given^by 


^ = M, a , the equation for/ (<) can ho reduced to the form 

+ c^+a«^]J+ <V w .V(0 


= - 2 - -'^ Psin i^ + — cos Cit, 

Jttx #iux 


where Mr = Mo + 2M X 
Solving the equation it is found that 




2P [(Q 1 - m.»)« + {20 «n (Qt - a) 

~{q‘ - «*(«!* + + w 1 a w l , | a 

+ {(>«/* + 


The central deflection for a steady central load P is 


and under the action of the oscillator shown in fig 16 the centre of the girder 
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rises and falls periodically above and below its mean position by amount 
D X K, where K, the dynamic magnification, has the value 



The particular case of the sprmgless load is obtained by putting z — h in 
equation (L) The value of the dynamic magnifu ation thus deduced is 



where iq is the frequency of the girder when carrying the full load at the centre 
This result can also be derived by putting n d and n, zero m the general formula 
(P) In that formula the dominating factor is cfn and when this function is 
zero the dynamic magnification becomes large 
There are two distinct values of N which makes fa = 0 These are the roots 
of the equation 

N« - NV[1 + ^ + ^1 + = 0, 

I n a * n 0 * J 

and the existence of these high and low critical frequencies accounts for the 
double peak formation of the amplitude frequency curves shown m figs 12 
and 13 

Amplitude frequency curves for given bridges can be predicted by formula 
(P) and the class of agreement attained between theory and experiment is 
indicated by fig 15 The points recorded are those obtained by experiments on 
Langport Bridge, and the full and dotted lines are the amplitude frequency 
curves deduced by formula (P) 

The accuracy of theoretical predictions is necessarily limited by the precision 
with which numerical values can be ascribed to the various bridge and loco- 
motive characteristics entering into the composition of formula (P) There 
are six of these characteristics, viz , w 0 , n v n 2 , n b , n„ n d , and their numerical 
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-determination presents no difficulty, with tho exception of n t and to a lesser 
extent », 

«, is given by 4rc*n s = {i/M, Its evaluation demands a knowledge of tho 
strength of the locomotive springs, and information on this point is apt to be 
somewhat vague 

The determination of is by no means straightforward 

This coefficient specifics a force opposing spring movement and it owes its 
existence partly to the friction between the leaves of laminated springs and 
partly to the friction between the axle boxes and their guides 

If the spring movement defined by (« - A) in equation (N) is given by 
(z — A) — a sin 2 tc(N< — a), then th< damping force assumed 111 the analysis is 
k X 27rNa cos 2n (Nl — a) 

The variation of this is illustrated by the dotted line in fig 18 In any 
actual locomotive the frictional resistance in the spring mo\ ernent will conform 
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more nearly to tho laws of friction between solids, and the variation of the 
damping force instead of being sinusoidal will approximate to the rectangular 
form indicated by the full line in fag 18 
If the dotted curve is the first harmonic component of the rectangular graph, 
the two forces will have almost identical effects in producing oscillations 

Consequently, by making k x 2ttNo — ~ /> where / is the constant frictional 

force brought into operation by spring movement, the analysis which assumed 
a fluid friction type of damping is rendered applicable to the case of a locomotive 
in which the damping is of the dry friction variety 
The fact that k and consequently n t cannot be treated as independent of the 
amplitude of the spring movement introduces a slight complicatiou To deter- 
mine k from the condition just stated (a) must be known, but the determination 
of (a) by equations (M) and (N) in its turn requires a knowledge of #c Conse- 
quently a “ trial and error ” method must be employed until an assumed value 
for k and the corresponding deduced value for a are found which fit the condition 
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ko = 2 flips With a little experience this adjustment can be accomplished 
almost by guesswork 

When Bpnng movements occur, the locomotive characteristic / plays an 
important part in deciding impact allowances This conclusion cannot be 
disregarded, though it is to be regretted because the value of / is apt to be some- 
what indefinite It vanes considerably with different types of locomotives, 
and owing to the fact that the balance weights at high speeds introduce large 
pressures between the axle boxes and their guides, it ib not altogether inde- 
pendent of the speed 

The vanations which may occur m / are without doubt largely responsible 
for the inconclusive character of many series of bndgo impact expenments 
performed in the past, and the difficulty which exists in deciding definite 
numencal values for this quantity constitutes the real and only obstacle in the 
way of setting the determination of impact allowances on a sound scientific 
basis 

Experiments can be devised to remove this difficulty, and it is hoped that 
before long adequate evidence relating to this important locomotive character- 
istic will be forthcoming to supplement the rather meagre data upon which 
analysis at present has to rely The present position may be summed up by 
saying that whereas mathematical analysis is on sure ground when predicting 
impact effects for long or short bridges, in its application to bridges of medium 
span it is somewhat starved owing to an insufficiency of experimental data 
relating to the springing of locomotives 

At the commencement of this paper it was stated that in bridge impact 
researches experiment had tended to outrun theory, but the conclusions arrived 
at in the course of this present theoretical investigation suggest that, in one 
direction at any rate, mathematical analysis is pointing the way for a further 
experimental advance 

The theoretical researches dealt with in this paper have extended over a 
period of three years, and during that time much valuable and enthusiastic 
assistance has been received from students at the Cambridge Engineering 
Department To mention them all by name would necessitate a lengthy list, 
and accordingly at this stage the author can only express his indebtedness to 
these numerous individuals collectively and anonymously 
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Tribo-dectucity and FuUum 1 1 — Glass and tfolid Elements 

By Prof P E Shaw, M \ , D S< , and (' S T* \, B Sr , University College, 
Nottmgh im 

(Communicated by Sir William Hardy FR8 — Received November 3, 1927 ) 

1 Experience teaches us that the arrangement of solids m a tribo-electne 
senes is fallacious We shall show in the next paper that m the case of three 
solids (A, B, C) A may be positive to B , and B to C , and yet C lie positive to 
A This may occur when the bodies arc of different classes, say, metal, textile, 
glass, which have differ* nt physical and chemical characteristics In the case 
of one material, one characteristic predominates , in another, another may 
be paramount The true arrangemi nt may prove ultimately to be in branching 
or parallel lines rather than in one continuous line or series 

The problem is to obtain reliable data of sign and amount of charge when two 
standard solids arc rubbed together The only hope of progress lies in the use 
of material of known composition and — even more important of definite 
surface cleanliness and physical structure Further, to obtain quantitative 
results the rubbing should be performed, not by hand, but m some regulated 
machine to insure consistency of action 

Our plan is to divide the principal solids into several families (1) Glasses, 
(2) Metals, (3) Textiles, (4) Other organic materials, such as waxes, celluloid, 
caoutchouc, (5) Solids which crystallize, especially when a single crystal is 
obtainable The members of one family are rubbed with those of another 
in identical ways so thut, varying one factor only, at a time, wo may obtain 
comparable results The simpler the materials and the more easy their 
surfaces are to clean, the easier it is to draw theoretical conclusions from the 
charges found For these reasons the combination glass/clements is ideal 

Wo have already dealt with gloss /textiles * 

Work on glass/metals has been done by Coehn and Lotzf and Coehn and 
Curs % They found that the noble metals Cu, Ag, Au, Pt, Hg are positive, and 
the baser metals Fe, Sn, Cd, Zn, Na, K, negative to glass Their results are, 
however, qualitative 

2 In our experiments care is taken first to free the glass rod surfaces of 
organic or other defilement, as well os of strain, by boiling in chromic or mtnc 

* * Roy Soo Proo ,’ A, vol 111, p 339 (1926) 
t'Z f Physik,* vol S, p 242 (1921) 
t ‘ Z f Physik,’ vol 29, p 186 (1924) 
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acid, and then to treat it exhaustively with boiling water to remove residual 
acid Chromic acid should be used for 15 minutos , nitric acid for 1 hour The 
water treatment for chromic and mtnc acids, respectively, should last for 8 
hours and half an hour The glass surfaces thus prepared we call “ well- 
washed ” If the washing is less thorough, residual acid remains and the surface 
is called “ standard,” as in the former paper Another method of cleansing the 
glass is to fuse it and draw it out so as to produce a fresh surface The elements 
employed are the purest we can obtain , but our experience is that commercial 
metals act for the present purpose like pure ones JuRt before each rub the 
surfaces arc scraped by a steel blade recently cleansed in a Bunsen flame 
Other elements are commercial products which in Buch cases as Au, Ft, Ag, 
Pb are also very pure 

Wo wish to thank the Metallurgical Department, National Physical 
Laboratory, for the gift of specially pure elements * 

3 To commence with the experiments in air Fig 1 shows a glass rod, A, 
mounted on ebonite pillars, EE The inductor I, which consists of a metal 
plate, bent so as to lie below and beside the glass rod A, is insulated from the 
tabic and is joined as shown to the Hankel electroscope (see former paper, loc 
cU , the sensitiveness of the electroscope is of the same order as in that paper) 
Another glass rod C carrying the clement B to be rubbed on A is clamped m 
brass block D This is attached to the bar ZZ which moves freely m the collars 
GO 

A small amount of radium is enclosed in a lead box S. By the rod KK attached 
to it the radium can be drawn out of its box over A to discharge it By the 
glass tube LL provided with a number of small holes as shown wo can allow dry 
or moist hot air to flood the rod A during an experiment The apparatus is 
enclosed m a wooden box, earthed 

To perform an experiment the operator pulls the rod *111* and rotates it till B 
touches A On letting go, a weight, attached to the rod ZZ by a string over a 


* The purity of thcee elements and of the glasses used arc oertWed by analysis to be — 


Per oent 
Zn 09 95 
Sn 99 99 
A1 99 98 
Fe 99 99 
Ni 99 84 
Cr 100 00 
Cd. 100 00 
Sb 99 7 


“ Soda” Glass 

Per oent 
SiO a 70 71 

A1,0, 3 44 

CaO 8 86 

MgO 0 17 

Na,0 10 54 

K,0 7 70 

SO, 0 33 


“ Lead ” Glass 

Per oent 
SiO, 52 91 

SbO 0 58 

PbO 34 37 

A1 2 0, 0 43 

K,0 11 81 


Vitreous silica is 100 per cent SiO, 
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pulley, causes B to slide over A and then by a gu ide II to rise clear of it During 
the rub the two surfacos are pressed together with a definite force by the weight 
W, and rub over a definite length Tbs process is repeated a number of times 




Fio 1 

After each rub the deflection of the electroscope is noted , then A and B are 
earthed Thus we can obtain comparable quantitative results using one 
element after another on a range of variously prepared glass surfaces In 
addition to the method described we made experiments of another kind a 

H 2 
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horizontal metal sheet is insulated and connected to the electroscope A 
standard glass rod with a Bharp end is then Btruck on the Bhcot with a glancing 
blow The point of the glass ploughs into the metal and so passes through 
surface oxide and other films We thus obtain the true, glass/element, 
effect The results are shown in curves 7, figs 2 and 3, where we see that those 
“ negative ” elements tested all acquire negative, and the positive elements 



Cr 




- 50 ' 


Ordinates shou ilwrgeu on plemont to maximum ± 50 scale divisions Abscissa; stand for 
number of rubs, up to maximum 8, on the sumo glass Burfaa 
1, 2, ,1 respectively are for standard, will washed ami recently fused glass 
4, 5, (1 are for standard, well u ashed and heated vitreous sika 
7 is for ploughing experiments of glass on the elements 


jKJBitive, (barges This confirms our view that the initial positive charges in 
fig 2 are due to (presumably acid) films and that the true charge for 
metal /glass is negative A variant of this method is to have the end of the 
glass rod rounded by fusion The impact is performed in the eamo manner as 
before Here again the impact is so violent that the glass passes through all 
films and gives effects identical with thtae of curveH 7 
Tnbo-elcctnc experiments in vacuo havo the advantage that atmoBpheno 
oxygen, moisture or other adventitious materials can be eliminated But 
quantitative results are difficult to obtain and a systematic investigation in 
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vacuo with determinate forces and identical surfaces is well nigh impossible 
Coehn and Curs ( loc cit ) worked with high vacua but obtained only qualitative 
results 

In order to make a direct comparison between vacuum and plenum expen - 
ments we set up a vacuum apparatus of a simple form a wide soda glass tube 
is cleaned, dned and filled with hydrogen and into it is introduced n heavy 
brass block provided with feet of the metal to be tested against the glass The 
tube is heated to 120° C and exhausted for half an hour till the mtual surface 
moisture is eliminated (The moisture remaining m pores docs not < oncern us ) 
After sealing the vacuum the block is allowed to slide m the tube and the 
charges measured in the inductor The typical elements tested m this way w ere 
Zn, Sb, Cd, Cn These behaved exaitly as m the open air experiments (see 
figs 2 and 3) 

Films of oxide and moisture are likely to be troubhsome when soft materials 
are used, but for two hard surfaces like glass and metal, which cut through the 
films, their influence, at least for 'warm glass, is of small account For this 
reason wc think that our open-air experiments, lietween surfaces newly cleaned 
and kept warm, are quite reliable 

4 The curves in figs 2 and 3 show the rounded mean results deduced from a 
vast number of repeated testa for 20 of the commoner elements on glass Those 
which acquire a negative sign arc m fig 2 , they have one feature in common, 
viz , the initial negative charge they attain when nibbed on recently fused 
glass Two other elements Thallium and Sulphur acquire a very small negative 
charge Fig 3 includes elenn nts which always become positive, and never, even 
with fused glass, become negative on glass Tungsten is in the same <lass 
but its positive charges uni very small Other elements used but giving small 
charges of uncertain sign arc Mn, Li, Na, K 

Mercury being liquid cannot be treated like the other metals We prepare 
it by long continued passage of air through mercury to oxidise residual zinc or 
other metals It is then shaken up with ( hromic aud, well washed and then 
distilled in vacuo The distillate is sealed oil in vacuo in a standard soda 
glass tube On rolling the mercury along the tube it shows positive charges 
which re main steady however often the rolling bw repeated On h tting air into 
the tube, the mercury commences positive but pach roll produces loss charge 
until finally the mercury becomes negative The negative charge seems to be 
due to water adsorbed on the glass , for the positive always appears again when 
heat is applied The conclusion is that mercury ’is to be ranked among the 
positive elements, but by the action of adsorbed water becomes temporarily 
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negative In short, the behaviour of mercury is remarkable and calls for special 
treatment * 

We find little difference in degree and none m sign between the behaviour of 
soda glass and lead glass (see composition m footnote, section 2) so that results 
for soda glass only are given 

The initial positive charge, where occurring (as in curves 1) in the elements 
of fig 2, we attribute to the slight acid effect residual on the glass It is well 
known that acidic surfaces of glass have this positive effect due to their yield 
of + (H) ions, just as alkaline surfaces have n negative effect due to giving up 
— (OH) ions Iu the rubbing this residual acid ib attacked or rubbed away 
quickly by the oxidisable metals Zn, Sn , less quickly by Ni and Co , and not at 
all by the metalloids Se and As ThuB do we interpret curves 1, 2, 4, 0 

As acidic, alkaline and aqueous films play such an important part in tnbo- 
electric experiments, we give curves in fig 4 to show that small amounts of 
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acid or alkali and small deposition of moisture may completely change the 
nature of the charging These facts of themselves reveal the futility of seeking 
data from solid surfaces of uncertain composition or surface purity The 
curves in fig 4 are as follows — 

I Acid 

Zinc rubbed on (a) standard glass, (6) well-washed glass, (c) well-washed 
glass with trace of acid 

II Alkali 

Fei, Aui are curves for these metals rubbed on well-washed glass 
Fe* Au, ore curves for these metals rubbed on slightly alkaline glass 
* See Buhl, ‘ Ann d Physik,’ toL 80, p 137 fl928) 
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Til Moisture 

Charges found on Sb (1) when nibbed on warm glass, (2) when nibbed 
on glass left 1 hour in air, (.1) (4) when nibbed after first warming 
and then leaving in air 
IV Moisture 

Charge on Zn (1) when glass is warm, (2) after blowing water-saturated 
air on the glass, (3) after blowing dry air on the glass 

III and IV show that moisture on the glass has a negative influence on 
the elements 

The falling of! of charge seen in so many curves is in part due to the forma- 
tion of a metal streak on the glass Soft metals like Al, Zn, (\1 produce a dense 
streak It must be discontinuous (in fact a low power microscope shows it 
to be so) or the charge would always fall to zero, on account of recombination 
of the charges on the two surfaces 

On referring to section 1, it will lie seen tint, substantially our grouping into 
positive and negative agrees w ith that of Oo< hn and Curs , though m opposition 
to them we rank the metals F< , Cd as positive 
The discrepancy between our work and that of Coehn and Curs wns par- 
ticularly examined by us, and our final decision to rank Fe among the positive 
elements is based on the curves shown in the figs 2 and 1 On reference to these 
it will be seen that our full classification is — 

+ Fe, Bi, Cu, Ag, Fb, Mg, Cd, C, An, l*t 
- Al, Zn, Sn, Ni, Co, Sb, As, fk , To, Cr 
We tested all these mat< rials repeatedly, and the curves in the figures show a 
distinct difference between the positive and negative elements, with Fe decidedly 
among the former 

5 It is interesting to compare the classification of the elements from the 
above process with the corresponding combined list derived from the Volta- 
effect, the photo-electric effect, and from thermiomcs 
Langmuir’s* list is — 

(а) (+ Al, Zn, Fe, Sn, Bi, Cu, Ag, C, Pt ~) 

Our classification is — 

(б) (+ Fe, Bi, Cu, Ag, C, Pt) 

(- Al, Zn, Sn) 

Comparison between these two groups shows that, in general, the noble metals 
* ‘ Trans Amer Elec Soc ,’ vol 29 (1916) 
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and the base metals are separated from one another But whereas in group (a) 
the base motals are at the positive end , in series (6) they are at the negative end 
It will be shown in a later paper that if the elemt nta are rubbed on filter paper, 
instead of glass, this reversal docs not occur , but that the base metals are at 
the positive end as in group (a) We do not think this marked difference in 
iwhaviour can be attributed to the different action of adsorbed water films on 
the glass and tho paper , for our experiments include cold surfaces, hot surfaces 
and surfaces rubbed after being dried by prolonged heating m a vacuum and 
there is no difference in characteristics in these various cases 

This subject will bo discussed in the paper following 

b Theories — Riccke* has investigated a case like ours, where a conductor 
rubs an insulator lie obtained the expression for charge on rubbed bod) 

| — x u/q 8 {1 — exp ( — qslu)}, 

where /j = surfai-e density of charge , s — length of stroke , 8 area of rubber 
used , v — spci d , x, q are parameters depending on the nature of the two 
surfaces a concerns charging and q recombinations The width of the rubber 
is taken to be unity 

According to this formula our curves should be of simple form, for we 
discharge between each rub and thus the successive charges should be equal 
But in figs 2 and H, above, se find that, m general, the charges decrease, and 
tun re\ersc, as the rubbing continues Clearly then, since all the other 
fuc tors are i (instant, the terms x, q change during tho experiment corresponding 
to physical or chemical changes brought, about by the rubbing, and the nliove 
expression needs modification 

The present bewilderment on the subject of frutional electricity may be 
gauged by the number of theories m the field 

The followers of Ilclmholts't regard the effects for insulators as merely akin 
to tho Peltier P D between metals If this lie so, rubbing is not essential 
contact between unlike solids should suffice for production of charges, and 
rubbing merely serves to increase the area of < ontact and therefore the charges 
But though it is true that impact between solids does generate charge, J it cannot 
bo inferred that the chargos are due to the cotilad alone, since impact involves 
both contact and rupture 

In the jiast many attempts have been made to find a contact P D with 
* ‘ Wicd. Ann ,’ vol 3, p 414 (1878) 
t ‘ Wicxl Ann vol 7, p 337 (1870) 

J See Richard?, 1 Phys Rov \ol IB, p 290 (1920) 
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insulators The evidence is conflicting It is useless to look for the effect 
between two insulators , since any electric charges separated at the interface 
must bo so intimately associated that the) constitute molecular doublets, 
with no external field But by using an insulator in contact with a metal, 
some investigators, Christianson* and Penioca.f concluded that the effect 
exists , while Morris OwcnJ and Richards ( loc nt ) failed to find it 
Hoorweg,§ by an indirect method decided that the effect exists , and that 
temperature affects the electric separation as m the Seebeck effect 

Wc have shown in section 5 that the tn bo-electric senes does not alw ays agree 
with the Peltier effect senes 

The simple contact theory ignores seve ral prm< iplc s whi< h have been dis- 
covered since the time of ITelmholt/ (a) The v< ry j>ow orful influence of acid, 
alkaline or adsorbed water films on the sign of the charge , (b) the effect on the 
electron surrender of the temperature changes brought, about by frit turn , 
which changes arc intense and in gene rul different for the two solids , (c) the 
strains produced on the solids by rubbing, (d) the effect of rupture whirb 
proceeds continuously as the solids slide over one another 
To take these in turn — 

(a) The r&le of adsorbeel films has been demonstrated by many investigators || 
We ourselves have found that water films greatly affect the charges in amount 
and sign (see fig 4) When a water film is broken the mam body of the wate r is 
charged positive and the escaping ions arc negative This is Leonard’s “ Water- 
fall ” effect 

Further, Nernat s theory is that metals go into solution when brought into 
contact with Uquid films, each metal having its own solution pressure and 
receiving a corresponding greater or less negative charge Coehnlf goes a step 
farther by supposing that insulators like glass are merely bad electrolytes, so 
that even for these solid contacts tho Nernst principle holds good 
Again, Freundlich** regards the rubbing of two solids (each with its own 
film) as bringing four interfaces into action, one sohd/sohd, tw< solid/hquid 
and one liquid/liquid , so we should have a set of four interfaces < ac h capable 

* ‘ Wied Ann ,’ vol 53, p 401 (1894) 
t ‘ N Ciraenti,’ June, 1025 
j ‘ Phil Mag vol 17, p 457 (1909) 

$ ’ Wied Ann vol 11, p 133 (1880) 

|| French, 1 Phya Rev vol 9, p 151 (1917) \n»w ‘ I Ph\H thorn ’ vol 30, p 805 
( 1926 ) 

If ‘ Wied Ann vol 60, p 119 (1898) 

** ‘ Colloid and Capillary Chemistry ’ (Methuen) 
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of producing electnc separation An important distinction between solid 
and liquid is that the latter, but not the former, possesses a double electno layer 
In particular, when a liquid rubs a solid we should have the electrokinetic 
phenomenon of “ stream potential,” the converse of electro-osmose, whereby 
the solid would become charged according to Helmholtz’s formula (see 
Freundlich, loo ctl ) 

It has been shown by various writers, notably Knoblauch* * * § that an acid 
surface has itself a negative, and ail alkaline one has a positive, tendency 
In the first case the surface loses + (II) ions, in the latter — (OH) ions As 
surfaces are commonly acidic or alkaline, this is an important factor m tnbo- 
electricity The curves m fig 4 emphasise the point 

(6) According to the electron theory of matter the interface P D vanes as 
the absolute temperature, yet little account has been taken by theonsts of the 
intense temperature changes, caused by friction at the rubbing faces of insulators 
whereby the properties of the two solids must be fundamentally changed 
Fusion and evaporation must frequently occur at the interface of bad conductors 
like ebonite This principle is emphasised by Melander f 

(c) One of us (P K S ) has shownj that a solid surface may by rubbing or 
pressure undergo such great physical changes that its tnbo-electnc properties 
are permanently and greatly affected Two surfaces originally identical may 
by mere friction be changed m different degrees They then behave like two 
unlike solids and acquire unlike charges as rubbing continues 

(d) To the presence of the “ double electric layer ” at a liqmd/air interface 
is attributed the production of ballo-electncity and waterfall electricity There 
can be no such double layer in the case of a purely sobd /solid interface But 
just as charges are generated by the rupture of the liquid /air face so something 
of a like nature may occur when a solid /sobd face is broken We know that 
when crystals are cleaved charges are found wc have found such charges for 
calcite, selenite, mica, fluor spar, gypsum See also Vieweg § 

Wo suppose that when two solids come into “ contact ” they invariably 
cohere Interlinking, t e , exchange, or sharing, of electrons, causes a fusion of 
the surfaces It is not yet established that a P D exists across the interface as 
the Helmholtz school suppose (see above) When, however, the sobds are again 
separated after contact, the rupture at the interface causes elective attachment 

* ‘ Z f Phye Chem vol 39, p 225 (1002) 

f ‘ Phy* Z vol 8. p 700 (1907) 

t ‘ Roy 8oo Proo ,’ A, vol 94, p 10 (1917) , ‘ Proc Phys Soc vol 39, p 449 (1927) 

§ Vieweg, ‘ Joura Phye. Chem ,’ XXX, No 7 
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of electrons to one or other solid , and we now have aPD tn evidence There 
is no doubt about this charge between solids after rupture 
To sum up the foregoing principles tribo-electncity cannot be a purely 
statical effect , the kinetic effects must be important and may lie paramount 
The above many conflicting influences are, m general, in operation simultaneously 
in the present experiments It is not known what function the resulting potential 
is of each factor (For instance, each factor is sure to be a complex, but different, 
function of temperature ) In the absence of this knowledge we can still bring 
the terms together by writing the net potential as the algebraic sum of all 
effects operating under the special conditions of the experiment, so that, allowing 
for the positive or negative influence of each, acting independently — 

V s E - P J 8 — M ± A — T, 

where 


E = Electron surrender causing a P D akin to the Peltier P D 
P - Solution pressure (Nernst) 

S — Strain effect (Shaw) 

M — Moisture effect (French, Vieweg) 

A = Acid effect (pc,t,v.) \ rf g|m8 (Knob| „„ h) 

Alkaline effect (negative) J 

T = Effect due to rise in temperature of tho “ rubber ” 


For any particular combination of solids one or the other factor may be absent , 
when the rub occurs tn vacuo (M) is eliminated , when the surfaces are strictly 
neutral (A) vanishes 


Our gratitude is due to friends who have contributed valuable technical 
ad vice or pure materials Mr S L Archbutt, Metallurgical Department, 
National Physical Laboratory, has kindly prepared purest attainable iron, 
nickel, tin, cadmium, chromium, zinc, aluminium, antimony Prof WES 
Turner, Sheffield, has given us freely of his special knowledge on glass One of 
us (C S J ) has had tho great benefit of a maintenance grant from tho 
Department of Scientific and Industrial Research while the work has proceeded 

Summary 

1 Variously prepared glass rods are rubbed by various solid elements in an 
apparatus designed to give constant conditions of pressure and surface Curves 
are given showing the resultant charges 

2 Some elements never, with any type of glass surface tried, show negative 
charge These are C, Cd, Fe, Pb, Bi, Ag, Cu, Au, Pt, Mg, W 
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Other elements show ultimate negative charge These are Zn, Sn, Al, Sb, 
Ni, Co, So, Te, As, Cr, Tl, S 

3 Evidence is given of the predominating influence on the charging, of 
residual acid, alkali, or water, Aims, on the glass 

4 Rubbing tn vacuo yields results similar to those found in the open air, at 
least m the typical cases tried 

5 An attempt is made to apportion to each recognised source of charge 
its own weight in the various experiments 


T nbo-electncity and Fruition Ilf —Hold Elements and Textiles 
By Prof P E Sham, M A , D So , and C S Jkx, B Sc , 

University College, Nottingham 

(Communicated by Sir Willnun Hardy F K 8 — Received Novtmbi r 3, 1927 ) 

1 No systematic investigation on this subject has yet been attempted The 
efforts made to group these materials in a series according to the charges gener- 
ated when they are rubbed two at a time are of uncertain value because of (1) 
impurities of substance and surface, (2) indeterminate initial surface strains 
Moreover, the general practice has bpen to rub the solids when held, one in each 
hand A more reliable method is to mount the bodies in a mechanism which 
ensures that the same parts of them come into contact at each fresh stroke 

In the present research, the elements, mostly metals, are those specified in 
the preceding paper The textiles are made and cleansed as described in an 
earln r paper * Silk, cotton and linen in our experience behavo reliably when 
fully cleaned The other great textile material, wool, is more oily and cannot 
be readily cleansed , so is less trustworthy We therefore at present confine 
ourselves to one animal and one vegetable textile, choosing the pure samples of 
silk and cotton specifu d in the above paper Also filter paper, another oon 
venient fabric, is used after being boiled m several lots of distilled water As the 
silk and cotton are treated with boiling chloroform, wc tried exhausting the 
filter paper in this solvent to see if such treatment affected the cellulose in any 
way , but no effect on the properties of the paper could be found 

2 The apparatus and methods used are just as described in the preceding 


4 Roy Soo Proo A, vol 111, p 339 (1926) 
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paper , with the modification that the element is rubbed, not on glass, but on 
the textile wrapped round glass rods 

The results for silk, cotton, and filter paper are placed (fig 1) beside those 



h io 1 — W W Glam minifies w< 11 washed plans (Section 2, former paper) 


for well-washed and fused glass (see preceding paper) There uro five vertical 
columns, one for each material on which the elements are rubbed Elements 
above the zero line are charged positive, those liclow negative, to the rubbed 
surface, which itself occupies the zero position I) The position above or below 
zero depends on the amount of charge obtained on tho element after one rub 
To elucidate the figure tak< the case of aluminium It ih positive to 
W W Glass, Cotton, Filter Paper and Silk, but negative to Fused Glass 
Joining one column to the next are full and dotted lines These show how 
the charges on the elements vary according to the material they rub In some 
cases the connecting hues cross the horizontal line The significance of this 
will appear later in fig 2 The dotted lines are for elements which behave 
normally and occupy one definite position in the tnbo-electnc senes (fig 2) 
The fall lines are for Zn, Sn, Ni, Co, Al, Mg, Cr, whose anomalous behaviour 
is shown m fig 2 
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3 If the five compounds, silk, filter paper, cotton, fused glass, well-washed 
glass, be rubbed together in pairs their order is found to be as shown m the 


“X 

Silk 




i 


iHiZn.&n.Ctl 


Cotton 




central column (fig 2), silk being most positive, well-washed glass most 
negative Then from the data in fig 1 all the elements except the seven 
mentioned can be arranged in series v, ith the compounds as m the figure 
But each of these seven has two positions, one above silk and another below 
glass 

It thus becomes manifest that it is impossible — as stated in the preceding 
paper — to devise a simple tnbo-electnc senes of one column to include all solids , 
Z)nc although from the time of Wilcke (1759) to the present 

Q day many attempts to do so have been made To 
las * illustrate this point it will be seen from the figure that 
the five materials zinc, silk, filter paper, cotton, glass 
on are related in a continuous nng os m the figure, the 
arrow m each case pointing from positivo to negative 
In the preceding paper (section 6) is a statement of the vanous sources of tnbo- 
electnc charge We must look to one or more of these in the present problem 
of the anomalous metals 

Consider throughout the case of zinc The net positive charge on it due to 
silk might be attnbuted to — 

(£), Electron surrender to the silk 

(P), Solution pressure from metal to silk (if any) 
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(S) and (M), Strain and moisture effect These should not appoar for zinc 
rather than other metals, e g , Pb, Cd, so we must rule these factors out 

(A), Acid action of the silk , in which case the zinc would be given + H ions 
But we have no evidence of any such effect 

(T) , Temperature effects should be alike for zinc and the normal metals 
The net negative charge on the zim due to well washed glass might bo 

due to — 

(E'), Electron surrender to glass, E' being greater than E, si nee silk is itself 
positive to glass, with electron surrender r 
(P'), Solution pressure which according to Coehn ovists from zinc to glass 
This would make the zinc negative 

(S') and (M'), There seems no reason to suppose strain or moisture effects for 
zinc rather for other metals, e g , Ag, Pb 
(A'), No doubt fused and well-washed glass are slightly alkaline and hence 
would yield — (OH) ions to /me 

(T'), Temperature effects should not influence the results If this reasoning 
be true the solution pressure (I v ) and alkaline effpi t (A') exceed the electron 
surrender (E + e) acting from the sus< eptible metals Zn, Sn, Ni, Co, 
Cr, Al, Mg, to glass, and cause them to be negative , whereas the 
normal position for these electro-positive ekments is above silk 
If Vj, Vj be the potentials of one of these metals to silk and glass 
respectively, we have - 

V, - E 

V, = - P'-A' f E + c 

Fig 2 of this paper epitomises the work of our three papers in tnbo-elec- 
tncity, I, Glass and Textiles , IT, Glass and Elements , III, Elements and 
Textiles It will be seen that the elements in this figure are associated accord- 
ing to well-known chemical qualities Electro-positivo elements at the top, 
the -f™ end , electro-negative and non metallic elements at the bottom, the — T * 
end Kindred elements are found grouped together, eg , Pt and Au, Ag and Cu 
In the case of some congeners we find slight divergence in character by 
these methods, eg , Se and Tc, Ni and Co, Zn and Cd Thus the purely 
physical processes of tnbo-electricity enable us to sort the elements into 
groups without employing chemical methods, depending on combination 
Greater care has been taken in the present set of researches than in the 
earlier one (hoc c%t ) to eliminate the influences of surface impurities and 
moisture, and initial strains The results are, roughly, quantitative and have 
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been repeated frequently and with great variation of temperature and other 
atmospheric conditions The conditions of material and procedure have been 
standardised so that the results can be repeated in any further work 

[Added Janmry 2, 1928 - The foregoing results Me at variance with those 
found in the text-books, and oven m modem researches, bo that some further 
comment is due to the reader The key to the matter lies in two papers by one 
of us (‘ Roy Soc Proc ,’ vol 94 (1917), and 1 Proc FhyB Soc ,’ vol 39 (1927)) 
It is shown in the former that there is no fixed place for any solid in the tribo- 
electnc series , but that the same material, variously prepared as to surface, 
will assume various places in the sines 

In order to make th< idea dear, consider the case of glass This has, by 
tradition, a high place, say, above silk and cotton , but in reabty, its true place 
is below them , for when all these materials arc cleansed, or even if the glass is 
heated to 245°, the order —silk, cotton, glass — is obtained, the other order- 
glass, silk, cotton— appearing when the materials have been well rubbed 
together 

This rule applies to a smooth glass surface , whereas one rendered matt by 
abrasion, or one deeply eaten away by solvent, as m standardising, is very in- 
tractable, and after prolonged rubbing by silk may remain negative to it (see, 
‘ Roy Soc Proc A, vol 111, p 346) 

Tn 1917 1 had found these effects, but then- cause emerged only in 1926 , 
it is a question of strain of surface produced by rubbing, and removed either by 
dissolving off the strained particles or by orienting them by heat into the 
annealed condition 

Not jierceivmg this print iplc when writing the first paper the terms “ normal ” 
and “ abnormal ” were used in wrong sense, and should have been “ strained ” 
and “ unstrained ” respectively, for clearly the normal state is the annealed 
one 

To lend further support to this “ strain ” principle the reader is referred to 
column 5 of the earlier paper This is headed P H denoting “ Pressed Hot ” 
Materials were found to bo permanently more affected by robbing when hot 
than when cold This we should anticipate on the strain theory, since the 
hotter the surface the more easily and completely is it strained by force 

It should have been obvious to those who worked on this subject (especially 
after Sir George Beilby’s work on surface flow and the contrasted crystalline and 
vitreous states of surfaces) that, when surfaces are violently rubbed, several 
distinct, but related, processes operate simultaneously . (1) electric separation 
at the interface due to constitutional differences of the materials , (2) surface 
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flow and consequent permanent strain caused by the rubbing , (3) temperature 
changes affecting both (1) and (2) 

The second (1926) paper establishes (2) and, more significant, proves that the 
tnbo-electno charges depend on the amount of strain ] 

Hummary 

1 Commercial textile material is unsuitable for precise tribo-electnc experi- 
ments, on account of natural and artificial impurities Well-cleansed material 
acts consistently on the various solid elements 

2 The arrangement of the different elements a< cording as they charge 
textiles and glass, is found to correspond eloselv to their chtmical qualities 

3 Anomalies are found in the t ase of some strongly clot tro-positivc elements 
which appear in two places in the tribo-eleetric si nes An att< mpt is made to 
apportion to each known source of charge its own weight in these phenomena 


The Effect of Compressibility on the Lift of an Aerofoil 
By II Glaukrt, MA 

(Communicated by G 1 Taylor, B It 8 — Iticeived November 24, 1927 ) 

1 Introduction 

At ordinary aeroplane speeds tho effect of the compressibility of the air is 
very small, and there is complete justification for the usual assumption that the 
air may be regarded effectively as an incompressible medium This assump- 
tion, however, ceases to bo valid in the case of high tip-speed airscrews and is 
not really satisfactory even when the tip speed is no greater than 800 f p s 
It is important, therefore, to examine, both theoretically and exp nmentally, 
tho effect of compressibility at high speed on the characteristics of an aerofoil 
Experimental investigations are in progress at the Royal Aircraft Establish- 
ment in which the aerofoil characteristics are derived by analysing the observed 
behaviour of high-speed model airscrews, but owing to the complexity both 
of the experiments and of tho analysis it is impossible that tho results should 
have the same accuracy as those obtained from direct tests of an aerofoil at 
low speed 

An attempt has now been made to estimate theoretically the effect of com- 

VOL oxvm —A I 
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pressibility oil the lift of an aerofoil in two-dimensional motion and to indicate 
the nature of the variation which may be anticipated in the curve of lift 
coefficient against angle of incidence It is unfortunately impossible at the 
present state of knowledge to make any similar calculation for the drag of the 
aerofoil, but on general grounds we may anticipate that the drag coefficient 
will ris< at an increasing rate until the velocity of sound is rcacln d, and that 
above this speed the drag coefficient will decrease again, remaining, however, 
higher than at low speeds 


2 Vti dilation in a Compn x/<iblt Fluid 


The irrotational motion of a compressible fluid, expressed in polar co-ordinates, 
is governed by the following equations The condition for irrotational 
motion is 


9 (re) 9« 
“3T“ 96 " 


0, 


(1) 


where u and v are rcspcrlively the radial and cm uniferential components of 

^ tin resultant vi lo< ity q Tin i quatiou 

/. of continuity is 

■ u aj r +*& * 


+ ?P + *26 = 0, (2) 

1 30 + p dr T P 90 ' W 



and the relationship between pressure and velocity is determined by Ber- 
noulli’s equation 


ff 


= constant 


For adiabatic expansion p is proportional to p Y and the velocity of sound a 
in the undisturbed fluid is 


a — y/ y Pol9o 

Assuming V to be the velocity of the undisturbed stream, Bernoulli’s equation 
becomes 


and hence Anally 
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Consider now the flow past a body round which there is a circulation K in 
the clockwise sense Then for any circle enclosing the body we have the two 
integral relationships 


and 


j 2 ' irdf) = - K, 
j* purdQ — 0 


(4) 

(5) 


The lift and drag experienced by the body can also be determined by evaluating 
the integrals 


'I 

L = — J {p sin 0 -f- p w (n sm 0 -|- t; cos 0)} rdf) j 
Jd = — {p cos 0 + p u ( u cos 0 — v sin 0)} rdO 


( 6 ) 


All these integrals may bo taken round any circle enclosing the body, but it 
is convenient to considor a circle of very large radius The body is then equiva- 
lent to a point vortex of strength K at the origin and the velocity components 
« and v may be expanded in tin si rn s 

« = V(cosO |-SA ./O | 
r= - V(sin0 + SB./r*)J’ 

where A, and B„ are functions of 0 Moreover, to evaluate the integrals over 
the largo circle, it is sufficient to retain only the first terms of each power series, 
and on this basis we have simply 

m = V (cos 0 h A jr) 'l 
v — — V (sin 0 + B fr) J 

To this order 

5 */V a =1 \- 2 (A cos 0 -j- B sm 0 )/j 

and writing 

X = V*/a a (9) 

equation (3) gives 

p — p 0 — p 0 V* (A cos 0 + B sin 0)/r 
p/p 0 = 1 — X (A cos 0 f- B sin 0)/r 

p 5r = r (A 008 ® ® 81n 0) 

!|=?(A„a9- B co e e-"oo,0-“ m 9) 

I 2 


(10) 
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The solution is now obtained by inserting these expressions in the fundamental 
equations The condition for irrotational motion (1) requires that A shall be 
a constant, and the equation of continuity (2) gives 

^ (1 - X sm ! 0) = X (A cos 20 B sin 20), (II) 

while the integral equations (4) and (5) become respectively 

( 12 ) 

and 

} X pB sin 20 dO - 2rrA (1 - IX) (13) 

It is now possible to determine the lift and drag of the body by means of these 
relationships, without proceeding to the actual determination of A and B, for 
equations (6) lead quite simply to the values 

L ,:r } 

The integration of equation (II) gives 

B (1 - X sm* 0) -= 0 -f|X A am 26, 

where C is a constant, and on inserting this expression m the integral equation 
(13) it is found that the value of A must bo zero Finally the value of C is 
determined from equation (12) as 

C - K\/ 1 - X/2icV 


and the expressions (8) for the velocity components then 
« = V cos 0 


K 

27H" 


vj - X 


(IB) 


It appears, therefore, that the effect of the compressibility, at a considerable 
distance from the body, is simply to modify tho expression K/2 w for the 
velocity due to the circulation by the addition of a factor depending on X or 
(V/a) 2 Tho solution is clearly valid only when X is less than unity, i e , for 
speeds below that of sound When the speed exceeds this value, compression 
wa\es arise m the fluid and tho flow is no longer of the type considered in the 
analysis 
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3 The Lift of an Aerofoil 

A thin aerofoil in two-dimensional motion may bo regarded approximately 
as a line distribution of point vortices whose strength is such that the com- 
ponent of the velocity due to those vortices at each point of the aerofoil normal 
to its surface exactly balances the normal component of the velocity V If 
the preceding analysis can be applied to this caso in spite of the small distances 
involved, it would appear that in a compressible fluid the induced velocity 
receives tho factor 

Vl - X/(l - X Bin® 6), 


and for points on the aerofoil, which is inclined at a small angle to the direction 
of the velocity V, this factor is sensibly equal to 


In order to obtain the correct induced velocity at the surface of the aerofoil, 
it m therefore necessary to increase the strongth of all the elementary vortices 
by the factor 

(1 - X)-* (16) 

and by virtue of equation (14) the lift at a given angle of incidence will rise 
by the same factor,* the lift distribution along tho chord remaining unaltered 
Some insight into the assumptions involved in applying the analysis for 
points distant from a vortex to tho induced velocity at the surface of an aero- 
foil is obtained by considering the problem in an alternative manner In 
Cartesian co-ordinates tho fundamental equations for the irrotational flow of 
a compressible fluid may be expressed in the form 


r)r du n 



• This result is quoted without proof by Aokuret in the * Handbuch dor Physik, ’ 
vol 7, p 840 (1937), as given by Prandtl in his lectures at Gottingen in 1922 
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and the equation of continuity becomes 



Now let the aerofoil be part of the x axis, to which the velocity V is inclined 
at a small angle a Then on the surface of the aerofoil v is zero, and the equation 
of continuity becomes 



which may be written in the form 




'-S/I 1 - 

The assumption is now made, that the velocity « does not differ appreciably 
from the undisturbed velocity V, and then the value of k becomes (V /a) 2 or X, 
as previously defined Now let 

u' = U Vl-X 


x = if Vl - x 


and then the equations of irrotational motion and continuity become 


dv _ 3tt' 
fix' dy 


= 0 


37 + “• 


which represent a corresponding perfect fluid solution in which x ' is greater 
than x This distortion of the system is necessary near the aerofoil, but the 
flow at infinity is unaltered and hence the lift is the same in both cases The 
chord of the aerofoil in the compressible fluid, however, is less than m the 
perfect fluid, and hence for a given aerofoil the lift m a compressible fluid is 
increased by the factor (1 — X) -J 

In view of this discussion it would appear that the validity of the result (16) 
depends on the assumption that the velocity at the surface of the aerofoil does 
not differ appreciably from the undisturbed velocity V High velocity occur 
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over the shoulder of an aerofoil, but for aerofoils of medium thickness working 
at moderate lift coefficients the maximum velocity is not greater than 2V 
The theoretical formula may, therefore, be expected to give a good indication 
of the effect of compressibility on the lift of an aerofoil as the speed increases, 
but to breakdown before the velocity of sound is attained, and the breakdown of 
the formula, duo to the local velocity over an apprec lablc part of the aerofoil 
rising to a high value, may bo expected to show itself first at high lift 
coefficients 

These theoretical predictions are confirmed qualitatively by tin experi- 
mental tests of high-speed airscrews, and the table below gives the comparison 
between the observed and calculated slopes of tho lift curve for a thm biconvex 
section * The no-lift angle remained constant at — 5|° for tho range V =0 4a 
to 0 7<* and then fell to zero for V = a The slope of the lift curve began to 
fall off above 0 6a, but tho < ritic&l drop of lift occurred at a slightly higher 
speed Owing to the necessity of obtaining the experimental results from the 
analysis of tests of an airscrew, these results arc* a surprisingly good confu ela- 
tion of the theory 


Slope of Lift Curve 


v/« 

0 

0. | 

0 0 

0 7 

1 0 

Observed 

- 

0 000 

0 075 

0 060 

0 058 

Calculated 

0 055 

0 0(10 

0 060 

0 077 

- 


The general conclusions, which should apply to any aerofoil, may now be 
stated as follows — 

(1) As tho speed increases from zero to 0 6a, the slope of the lift curve 
increases according to the factor (1 — V^/o*) -1 , and the no-ljft angle is unaltered 
The increase at V = 0 6a is therefore 25 per cent 

(2) Between V — 0 6a and V = a the lift decreases, but the critical speed 
at which the lift begins to fall rapidly depends on the shape of the aerofoil 
The rapid decrease probably shows itself first at the higher lift c ocfficients 

* ‘ The Characteristics of Biconvex No 2 Aerofoil Section at High Speeds,’ by G P 
Douglas and W G A. Perrmg (Aeronautical Research Coramitioo, R AM 1115) 
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The Alkahne Earth Halide Spectra and their Ot'igin 
By 0 H Walters, B Sc , and S Barratt, B A , University College 
London 

(Communicated by T R Merton, F R S —Received November 25, 1927 ) 
[Plat* 2] 

It has been known since the early days of spectroscopy that there is a group 
of band spectra associated with the halogen salts of the alkaline earths Prob- 
ably the first distinction between the oxide and chloride bands of these elements 
was made by Leooq de Boisbaudran* when ho observed relative intensity 
fluctuations between two band systems on introducing hydrochloric acid vapour 
into a flame charged with < aluum chloride The. system intensified by the aeul 
vapour he attributed to tho chloride The other halides were also found to 
yield characteristic spectra Since their disco\ery they have been the subject 
of only one publication of any real note Olmstcdf made a careful study of 
these spectra as they are found under flame excitation, and his catalogue of 
bands contains the only reliable data concerning these spectra which is available 
An exception must bo made of the fluoride spectra, which havo been closely 
studied by Dufour, Datta, and others 
The origin of the present investigation of these bands was the discovery that 
it is possible to observe them, very conveniently, m absorption against a 
continuous background spectrum In the course of attempts to find band 
spectra of tho alkaline earth metals (corresponding to those of the alkali metals) 
a pair of bands at about X 6200 was observed in the absorption spectrum of 
a column of calcium vapour at temperatures of 900° C and upwards On 
measurement, these bands, which are reproduced in Plate 2, figs 1, 2 and 5, 
were found to coincide with two prominent calcium chloride bands Ordinary 
commercial calcium had been used for the experiments, and on analysis approxi- 
mately 0 05 per cent of chloride was found in it J It seemed evident that tho 
development of tho bands was due to this impurity in the metal, and the matter 
was clinched by adding a trace of bromide to the metal before heating, when 
the calcium bromide bands m the red also appeared prominently in absorption 

* ‘ Compt. Rend.,’ vol 09, p 445 (1869) 
t ‘ 1 Wise Photographic,’ vol 4, p 255 (1906) 

t Eagle (‘ Aatrophys J vol 30, p 231 (1909) ) observed the ohloride bands in the aro 
spectrum of commercial oaloium, and attributed them to chloride present as impurity 
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We have since found that this method (of heating excess of the metal with the 
halogen salt) is a general one for obtaining all the members of this class of 
spectra in absorption— from magnesium, calcium, strontium, and barium, in 
combination with fluonne, chlorine, bromine or iodine The method has 
obvious advantages over the previous practice of obtaining the bands in emission 
Such emission sources are usually faint, and the photographic exposures required 
are excessive, while if the absorption method is employed the exposure can be 
made as short as may be desired merely by increasing the intensity of the 
continuous background Another great advantage is that the spectra are 
obtained free from the oxide bands, or from any other interfering spectra The 
bands, and especially the fainter ones, can thus be ascribed to their respective 
molecules with much more certainty than has previously been possible Wo 
have therefore re-examined each of these spectra in absorption, with results 
that will be found in the catalogue of band heads given later in the paper It 
is of interest that Liveing and Dewar* recorded the appearance of the green 
bands of banum chloride m absorption, when the salt was heated with redw mg 
agents to high temperatures The observation was only incidental, and they 
did not pursue the matter any further 

The observation that these bands can bo obtained in absorption in this 
manner is of importance in other directions, as it throws light upon the nature 
of the “ carriers ” of the spectra The only explanation, as we shall see, of 
the absorption phenomenon, is that the bandN originate not from the normal 
halide molecules such as 0aCl 2 or Bal 2 , but from subhalide moleoult s CaCl, 
Bal, etc Molecules of this type must persi st in the vapour state at the tempi ra- 
ture of the experiments On the chemical side, there have already been several 
reported preparations of these subBalts in the solid state, and those statements 
have been followed by some polemical discussion The claims for the existence 
of such compounds arc completely vindicated, we believe, by the present 
observations 

It will be more convenient to discuss these conclusions fully, subsequent to 
an account of tho experimental methods employed 

Experimental 

Apparatus — The absorption spectra observed wore those of a column of 
vapour about a foot long, maintained in a steel tube of inch diameter The 
tube was heated in a mchrome wound electric furnace, and the temperatures 
found to be necessary in practice were as high as can bo obtained with such a 
* ' Collected Pipers,’ p 22 
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winding- 1,000° to 1200° C The hands appear at lower temperatures, say 
900° C , but they are not then sufficiently intense for satisfactory photography 
The ends of the steel tube projected several inches from the furnace and were 
water-cooled by copper spirals, so that quartz windows could be affixed For 
convenience the windows were first attached to brass plates, and these were 
screwed to flanges soldered on the ends of the furnace tube, a washer of greased 
rubber making an airtight joint between the plate and the flange A side tube 
was also let into the furnace tube near one end, for the removal or admission of 
gases 

Modifications were made in this simple system to smooth the running of the 
experiments The charge of metal, etc , was not placed directly into the 
furnace tube but into an inner iron sheath which was withdrawn and cleaned 
each time This addition prolonged the life of the mam tube and kept it in 
much better condition One of the chief experimental difficulties, and one 
which caused much delay, was the gradual distillation of the charge from the 
heated portion of the tube on to the end windows These frequently became 
too opaque for observation just at the critical part of an experiment This 
trouble was removed entirely by arranging behind each window an internal 
shutter which was only pulled down during exposures The disposition of 
these shutters and of the rest of the apparatus will be evident from the diagram 



a, Quarts window , h Brass plate , e, Rubber washer , d, Flange , e, Internal shutter , 

/, Copper spiral , g, Furnace tube , h, Inner sheath , k, Operating wire for shutter 

The shutter was hinged at one end, and a wire attached to the other, passing 
out through a packing gland Normally the shutter closed the tube, and was 
kept in place by a spring On pulling the wire the shutter was lowered, and the 
system was ready for observations 

The continuous background spectrum was provided by a 500-c p “ Pointo- 
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lite ” lamp, down to X 3800 (and with long exposures to X 3100) For shorter 
wave-lengths the positive crater of a carbon arc was used as a source, enabling 
us to photograph down to X 2.100 or X 2200, and this was the limit of the 
observations The spectrographs were a constant deviation instrument for 
the visible region, and a Hilger “ E 3 ” quartz spectrograph for the ultra-violet 

Preparation of Sub-halide Vapours — In studying the calcium spectra, the 
sub-halide vapours were invariably obtained by heating a mixture of calcium 
turnings and a powdered and dehydrated calcium halide salt This was the 
obvious procedure in view of the original observations, and it was found to work 
very well The magnesium halide spectra wore obtained in an analogous 
manner It had been anticipated that to prepare the sub-halide vapours of 
strontium and barium it would be necessary to isolate the metals themselves, 
and then to mix them with the normal salts, but this proved to be superfluous 
The vapours of these salts can be obtained quite readily by heating a mixture 
of calcium metal and tho strontium or barium normal halides The various 
calcium halide bands, of course, also appear in the absorption spectrum of the 
vapour, but these can easily be identified after a little experience Further, by 
regulating the temperature it is possible to minimise the admixture of calcium 
subhalide vapour with the others, as the strontium and barium compounds 
seem to be more volatile One slight difficulty arises from tho hjgroscopic 
nature of the normal Balts The water they soon absorb from the atmosphere 
is sufficient to cover the surface of the admixed metal with an oxide lay* r, 
through which it is most difficult to distil the underlying metal at the temperatures 
employed It was sometimes found preferable therefore to heat the metal 
alone in the tube untd it was volatilising freely, and then to admit free halogen 
in small quantity through the side tube, so that the subhahde was prepared 
tn situ 

Some of the experiments were carried out with the tube evacuated, but more 
usually an atmosphere of dry hydrogen or argon was introduced, to slow up 
distillation of the charge to tho cooler ends of tho tube Evacuation had no 
visible effect on the appearance of the spectra, with one important exc< ption— 
the CaF band at X 5292 The behaviour of this band is fully described m 
another section Perhaps owing to some chemical reaction, a hydrogen atmo- 
sphere had a distinct mflucnco in making the spectra— and presumably the 
subhalides themselves — difficult to obtain Argon was therefore always 
used when it was available It may be mentioned that Guntz* states that 
hydrogen reduces the subsalts when these are in the solid state We arc also 
* ' Bull Soc China vol 36 (6), p 709 (1924) 
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in agreement with his observations that the ease of preparation of these salts 
increases with the atomic weight of the halogen component The fluorides 
proved to be by far the most difficult vapours to obtain, and required a higher 
temperature than any of the others 

The Origin of the Alkaline Earth Halide Bands 

We may now consider the bearing of these experiments upon the origin of 
the spectra There can be no doubt from the conditions under which the 
bands can be excited that they originate from molecules containing both 
alkaline earth and halogen atoms The point upon which no experimental 
evidence has previously borne is whether these molecules are those of the 
normal halides, such as CaCl a or of a subhahde such as CaOl, or -just possibly — 
Ca 2 (’l 2 The present observations eliminate two of these possibilities with some 
degree of certainty, and show that the carriers of the spettra are subhahde mole- 
cules of the simple type MX, where M stands for an alkaline earth and X for a 
halogen atom 

Wo have made many attempts to observe the spectra by heating the normal 
halides alone in the furnace, but always with a negative result, even on reaching 
furnace temperatures well in excess of those normally employed Further it 
must be remembered that many of the normal salts are very involatile and have 
quite negligible vapour pressures at 1000° C , a temperature which is quite 
sufficient for the development of the bands when other conditions are satis- 
factory We can therefore rule out the possibility that the normal halides 
themselves can show the absorption phenomena which we have recorded The 
metal vapours by themselves have no band absorption spectra in the wave- 
length region under examination, but only a line absorption, details of which 
we have given elsewhere * Commercial calcium, it is true, always gives the 
chloride bands on heating, but this can be traced to chloride present as an 
impurity, and the bromide, etc , bands are invariably absent from its absorption 
spectrum It is only when the two materials, free metal and normal salt are 
present m the charge that the bands are developed, and so long as this condition 
is satisfied they always appear The only explanation of this fact is that theso 
two constituents of the charge must react to give a new type of halide molecule 
which contains a greater proportion of metal than the original normal salt, and 
which is also more volatile 

On theoretical grounds, both chemical and spectroscopic, by far the most 

* Walter* and Barratt, ‘ Phil. Mag ’ (3), p 901 (1927) 
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probable formula for these molecules is the simple MX type Tho foregoing 
experiments by themselves do not rule out such molecules as M 2 X or M 2 X 2 , 
but other experimental facts render such possibilities quite negligible We have 
carried out many trials in which several alkaline earths and halogens were 
present together in the tube, and we have always found that the spectra were 
strictly additive that is to say, there has never been any suspicion of spec tra 
due to such mixed molecules as CaSrCl, or Oa/'lBr, which might lw < x pci ted 
if the earners of the spectra were other tlian the Himplo diatomic molecules 
of the MX type 

These conclusions arc m gratifying agreement with the theoretical predic tions 
of R S Mullihen* on the origin of these and similar spectra .Such bands, it 
is held, would not be expected from a “complete” molecule such is Caflj, 
but are much more like ly to be due to a molecule Call, < ontaimng an uns il ished 
valency electron 

Further < xpenmenfs may now be mentioned which, taken by themselves, 
would not present a very cogent argument for the subhalidc origin of the spectra, 
but which receive a ready explanation in terms of it It is well know n that if 
chloroform or other vapour of high chlorine content or chlorine its* If is 
introduced into a flame tinged with the familiar sodium yellow this colouration 
is immediately destroyed Tho generally uecopted explanation is that the 
excess of chlorine combines with the free sodium atoms, and there fore pre\ t nts 
tho emission of the D lines Wo have found that calcium, strontium, i tc , 
flames can be made to exhibit similar, but rather more complex changes A 
flame fed with a spray of a solution of any calc mm salt is tmged w ith the usual 
calcium reddish colour, and this on examination with the spectroscope is seen 
to bo due to tho oxide bands in the red and green Tf cotton wool semke d in 
chloroform is brought moderately near tho air inlet of the burner, the colour of 
the flame changes slightly, and at the same tunc the oxide bands become 
extremely faint, and arc replaced by the chloride bands in the orange Finally, 
when even more chlorine is introduced into the flame by the near approach of 
the chloroform, tho flame becomes “ colourless ” and neither oxide nor chloride 
bands can be distinguished Parallel observations can be made by intro- 
ducing bromine, or a volatile iodine compound such as ethyl iodide, into the 
flame On the subhalidc theory the explanation is as follows The oxide 
bands show so long as no halogen, or only a little, is present , with more , the 
chances of a CaX molecule being formed become greater, and tho halide bands 
appear With excess of halogen present most of the calcium atoms art present 
* ‘ Phy* Rev vol 26, pp 29-32 (1926) 
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as normal halide molecules, and the flame ceases to radiate either oxide or 
halide bands 

Wave-lengths, etc , of the Alkaline Earth Halide Bands 

The bands are likely to be of some theoretical interest now that they are 
known to be associated with an unusually simple type of molecule Molecules 
of the type MX, according to current views of atomic strut ture, must contain 
a ‘ completed” halogen atom, bound to an alkaline earth atom which still 
possesses one free “ valency ” electron It has already been pointed out by 
Mulliken (loc ctt ) and by R Mecke* that such a system resembles in some 
respects an atom of an alkali metal It is not surprising that the resemblance 
extends to the spectra and that doublet bands are a characteristic of the halide 
spectra, just as doublet principal series are found with the alkali metals In 
the early htagis of this work wo had some hope that the resemblance might 
extend further, and that a careful examination of the visible and ultra-violet 
bands of any one of these molecules might reveal a number of heads arranged 
according to the Rydberg senes spectrum law Such regularities would not 
have been new in kind, as they have already been found in the helium band 
spcctmm by Fowler and in the secondary spectrum of hydrogen by Richardson 
No su< h bands could be traced from the older emission data, but it was hoped 
that tli< higher members of such a band series, if it existed, would be more 
prominent in absorption than m emission as are, for example, the higher 
members of the sodium principal senes In the event, the greater sensitivity 
of the absorption method certainly asserted itself by enabling us to detect new 
groups of bands in the ultra-violet, but these do not appear to be arranged 
accoidmg to the sines law We thi refon conclude that the various groups of 
bands in each of these spec tra do not correspond to successive members of a 
single atomic line senes, but rather to the first members only of several such 
series 

All these molecules, except the magnesium halides, have band groups in the 
visible region In general, the group of longest wave-lengths in each spectrum 
consists of bands degrudt d to the short wave-length side The next group — 
usually in the near ultra-violet- is degraded to the long wave-length side When 
other groups were found in absorption the direction of degradation alternated 
from one group to the next The barium hal ide bands appear to be exceptional, 
but m all probability the first group of bands belonging to these molecules lies 
in the infra red, out of the range of observation In all cases the first, or visible, 
* « Naturwiss vol 13, p 765 (1926), and 1 Z f Physik,’ vol 42, p 390 (1927) 
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group was found to be of far greater intensity than the others, some of which 
were only observed with difficulty, and with unusually dense vapour in the 
absorbing column In the accompanying plate, several of the absorption spectra 
have been reproduced 

With the objoct of simplifying future work on this subject, in which instru- 
ments of higher dispersion than ours will probably be used, we have re-examined 
all these band spectra by the new absorption method, and we have catalogued 
below the band heads which can safely be ascribed to each of the vanouH mole- 
cules The possible wave length accuracy of the measurements is not high, 
and in most cases we have given the wave-lengths only to the nearest Angstrom 
unit Visual intensity estimates have been given for each groups of bands, and 
the degradation to the “ long ” or ‘ short ” wave-length side is indicated A 
few bands had no definite degradation Some of the bands which were excep- 
tionally weak, and others, with ill-defined heads, could not be measured 
satisfactorily These are marked with an asterisk It has not been thought 
necessary to give a bibliography of each spectrum, as these are available m 
Kaysor’s “ Handbuch ” 

The wave-length limit of observation was curtailed for cortain spectra by the 
inveterate appearance of clouds in the absorbing column, and we have therefore 
given this limit for each spectrum individually 


CaF Bauds 

Limit of observations, A 2260 (See Plate 2, fig 6 ) 
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A group of bands were noticed at X 2330, near the observation limit, but they 
were not developed suitably for measurement A discussion of the behaviour 
of the X6292 band, and measurements on it with higher dispersion, will be 
found in a later paragraph 
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CaCl Bands 

Limit of observations, X 2500 (See Plate 2, figs, 1, 2, 5 ) 
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CaBr Bands 


Limit of observations, X 2200 (See Plate 2, fig 3 ) 
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We believe a further group of bands exists at about X 2300, but these Vere 
always too indistinct for measurement 


▼ol. cornu — a. 
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Cal Bands. 

Limit of observations, X 2900 (See Plate 2, fig 4 ) 
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SrF Bands 

Limit of observations, X 2950 (See Plate 2, fig 5 ) 
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A very famt band was registered on some plates at X 3646 
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iSrCl Bands 

Limit of observations, X 2300 (See Plate 2, fig 2 ) 
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SrBr Bands 

Limit of observations, X 3000 
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Sri Bands 


Limit of observations, >i 2400 
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BaF Bands 

Limit of observations, A 2800 
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BaCl Bands 

Limit of observations, X 2200 (See Plate 2, fig 1 ) 
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BaBr Bands 

Limit of observations, X 2600 (See Plate 2, fig 3— The two bands marked * 
arp duo to BaCl ) 
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Bal Bands 

Limit of observations, X 3000 
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MgP Bands 

Limit of observations, X 2800 


MgCl Bands 


Limit of observations, X 2700 
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The band at X 3779 was so narrow that it had the appearance of a sharp line 


MgBr Bands 


Limit of observations, X 3000 
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3881 and 3821 were so narrow as to appear to be sharp line absorptions 
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Mgl Bands 

Limit of observations, X 3000 
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The Slruclme of the CaF Band, X 0292, m Absorption 
We have compared many of th< bands obtained in absorption by the methods 
described in preceding sections, with the corresponding emission spectra from 
flames and arcs, and in general we have been unable to detect any differences 
in their structure or intensity distribution The calcium fluoride band at 
X 5292 provided a notable exception This band has been fully described by 
Datta* and observed m emission it has a very simple structure, consisting of a 
number of doublet lines with a separation of about 2 A , which conform to a 
Deslandres formula It was immediately evident, even under the small dis- 
persion of the constant deviation instrument, that tho structure of the absorption 
band was very different It covered the same wave-length range, but there 
were many more lines developed withm that range, and the intensity dis- 
tribution had no relation to that of the emission band With the very kind 
assistance of Prof T R Merton wo were afterwards able to examine the 
behaviour of this band under much higher dispersion Photographs of the 
spectrum, in emission and absorption were taken in his laboratory with a 
Littrow spectrograph fitted with a glass prism which gave a dispersion of 5 A 
per millimetre in the region of X 5300 The differences of structure suspected 
under small dispersion were found to be real An enlarged reproduction of 
the band m arc emission and in absorption is given in the Plate 2, fig 6 
The appearance of the band is so changed under the two conditions that 
* ‘ Roy Soc Proc A, vol 99, p 436 (1921) 
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evidence may be required that we are really dealing with the Bame band, and 
not merely with a coincidence in the position of two distinct bands of different 
“ camera ” In the first place, the band cannot be obtained m either form unless 
calcium and fluorine are present Also some of the lmes in the emission band 
(including the two of shortest wave-length) coincide with lines in the absorption 
band , land finally parallel changes were seen, under small dispersion, in the 
SrF*band at X 8773, which vastly diminishes the chances of a mere 
coincidence 

The table appended to this section gives the wave-lengths of over 80 absorption 
lines m this CaF band, and also the wave-lengths of the few emission lines m the 
same region, calculated from Datta’s formula in the paper previously quoted 
The relative wave-lengths of the absorption lines are probably accurate to a few 
hundredths of an Angstrom unit, but the absolute errors may be greater, ns only 
one plate was available for measurement 

We are unable to assign any certain cause for this radical difference in the 
structure of the band in emission and absorption The pairs m the emission 
band presumably correspond to molecular vibrational changes, and the closely 
packed absorption lines to rotational changes in the same molecule It may be 
mentioned that, on strong plates the emission spectrum has a faint background 
of fine structure also, but this does not correspond in any way with the absorption 
lines The most usual cause of intensity modifications in a band spectrum is a 
temperature effect, and the conditions of experiment were certainly such as 
to render operative any influence of this nature The temperature in the 
absorbing column must have been very much less than that m the arc which 
produced the emission bands The data we present in this paper are not 
sufficient to settle this point satisfactorily, but we do not believe that tempera- 
ture differences — though doubtless these produce some modification — will 
prove a complete explanation of the changes 

There is one consideration whi ch suggests that pressure may have an important 
bearing on the matter While the absorption spectrum was being examined 
with the high dispersion spectrograph it was found that the fine structure of the 
band, here recorded, was only developed when the furnace tube had been 
evacuated of foreign gas When hydrogen or argon were admitted, the absorp- 
tion merged into two continuous regions separated by a nft at about X 5303. 
Now if a photograph of the emission band is exa min ed it will be found that 
there is always a weak continuous background in evidence, and that this has 
the characteristic nft at the same wave-length It therefore seems possible 
that the fine structure of this CaF band only appears under suitable conditions 
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of pressure, and that it is usually represented only by a weak continuous 


spectrum 

Absorption Lines in the CaF Band, X 5292 



5292-6 5298 2 5304 1 5310 1 6316 1 5322 1 5328 3 5334 6 

94 4 6300 1 06 0 11 9 17 8 23 9 30 1 36 3 

Note — The line* marked (d) are unresolvod complex lines 


Summary 

1 * Alkaline earth subhalide molecules of the type MX exist in the vapour 
state at 1000° C in equilibrium with the metal and the normal salts 

2 The alkaline earth halide spectra are the resonance spectra of these mole- 
cules, and they are readily observed in absorption through a column of the 
vapour 

3 The bands m each halide spectrum have been examined by the absorption 
methods, and new groups have been found in the ultra-violet. 

4 The CaF band, X 5292, has been examined under a dispersion of 5 A 

per millimetre The structure of the band is very different in emission and 
absorption The fine structure of the absorption band only appears at reduced 
pressures 
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On the Measurement of the Variation of the Specific Heat of 
Aniline with Temperature , using the Continuous Flow Electric 
Method 

By II It Lang, Ph D , A Inst P 

(Communicated by H L Callcndar, F H 8 — Received November 26, 1927 ) 

1 Introduction 

These experiments were undertaken in order to obtain reliable data on the 
variation of the specific hi at with temperature of a liquid of low vapour pressure, 
in the neighbourhood of its freezing point The employment of a continuous 
flow method nquired large quantities of the liquid, and aniline was chosen 
as it was thought that it could be procured m bulk, pure and dry Unfortunately, 
this proved less easy than was anticipated and was one of the chief difficulties 
encountered In addition, the viscosity of aniline increases \cry rapidly 
below about 10° C which caused some uncertainty below this temperature 
Most of the ordinary laboratory materials are slowly attacked by aniline , 
the earlier apparatus was constructed without rubber, and this necessitated 
tho use of a hermetically sealed calorimeter Subsequently a good quahty 
rubber was found that withstood the action of aniline, and thiB greatly simplified 
the mechanical difficulties 

2 Outline of Method 

The principle of the method is to allow a stream of the liquid to flow through 
a fine bore tube, through which passes an electrically heated manganin strip, 
and to measure the resulting rise m temperature A very full description 
and discussion of the method has been given by Prof Callendar and Dr Barnes,* 
and frequent reference to these papers will be made, which wall be indicated 
by the name and the page 

The elementary theory is as follows 
If E is the p d lwtween the ends of the heater in volts, 

C current m amperes, 

Q the rate of flow of the liquid in grams per Becond, 
s specific heat of the liquid, 

J the mechanical equivalent of heat, 
d rise m temperature in degrees Centigrade, 
h rate of loss of heat per degree rise in temperature, 

* ‘ Phi! Trans A, vol 199, pp W and 149 (190*) 
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then, when conditions are steady, the energy equation per second is 

EC = JsQde-M<*e (1) 

By changing the watts EC and the rate of flow Q so as to keep the rise tf0 the 
Bame, two equations are obtained between which h may be eliminated and 
so 8 found In practice it would take too long to arrange exactly the same 
rise, so that a value within about 1 per cent is obtained and the equations are 
reduced, as explained below It is to be noted that h is here assumed to bo 
independent of Q and dO, and the necessary conditions for this have been 
investigated by Callendar (p 121) and Barnes (p 225) In these experiments 
great trouble was taken to ensure that these conditions were fulfilled 

1 Measurements 

(a) Electrical —The mam current to the heater was supplied from two 
groups of five 40-ampcre-hour accumulators in senes, the two groups being 
in parallel In series with the battery was an ammeter, standard resistance 
coil, a variable manganmwire resistance, and the heater The watts supplied 
to the heater were measured by determining the potential difference between 
the ends of the heater and the ends of the standard resistance, in terms of 
Wcston-cadmium cells, using a four-dial potentiometer and a high-resistance 
movmg-coil galvanometer The leadings of the various potential differences 
could be taken m rapid succession by changing over copper connectors between 
suitably arranged mercury cups The potentiometer was calibrated against 
a standard one at the beginning and end of the experiments and found to be 
correct to 1 part in 10,000 Further, the coils being of mangamn no temperature 
correction was necessary 

The standard resistance was a flat coil of platinum-silver enclosed m a metal 
casing, mado by R W Paul, and bearing a Cambridge certificate of 1894 
This gives the values in International ohms as 
1 0000 at 16 3° C 
0 99950 at 14 7° C 

The temperature coefficient was taken as 3 lx 10" 4 per deg C After 
completion of this work the cod was sent for standardisation to the National 
Physical Laboratory, and was reported to have the value 

1 0010, International ohms at 20° C , 
which differs by 1 part in 10,000 from the value used 
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The standard cells were hermetically sealed H-type of cadmium cells, and 
the E M F of each was taken as 

1 0183 volts at 20 8 C 
with a temperature correction given by 

E, = E 20 - 0 0000406 (t - 20), 
where t is the temperature m degrees Centigrade 

A group of six new cells was purchased specially for this work, and on several 
occasions these were compared with each other, and found to agree among 
themselves to the accuracy with which the instruments could be read Two of 
the cells were sent to the National Physical Laboratory for test, and the following 
are the values given on the certificates — 

Coll No 1 — 1 0182 volts at 20° C , 

Cell No 2 -1 0181 volts at 20° C , 

and both cells showed a decrease of 0 00001 volt per degree Centigrade 
increase of temperature These values agree well with the International 
value used 

(6) Thermometry —Two platinum thermometers of the usual type were used 
differentially The coils were about 6 mm diameter and 7 ems long, wound 
on mica crosses, and the heads were small rubber bungs drilled to grip the 
leads A detailed description of the method of construction has already been 
given * As they were for use differentially, the fundamental intervals were 
adjusted to be as nearly equal as possible , and the value chosen was 600 
bridge units, which is a convenient one for calculations One bridge unit 
is equal to 0 01 ohm Two Callendar-Gnffiths bridges of the usual type made 
by the Cambndge Scientific Instrument Company, with manganm coils, were 
used m conjunction with an Ayrton-Mather type of galvanometer of resistance 
7 40 ohms The bridges were calibrated on several occasions by the well- 
known method, m terms of the largest coil, and the corrections found to be 
very small , the separate calibrations agreed to better than 0 02 bridge units 
or 0 004° C The ends of the external leads of the thermometers were soldered 
to special contact pieces, fitting copper-mercury cups to facilitate rapid change 
from the differential reading to the direct measurement of the inflow temperature 
A movement of the bridge contact through 1 mm of bridge wire was equivalent 
to 0 02° C and gave a deflection of five scale divisions on reversing the current, 
and this was tested before each experiment and found remarkably constant 
* ‘ J SoL Init rol 2, p 228 (1920) 
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No attempt was made to obtain exact balance, the contact being set to the 
nearest millimetre, the deflection on reversing the current was noted, and the 
exact balance point was deduced to the nearest 0 01 cm The fixed points 
of the thermometers (ice and steam) were determined on several occasions, 
and the following table gives a summary of the values found As the tem- 
perature rise could be read to 1 partin 5,000 only, it was unnecessary to obtain 
a much greater accuracy in determining the fundamental intervals 


Table I —Fundamental Intervals of Thermometers 


Date 

Thermometer A 

Thermometer fi 

less 

Uring bridge No 2087 

Deoember 23 


600 03 umla 

600 04 

600 03 

600 05 

December 24 


600 10 

Deoember 30 


600 01 

1926 



Maroh 22 

499 93 units 


March 23 

490 96 

499 89 


Maroh 24 

499 93 

600 10 

March 25 

499 92 

600 06 


Using bridj 

geNo 862 

August 26 

499 76 

499 96 

Anguat 27 

499 67 

499 89 


1 Mean value need in reduotion of reeulte — 


| 499 87 

j 600 00 


The absolute value of the unit on the two bridges is slightly different, which 
aocounts for the lower value obtained with the second bridge 
By taking “ cold ” readings, i e , the differential reading before the heating 
current was switched on, all other conditions being the same (Barnes, loc ctt , 
p. 195), several corrections were accurately eliminated The “ hot ” readings 
were those taken when the current had been switched on and conditions bad 
become steady 

Let C be the “ cold ” bridge reading, and H the corresponding “ hot ” 
reading, then if F is the fundamental interval of the thermometer at the outflow 
end, 

temperature nse on the platinum scale = (H — C) 100/F. (2) 

As the fundamental intervals of the thermometers had been adjusted so nearly 
equal, a change of a whole degree in the inflow temperature would make a 
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correction of only 1 part in 25,000 to the temperature rise , and the apparatus 
was so designed to ensure that it remained constant to within 0 05° C If 
there were no conduction losses or heat generated by internal friction in the 
fine flow tube, the “ cold ” reading would be zero, but owing to these minor 
effects it was never quite so The only conduction effect which is not 
eliminated by this method is that extra part due to the increase of the outflow 
end’s temperature, but as a great length of this thermometer (25 ems ) was 
inside the vacuum jacket, and the rise used was generally only 8 or 10 degrees, 
this must have been quite negligible (cf Callendar, p 125, and Barnes, p 230) 
This is further shown to be negligible by the fact that the value of the specific 
heat came out the same, within the limits of experimental error, whatever 
rise m temperature was used 

Having obtained the rise in temperature on the platinum scale, it was reduced 
to the gas scale by applying the well-known formula 

= 100), (3) 

taking the value of 8 as 1 5 X 10 -< 

(c) Determination of Weight —The outflowing liquid was run into a 500 c c 
flask which had just previously lieen weighed The weight of liquid collected 
was of the order of 300 or 400 gms and was taken on a chemical balance, using 
brass weights These were previously tested, and tho errors found to be 
negligible compared with the accuracy of tho other observations A small 
correction to reduce the weighings to vacuo was applied On to the end of 
the apparatus was sealed a specially ground large bore two-way tap, the feature 
of which was that in the midway position the liquid flowed out of both sides, 
so that the flow was never actually stopped, and thus steady flow conditions 
were left undisturbed A large wooden handle was fixed to the key of the 
tap and stops on each side arranged m suitable positions 

(d) Time Determinations —A Dent’s ship chronometer was used and was 
rated against the Greenwich time signals sent out by the BBC The rate 
of gam was sufficiently constant, bat was rather larger than was expected, 
being about 30 seconds a day This comes to nearly 1 part in 3,000, and being 
a small systematic correction was applied to the final results as a whole An 
experiment usually lasted 10 to 15 minutes, and on the faster flows two deter- 
minations were made during this time of the rate of flow The intervals were 
started and stopped by counting the last 5 seconds with the tick of the chrono- 
meter and rapidly switching over the tap at the given time It is not likely 
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that the error made m this way was more than 1/10 Becond, or on the average 
about 1 part in 6,000 

4 The Calorimeters 

In all some six calorimeters wero used at various times, but of these only 
two survived the handling to which they were subjected , these will be referred 
to as calorimeters A and B Calorimeter A (fig 1) was similar to those used 
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by Callendar and Barnes in the original experiments by this method with water, 
and calorimeter B (fig 2) had the vacuum jacket separate, in place of being 
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sealed on to the flow tube, the intervening space being filled with air The 
idea of this was to be able to use the same vacuum jacket and water jacket 
with different flow tubes, thereby making replacement m case of breakage 
more easy , but owing to convection in the air space, Calorimeter A proved 
more satisfactory At one time the air space in calorimeter B was filled with 
powdered cork to prevent this convection, but the thermal capacity was so 
large that it had to be abandoned The glass work was done by Messrs The 
National Glass Industry, of London, who also silvered the vacuum jackets, 
and exhausted them with a Bom-Kessel meroury-vapour pump whilst heating 
them in an oven to about 200° C They were then sealed off 1 should like 
to testify to the strict attention to details of dimensions which was paid, and 
which was so important m order that the metal parts should fit tightly 
Calorimeter A had the following dimensions The fine bore-flow tube od 
( fig 1) was 2 mm in diameter, and 50 ems long It was fused at each end to 
tubes AO, Dr, of 2 ems diamoter The vacuum jacket w as fused to these wider 
tubes at o and D and enclosed 20 ems of the inflow tube Dr, and 25 ems of the 
outflow tube ao A greater length of the outflow tube was enclosed, as the 
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heat loss from this end is greater, since at the outflow end the water circulating 
around the calorimeter is at a different temperature to the liquid, whereas at 
the inflow end it is at the same temperature The vacuum jacket was 5 cms 
in diameter and 95 cms long, and the exhaustion seal was horizontal so as to 
facilitate the mounting in the water jacket In fig 1 is shown the calorimeter 
with the thermometers and other fittings m place The “ heater,” which 
passed through the fine bore-flow tube, was a twisted manganm strip with 
about one twist per centimetre, and which served to prevent Btream-line 
motion (Barnes, p 234) This was made from a piece of 18-gauge manganm 
wire rolled between a small pair of steel rollers It was annealed overy third 
time through the rollers and was finally annealed by passing a ourrent through 
it, whilst held fixed and twisted, and in this way took up a permanent twist 
A portion of suitable length was got into position between copper cylinders 
in the manner described by Barnes (p 204) On the outside of these cylinders 
a rubber cord, of square cross-section, was wound, which served to hold them 
firmly in position and allowed no liquid to pass without being stirred around 
the cylinder, thereby ensuring the accurate measurement of the mean tem- 
perature of the stream The vt id importance of this was not at first realised 
to the fullest extent ( cf Callendar, p 106), and thereby most of the earker 
experiments were spoiled In trying to avoid the use of rubber, copper wire, 
wound on the outside of the cylinders was tried, but was a failure In some 
cases a screw thread of 0 5 cm pitch and 2 5 mm deep was cut on the outside 
of the cylinders, and, when carefully ground to fit the tubes, proved satisfactory 
On to the ends of the cylinders, four 18-gaugc turned copper wires were 
soldered , three earned the current and one was a potential lead Tho coila 
of the thermometers were completely covered by the cylinders, which served 
also to prevent the generation of heat m this neighbourhood Some difficulty 
was expenenced in closing the endB of the tubes ao, df (fig 1), but this was 
finally done as follows The four wires were painted with collodion acetate 
and pulled through rubber bungs bored to take the thermometers, and the 
whole then given several coats of collodion Small side tubes were sealed into 
the wider ones for entrance and exit of tho liquid into the calonmeter The 
inflow tube and calonmeter were wound with rubber spirals to make the 
jacketing water circulate efficiently, and the copper water jacket was lagged 
with cotton wool and asbestos 
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5 Arrangement of Flo w Circuit* 

Fig 3 shows diagrammatically the liquid flow circuits Taking first the 
water circulation, the water tank a was of copper and contained a pump of 
the screw-propeller type, and thermo-regulation apparatus The return water 
from the jacket around the calorimeter was sucked into the base of a wide 



vertical cylinder, and discharged at the top It then drifted downwards, 
and re-entered the jacket at b, passing over the liquid inflow tubo en route, 
and so returned once again to the tank The thermo-regulator used was of 
the type devised by Gouy and described in detail by Barnes (p 209) The 
aniline was supplied from the glass Manotte bottle o which was mounted on 
a platform that could bo raised and lowered, thus enabling the replenishing 
of the reservoir to be readily performed A central glass tube passed nearly 
to the bottom of the bottle, and kept the head constant after the manner of 
an aspirator , a calcium chloride tube d was connected to this so that only 
dry air could come in contact with the aniline From here the liquid passed 
through a flexible composition tube to the capillary throttles c These con- 
trolled the rate of flow, and consisted of a U of 1-2 mm diameter glass capillary, 
which could be short circuited by a wide-bore tap, fused across the top There 
were six of these in senes (only two are shown m the figure), and a | inch bore 
tap was fused right across the whole group, so that they could be completely 
cut out of the flow circuit They were immersed m a water bath to prevent 
fluctuations due to'change m viscosity with temperature In order to acquire 
VOL OXVin —A. L 
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the correct inflow temperature, the aniline now passed through some 25 feet 
of tin tubing immersed in the tank d The liquid then entered the calorimeter, 
and became stirred by the spirals round the copper cylinders, and by the twist 
in the heating strip, until it emerged again to enter the cooler at o This was 
a long glass spiral around wluch tap water was made to circulate From here 
it passed out through the special two-way tap already described, and was 
collected and poured back into the reservoir, thus completing the circuit 
At k, the highest point of the flow tubes, an air trap was introduced, and the 
calorimeter was tilted so as to help the air to travel up to this point This 
served to release any air that had au ldentally got into the apparatus 

6 Purification of tfn Aniline 

As is well known, aniline, if kept, even in closed bottles, turns a dark brown , 
the cause, apparently, is unknown Further, it is hygroscopic and it is believed 
that this accounts largely for the conflicting results found in the literature 
According to the results of Burtoli, which are discussed below, 1 per cent of 
water causes an increase of 2 per cent in the specific heat It was therefore 
important to use only dry and freshly distilled aniline , much time was Bpent 
in finding suitable means to do this for the largo quantities required, and 
finally Messrs Hopkm and Williams undertook this part of the work 
Dr Jackson, of this firm, went to great trouble to deal satisfactorily with this 
problem, and I wish here to tender my thanks to him The method adopted 
to prepare a batch (about 40 lbs ) of amline was us follows It was left m 
contact with powdered caustic soda for three days, and distilled from a tin- 
lined still with a silica condenser and a closed-up gloss receiver at atmospheric 
pressure When it was delivered it was of a very pale straw yellow colour, 
and was rapidly transferred to the glass reservoir, after this had been rinsed 
out two or three times with the fresh liquid After it had been twice through the 
apparatus, it was sent back to be dried and oguin re-distilled Dr Jackson 
very kindly determined the freezing point of each batch, using a mercury 
thermometer, which he lent to me to calibrate against the platinum thermometer 
which I used later for the same purpose These corrected values formed the 
means whereby the water content could be determined A senes of experiments 
was performed to determine the variation of tho freezing point with percentage 
water , for this purpose some aniline was initially specially dned over caloium 
chloride for several days and its freezing point determined immediately after 
re-distillataon, using a platmum thermometer and motor-dnven stirrer, and 
supercooling about 1 5° C The following figures wore obtained — 
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Freezing point 

Percentage water by weight 

- 6 05 

0 00 

- 7 03 

0 48 

- 8 61 

0 97 

- 9 58 

1 46 

-10 36 

1 95 


These agree very well with the values given by Appleby and Davies,* and 
both sets are plotted m fig 4, which was the curve used in the reduction of the 
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results Tho aniline used, with one exception, had freezing points between 
— 59 and — 6 3° C , corresponding to zero and to 0 1 per cent water On 
three occasions aniline which hud been kept in tightly stoppered bottles m 
the dark was used, and though now a pale brown colour gave a specific heat 
agreeing with tho value given bv the freshly distilled liquid , these results 
are given in the tables below It seems probable, therefore, that the darkening 
does not affect the specific heat 

7 Modus Operand % 

The water m the jacket around tho calorimeter and that in the tank had 
first to acquire the required inflow' temperaturo For the lowest temperature 
used, the tank was filled with ice clappings and water, and the thermo-regulator 
device removed The tank was continually replenished with fresh ice, and 
during one experiment about cwt was used , remarkably constant conditions 
could be obtained in this way 

Some experiments were also tried with the thermo-regulator, and an addi- 
tional spiral m the tank, through which ran a stream of water, previously cooled 
in an ice bath , but steady conditions were never obtained in this way, and so 
the results were rendered very uncertain A tap-water circulation wis also 
* *J Chem Soo.’iol 127, p 1839(1626) 

h 2 
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used, and in this case the temperature slowly crept up during the day, but was 
sufficiently constant over one experiment For points m the neighbourhood 
of 20° C the laboratory temperature was used, and to do this the thermo- 
regulator was put out of action, and the water just circulated around the 
calorimeter Points above this were taken using the thermo-regulator, and 
those above 30° C required a small gas dame to aid the heating lamp, the 
latter acting only as a fine adjustment over and above the heat supplied by 
the gas flame, and thus compensating for fluctuations in the gas pressure 

The rate of flow was next fixed by adjusting the capillary throttles, and when 
conditions had become steady (about half an hour), the “ cold ” readings 
were taken over a period of about 10 minutes In the case of the lowest 
points a measurement of the rate of flow w as taken in order to find the change 
with the current on and off, and so correct the “ cold ” readings to the rate of 
flow actually used in the experiment 

The current was next adjusted to a suitable value and its rough value read 
from the ammeter After about half an hour conditions had become sufficiently 
steady for the readings to be commenced Meanwhile the empty flasks were 
weighed, and the approximate values of the bridge and potentiomoter balances 
were found 

A “ run ” was commenced with the determination of the potentiometer 
balance of the standard cells, and a reading of their temperature and then 
the inflow temperature The flow was now switched into a weighed flask, 
at a definite time by the chronometer, and immediately afterwards a reading 
of the rise in temperature taken Following this, tho potential difference 
across the standard resistance and its temperature, and then the rise again, 
followed by the potential difference across the heater, and the rise again , 
the cycle of readings was then repeated The riseVas read in this way every 
minute and the potential differences every two minutes The times of all 
observations were noted to tho nearest half-mmutc, in order to assist m tracing 
possible errors Two “ runs ” were taken on tho faster flow, and then the current 
and the rate of flow reduced to give the same rise of temperature to within 
1 per cent as in the faster flow, and two more “ runs ” taken when conditions 
had again become steady At the end of each “ run ” the inflow temperature 
and the standard cell readings were again taken The current was now switched 
off and the apparatus allowed to cool down to tho inflow temperature, when 
the “ cold ” readings for the slower rate of flow were taken 

It will be seen from the summarised tables of observations that two “ runs ” 
agree to 1 part in 1,000 and often better than this On some occasions three 
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or][four different rates of flow were taken m order to test whether the heat 
loss was independent of the rate of flow as required by the theory of the method 

8 Method of Reduction of Results 

In reducing the results, the watts per gramme per degree were first calculated, 
ie, 

X — EC/Q (10 

This is the value of the specific heat in work units, uncorrected for the heat 
loss Taking, then, the mean of the two “ runs ’ on the same rate of flow, 
and using this m equation (1) m conjunction with the mean of two “ runs ” 
on the other rate of flow, by eliminating A the following equation is obtained — 
Specific hiat = (Q t X, - Q 2 X 2 )/J (Q, - Q 2 ) 

By substituting back the value of A was found For the mechanical equi- 
valent of heat (J) the value 4 180 joules /calorie was used (t'allcndar, p 132) 

9 The “ X Test ” on the Valonmetcri 

The elementary theory of the method assumes thut h m equation (1) is 
independent of the rate of flow, and it was considered necessary to test this 
point experimentally Tn order to do this three or four different rates of flow 
were used on \arious occasions, and the values of X plotted against 1/Q, in 
fig 5 Equation (1) may be written 

X-EC/QdO = Js + A/Q (4) 

If A is independent of Q throughout tho range, then the graph should be a 
straight line, of which tho slope would be equal to A and the intercept on the 
ordinate axis tho value of the specific heat in work units In fag 5 the mean 
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temperature of the experiment is written along the lines, and it will be seen 
that, leaving the low temperature point (1 09° C) for later consideration, 
equation (4) is true to at least 1 part in 2,000 over the range, and all the curves 
show a very slight curvature in the same direction , this means that there is 
a very small term, varying inversely as Q, to be added to equation (1) The 
cause of the existence of this term and its magnitude are discussed below 
As regards the determinations at the lowest temperatures, it was most important 
here to try the X test, as the viscosity is so great, and varies so rapidly with 
temperature m this region, that it was uncertain whether the necessary condi- 
tions were fulfilled for the theory of the method to hold The X test shows 
a rather more marked curvature than at higher temperatures, the point 
representing the smallest rate of flow is here assumed to lie m error, owing to 
the great experimental difficulties in measuring such a small rate of flow and 
so small a rise of temperature to this high degree of accuracy At these low 
temperatures, then, where the viscosity plays such an important part, the 
accuracy of the experiments must be considerably less than at higher tempera- 
tures 

It has been shown by Barnes (p 231) that the heat loss per degree rise A 
is independent of the rise of temperature dO Further, as A was actually found 
m each case for two different rates of flow but the same rise, it would not matter 
if it were somewhat dependent on dO, as the value for those conditions was 
measured and used in each case The value of A was found to be nearly 
proportional to the mean temperature of the experiment and to depend to 
some extent on the previous history of the calorimeter Tho reason for the 
latter is, no doubt, the release of occluded gas from the silvered walls of the 
vacuum jacket Thus, after a low temperature point, on returning to about 
30° C the heat loss had slightly decreased , and similarly after tho calorimeter 
had been at a high temperature and was then used at a much lower one, the 
heat loss increased from the value expected at this point Although curves 
were plotted showing the relation between A and the mean temperature of the 
experiment, it serves no purpose in reproducing them here, as the value of A 
is actually measured in each case, and therefore its variation with temperature 
does not affect the calculated values of the specific heat 

10 Corrections 

In the published papers on the applications of the method of continuous 
flow calorimetry (Callcndar and Barnes, loc cit) will be found a full discussion 
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of the possible sources of errors and the corrections applicable, and it is not 
proposed, therefore, to deal with them here in detail 
There is a correction for the variation of the grad nut in the fine flow tube 
(Callendar, p 121) and also for the conduction from the outflow tube due to 
the rise m temperature This requires the addition of a small term, varying 
inversely as Q, to be added to equation (1) , and it is this term that amounts 
for the slight deviation of the plot of equation (4) from a straight line A 
calculation of this correction, based on the reasoning given by Callendar, 
showed it to be of the order of 1 part in 5,000, and in the case of the lowest 
temperatures and slowest flows, where it was largest, about 1 part m 1,000 
Correction for Water Content The water content of each batch of aniline 
was det* nnmed m each case from the freezing point m the manner described 
above, and then, using Bartoli’s figures, which are sufficiently accurate for this 
very small correction, the value of the specific heat found was reduced to that 
for perfectly dry aniline The correction was of the order of 1 part in 500 
and m many cases zero 


11 Summaiy of Observations 

The following tables give a summary of the observations taken with calori- 
meter A Column I gives the date of the experiment for purposes of reference 
to the original books of obsc rvations , column IT gives the inflow temperature 
reduced to the gas scale, and is the mean of tho valuo at the beginning and 
end of a “ run ” Column TTI contains the mean temperature rise, reduced 
to the gas scale, and is the mean of readings taken every mmute during an 
experiment of 10-15 minutes Column TV gives the watts supplied to the 
heater, and is the mean of readmgs every two minutes Column V contains 
the value of the rate of flow of the liquid in grammes per second, and m most 
cases is tho mean of two independent observations The calculated values 
of X or EC/Q dQ arc given in column VI, and the remarkable agreement for 
successive “ runs ” on the same rate of flow shows how accurate'y the results 
could be reproduced In calculating the results the mean value of X has been 
used m each case Column VII gives tho moan temperature of the experiment, 
and column VIII the value of the specific heat m calorics per gramme degree 
Centigrade, calculated by the elementary theory The value of A is also 
tabulated in column VIII The final values, corrected for water content, 
are tabulated m the last column m Table II 
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Table IT — j C alorimeter A 


I 

II 

III 

IV 


VI 

VII 

vni 

IX 

1026 









Nov 23 

21 74 

8 608 

13 881 

0 7048 

2 1110 





21 74 

8 606 

13 871 

0 7038 

2 1102 

26 06 

« -■ 0 4977 

0 4077 


21 78 

8 542 

6 443 

0 3518 

2 1441 


A — 0 0225 



21 70 

8 602 

6 418 

0 3487 

2 1463 





21 78 

8 490 

9 410 

0 6220 

2 1252 


• = 0 *979 

0 4970 

Nov 24 

0 723 

10 552 

12 883 

0 5812 

2 1004 





0 731 

10 634 

12 865 

0 6816 

2 1002 

15 00 

* « 0 4945 

0 4946 


9 717 

10 599 

7 016 

O 3110 

2 1285 


A — 0 0188 



0 723 

10 603 

7 009 

0 3106 

2 1284 




No\ 30 

0 200 

7 890 

6 510 

0 3037 

2 0032 





0 200 

7 892 

0 408 

0 3037 

2 0913 

4 18 

* - 0 4895 

0 4896 


0 200 

7 891 

4 656 

0 2705 

2 1111 


A = 0 0178 



0 266 

7 885 

4 651 

0 2795 

2 1105 




Dec 1 

0 226 

3 953 

3 009 

0 11)49 

2 0800 





0 210 

3 955 

3 000 

0 3041 

2 0871 

2 21 

« => 0 4870 

0 4876 


0 266 

3 943 

2 157 

0 2070 

2 0984 


A - 0 0174 



0 238 

3 958 

2 450 

0 2900 

2 0900 




Dec 14 

45 41 

8 015 

17 338 

1 005,1 

2 1518 





45 16 

8 090 

17 112 

0 0025 

2 1537 

19 42 

X - 0 5091 

0 5091 


45 40 

7 963 

0 407 

0 3007 

2 1943 


A 0 0238 



45 40 

8 053 

0 489 

0 3074 

2 193.3 





45 40 

8 119 

11 07'J 

0 02' Ml 

2 lb75 


* 0 5092 

0 5092 

Dor 20 

54 420 

0 107 

20 081 i 

1 0518 

' 2 1092 





54 m 

«! 273 

1 20 96*i 

L 0414 

2 1711 

68 87 

* - 0 5131 

0 5131 


54 109 

9 172 

' 7 400 ' 

0 3004 

2 2156 





54 105 

0 156 

7 443 1 

0 3368 

2 2163 


A - 0 0257 


Dec 21 

0 203 

1 735 

1 1 1487 

O 3210 

2 0587 





0 222 

1 710 

1 0 7587 

0 2086 

2 0915 

1 08 

« - 0 4778 

0 4778 


0 224 

1 727 

0 0150 

0 2039 

2 0764 


A — 0 0105 



0 242 

1 750 

i 0 5439 

0 1443 

2 1430 

1 10 

* = 0 4768 

0 4768 

1027 



| 




A — 0 0209 


Fob 15 

26 277 

9 090 

0 900 

O 3247 

2 1576 





20 261 

10 036 

6 991 

0 3222 

2 1610 

31 20 

1 i - 0 4993 

0 4983 


20 255 

10 067 

17 087 

0 8019 

2 1160 


A - 0 0240 



20 253 

10 125 

17 000 

0 7967 

2 1172 




heb 10 

31 078 

8 270 

r» 060 

0 3323 

2 1688 





11 572 

8 254 

1 5 053 

0 3328 

2 1673 

35 71 

s = 0 8010 

0 5000 


31 660 

8 334 

1 15 112 

0 8542 

2 1229 


A = 0 0243 



31 508 

8 362 

15 098 

0 8499 

2 1244 




April 3 

39 103 

7 979 

14 994 

1 0 8807 

2 1338 





30 051 

8 030 

14 982 

0 8721 

2 1370 

43 00 

« =.0 6040 

0 5030 


30 003 

7 903 

5 756 

0 3.301 

2 1816 


A = 0 0246 



39 080 

7 080 

5 752 

0 3299 

2 1826 




Apnl 5 

30 108 

9 775 

7 226 

0 3422 

2 1002 





30 no 

0 755 

7 214 

0 3423 

2 1604 

35 00 

* «- 0 8010 

0 5000 


30 108 

0 801 

17 *73 

0 8394 

2 1238 


A - 0 0216 



30 114 

9 823 

17 461 

0 4309 

2 1228 





[i\ote added December 1927 — The results obtained with calorimeter B showed an almost 
oonstant difference of nearly 1 per cent from those of A, and e\ontuallv the cause was traced 
to convection in the air space between tho flow tubo and the double walled vacuum laoket 
(fig 2) Tho correction calculated for this raised the curve as a whole, and reconciled very 
closely the results from the two calorimeters, but it involved a oonstant whioh made the results 
not strictly independent of those from calorimeter A Since the oonveotion taking plaoe was 
of a complicated nature, there is some uncertainty as to the theory of this oorreotion Tho 
tabular results of tho senes of tho 13 complete oxpenments made with calorimeter B have 
therefore been omitted, but the general agreement of the shape of the curve with that obtained 
from the experiments with the other oalonmeter is shown in fig 0 ] 
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Using calorimeter A, some values were obtained with aniline that had 
been standing for six weeks in dark glass bottles, which were closed with 
tightly fitting ground glass stoppers When used, the liquid was a light brown 
colour The following figures were obtained — 



Speoifio heat 

Temperature 

Obeervod 

Calculated 

“C 



39 34 

0 6011 

O 6021 

38 79 

0 6021 

O 6019 

29 10 

0 4972 

0 4978 


The calculated values are from tho mean curve for the freshly distilled liquid 
It appears, therefore, that the darkening docs not affect the specific heat 



Fio 0 


The final results have boon plotted in fig 6 against the mean temperature, 
and a smooth curve drawn through tho points Between 5" and 00° (’ the 
specific heat is represented in terms of tho 20-degree calorie per granimo degree 
Centigrade by the following formula — 

s = 0 4951 + 0 000287 {t - 20) 1- 0 0000027 (< - 20) 2 

+ 0 000000061 (t - 20) 3 

Tho following table gives the results read off from the curve, and the close 
agreement of the above equation over the range 5° to 60° C is shown — 
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Table TIT 


Temperature 

Obfti<rved from 
t iirve 

Calculated from 
formula 

°C 

0 

0 4912 

0 4012 

10 

0 4923 

0 4924 

10 

0 4937 

0 4930 

20 

0 4931 

0 4901 

20 

O 1967 

0 4968 

30 

O 4982 

0 4981 

30 

0 0003 

0 0002 

40 

0 0024 

0 0024 

40 

0 0000 

0 0000 

00 

0 0080 

0 0079 

OR 

0 5112 

0 0111 

60 

<1 0148 

O 5148 

60 

0 0183 

(0 0189) 

70 

0 0218 

(0 0234) 

70 

0 0253 

(0 0292) 


No attempt has been made to draw a curve through the points below 5° C , 
as owing to the high viscosity of aniline in this region the results, as pointed 
out above, are less certain 


1 2 Comparison of the Results mth the Work of other Observers 

Bartoh' 1 ' used a method of “ heating ” which is m reality the same as the 
well known method of cooling, but in this case the temperature of the jacket 
is above that of the liquid instead of below Great care was exercised to 
use pure aniline, and two samples were used, one prepared from the sulphate 
and another from acetanilide The unit used was the 15° calorie and the results 
havo been reduced for comparison purposes to the 20° calorie, in terms of 
which my results are given The reduced results for the aniline prepared 
from the sulphate are plotted in fig C The difference between the specific 
heat for the two samples is 0 0019 at 10° C , increases to 0 0034 at 30° C 
and decreases again to 0 0004 at 50° C , and the increments are not consistent 
If the difference were due to slight impurities present, the difference would 
be very nearly constant over the range used, and if it did change, would show 
a regular variation It seems therefore more probable that the discrepancies 
are due to inaccuracies in the experiments The method employed is not 
susceptible of great accuracy, owing to the difficulty of reproducing identical 
conditions for the experiments with the comparison liquid and the liquid 
* 1 Rend R Inst Lombardo,’ vol 28, p 1032 (1804) 
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under investigation , the assumptions involved m the thpory of the method 
are open to doubt * Finally, it was necessary for Bartoli to read his thermo- 
meter on a moving meniscus, which renders the readings uncertain For 
these reasons it would seem that his results arc only accurate to about 
1 per cent Bartoli also carried out some experiments on the change in the 
specific heat due to small percentages of water m solution His results for 
20® 0 are as follows 


Aniline containing 

0 

per oent 

1 

per cent 

2 

per oent 

3 

per cent 

4 per cent 

Specifio heat 

0 5005 

0 5104 

0 5200 

0 6302 

0 5408 


Perrotf also observed an increase of specific heat if small amounts of water 
were present 

E H Griffiths^ carried out a very careful senes of experiments, but un 
fortunately paid no attention to the dryness or punty of the aniline He 
used an electrical method and the same calorimeter as was used in his experi- 
ments on water § It would serve no purpose to discuss the possible sources 
of error in his method, as this has been done both by himself and others in 
connection with his work on water, and his results are for impure aniline 
It must be stated here, however, that the variation of the water equivalent 
of the calorimeter with temperature was of the order of 20 per cent of the total 
variation, and the corrections were large , by the methods adopted m reducing 
the results Griffiths claims to have eliminated these errors When the aniline 
was taken out at the end of the senes of experiments, it “ had darkened con- 
siderably,” which is a sure indication of impurities, and particularly water 
His results, reduced to the 20-degroo calone, are plotted in fig 6 As the 
oalonmetcr was closed, the water content of the aniline would remain constant 
throughout the senes of expenments, and if it be assumed that 2 3 per cent 
of water was present, and the results corrected accordingly, they then agreo 
with my values to 1 part in 500 over the whole range This large percentage 
is quite possible in view of the hygroscopio nature of aniline Expenments 
have also been earned out by others, but are not of such a high degree of 
* Callendar, ‘ Ency Bnt ,’ Art “ Calorimetry ” 
f * Arch Soc Phys ,* vol <12, p 145 (1804) 
t ' Proo Phys Soc ,’ vol 13, p 234 (1894) 

{ ‘ Phil Tran* ,’ A, vol 184, p 361 (1893) 
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accuracy, or are over too large a range of temperature to merit a discussion 
of their results here 

13 Experiments using a Dewar Flask as Calorimeter 

In order to confirm the above results, and to ro-mvestigate the specific 
heat below 5° C , some experiments were performed using a Dewar flask and 
a manganm heating coil These preliminary experiments soon showed, however, 
the impossibility of obtaining accurate data by this method The calorimeter 
had a large water equivalent, which could not be kept constant, and which, 
m addition, rapidly increased with temperature In fact, the variation of 
water equivalent was of the same order as the variation to bo measured , and 
while the continuous flow method is free from this defect, no suitable method 
has yet been found for such a highly viscous liquid as aniline is at these 
temperatures 

The experiments were carried out in the Physics Department of the Imperial 
College of Science under the direction of Prof Callendar, to whom I wish to 
expross my indebtedness for continual advice and encouragement I desire 
also to express my thanks to many colleagues for advice and assistance at 
various times, and particularly to Mr W J Colebrook, the director of the 
physics workshop, for assistance m the construction of the apparatus 

14 Summary 

New measurements have been made on the specific heat of aniline by the 
continuous flow electric method, o\er short ranges of temperature between 
6° and 75° C The rate of change of the specific heat with temperature over 
this range was found to increase with rising temperature Some values have 
also been obtamed below 5° C , but owing to the high viscosity of aniline at 
theso temperatures the results are less certain Great care was exercised 
to use only pure dry aniline, and the minute water content was determined 
m each case 
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The Structure of the Band Spectrum of Helium — IV 

By Prof W E Curtis, D Sc , Armstrong College, Newcastle-upon-Tyne 
(Communicated by Professor T H Havelock, FR 8 - Received December 1, 1927 ) 
1 Introductory 

Since the publication of the last paper in thiB scries* Borne important con- 
tributions to the interpretation of the spectrum have been made, notably by 
Mulliken f In extension of his work on other bands he has proposed electronic 
term designations for all the helium bands published up to the present, and has 
shown that these designations provide an explanation of several characteristic 
features of the bands, such as the absenco of certain branches in some of them, 
and the number of “ missing lines ” in the neighbourhood of the null line of 
each band The identification of the electronic levels renders it possible to 
calculate the positions of certain other bands which should occur, and one of 
these (5S -*■ 2P, ortho-helium family) has since been found by Weizcl and Fucht- 
bauer J They have also recorded a number of bands involving the first vibra- 
tion state of the molecule 

In the present paper it is intended to give details of three new bands which 
have the same final electronic state (2P) as the three which were first investi- 
gated, to discuss then relationships and interpretation, and to derive molecular 
constants for all six bands Before proceeding with this it is desirable briefly 
to outline the changes m notation which are necessitated by the recent advances 
mentioned above The most radical of these is the re-numbering of the fines 
according to Mecke’s suggestion§ that alternate members of all branches are 
mis s in g As this view is now generally accepted by workers in this field, no 
more than a brief summary need be given of the evidence on which it is based 
This is as follows — 

(1) Analogy with other symmetrical molecules, where alternating intensities 
are actually observed (e g , N g + ) 

(2) The molecular constants are brought into better accordance with those 
derived for other molecules In particular, the old value of 0 5 A for the 
nuclear separation seems remarkably small for such an unstable molecule 

• Curtis, ‘ Roy Soe Proo ,’ A, vol 101, p 38 (1922) , vol 103, p 38 (1923) , and vol 
108, p 613 (1926) 

t ‘ Proo Nat Acad Soi vol 12, p 168 (1920) , ' Phys Rev ,’ vol 28, p 1202 (1920) 

J‘Zi Physik,’ vd 44, p 431 (1927) 

s • Phys Zeitschr / vol 20, p 227 (1926) 
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(3) Assuming that alternate lines are missing, Mulliken has been able to account 
quite simply and naturally for the absent lines of low quantum number in 
each band 

(4) Vibration frequencies as actually observed by Wcizel and FUchtbauer 
arc in good agreement with those calculated from the rotation structure, pro- 
vided that alternate lines are supposed missing The previously calculated 
values are double the observed 

It is thus clearly necessary to renumber the lines in accordance with the new 
interpretation This has the further advantage of converting the £ values 
previously found for c into \ values, in agreement with many other band 
spectra 

A further complication which exists in this spectrum ib the doubling of the 
rotation states for all electron levels except the S These are designated A 
and B after Mulliken, and are alternately suppressed The following scheme 
shows which are actually observed — 

S levels, B states only, j - 1, 3, 5, 

P]evcls/ A8tate8<m, *J 1-3,5, 

LB states only, j — 2, 4, 6, 

LB stateH only, j - 3, 5, 

The rotational quantum changes responsible for the emission of the various 
branches are as follows, in the convenient notation of Weizel and Fiichtbauer 
for bands of the subordinate series type — 

Sharp senes, mS -► 2P, e g , XX 6400, 4546 

l 1 ' 0) *- « 0) “ P* 0 + *) 

R 0) = * 0 4 1) - J* 0) 

Q 0) = « 0) - Pa (3) 

Diffuse senes, rnD ->2P, e g , X 57 JO 

P'0) - 40)-ft0 + i) P0) = 40)-i>.0 + i) 

R 0) = 4 0 + 1) — pt 0) R' (j) — d, 0 + i) — p a (j) 

Qi 0) “40) — Pa 0) 0) - d a 0) - Pb ( j ) 

In these formulas small letters have been used for the electron term symbols, 
since P is already in general use to denote the rotational transition j *■] -f 1, 
and the rotational substances are distinguished by suffixes a, b, in order to avoid 
confusion with the B which occurs m the rotation term formula But capital 
letters will hereafter be used when no confusion is likely to arise 
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It ib convenient to retain the symbols P', R' used in previous papers to 
denote branches which extrapolate approximately to the head of the Q branch 
The lines of the P and R branches fall nearly midway between those of the P' 
and R' branches for small values of the rotational quantum numbers 

The rotation terms may be evaluated in the usual way by forming suitable 
combination differences, as shown below 

Sharp series 

Initial term differences Final term differences 

BO) -P'0-1) R(j-l)-F'O) 

**•0 + 1) — *0 — i) -Mi I D-aO-1) 

QO)-P'(j) 

•= Pb 0 + !) - Pa 0) 

Diffuse senes 

Initial term differences Final term differences 

B 0) - P' 0 — !) R0--1)--P'0) 

= d* 0 f- 1) - db 0 - 1) p» 0 -I- 1) - Pb 0 - J) 

Qi 0) — p ' 0) 

= J*0 + 1) -Pa(j) 

B' 0) — P 0 - 1) R'0-i)-r0) 

- d*(] + 1) - d a (j - 1) - Pa(j + i )-a 0- i) 

Q, 0) - p 0) 

+ i) -i>b(j) 

2 The New Bands 

In Table I below the details of the three new bands are given Those of the 
three already published are not repeated, but their numeration nmy be con- 
verted to the new system according to the following scheme, which shows the 
old and new designations of the first observed line in each branch The old 
numeration proceeds by successive integers and the new by alternate integers 

Sharp Diffuse 

Old FI Ql R2 WF2 0,1 Q,1 K2 R'l 

New FI Ql R2 F2 F3 Q,3 Q,2 R2 R'l 

Table II shows the combination differences upon which the interpretation is 
baaed 
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Table I — Details of New Bands 


(a) Band near X 6416 



P' brm 

ich 


<2 brar 

I0h 

RJbranoh 

Int 

A (air) I A 

v (vao ) 

Ini 

A (air) I A 

v (vao ) 

Int 

A (air) I A 

v(vao) 

1 0 

2 

0428 20 

155S1 04 

00 

0416 60 

15580 11 



(16621 8) 

1 1 

4 

40 18 

522 70 

1 

17 12 

79 02 

0 

6388 09 

15048 34 

1 1 

6 

52 7 2 

491 00 

2 

17 06 

70 99 

0 

78 24 

73 98 

7 1 

8 

08 29 

402 04 

2 

10 20 

73 98 

0 

68 32 

98 40 

» l 

78 11 

412 10 

2 

20 82 

70 06 




1 





(66 20) 




3 



0 

25 21 

59 41 




5 

J 



0 

28 03 

62 57 





(6) Band near X 4658 


P' branch 

Q branch 

K branch 

Int 

A (air) I A 

rfvao) 

Int 

A (air) I A 

v (vao ) 

Int 

A (air) I A 

r(vac) 

1 00 

4504 23 

21001 38 


_ 

(21931 6) 




3 1 

4 

70 49 

873 38 

1 

4668 78 

21929 67 

00 

4644 7 2 

21997 41 

5 It 

70 IM> 

842 46 

1 

59 45 

26 34 




0 

7 1 

83 71 

810 10 


00 51 

21 26 

00 

19 86 

22020 96 







00 

36 47 

042 27 

9 1 

90 69 

777 14 

1+ 

61 88 

14 66 




10 









11 2 

97 89 

74 1 04 

1 

63 60 

06 40 




13 


i 


66 68 

890 42 
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Table I — (continued) 


(c) Band near X 5885 




P branch j 

Q branch j 

K' branoh 

1 

Int 

A (air) I.A 

v(vac) 

fnt 

A (air) I A v(vac) 

Int 

A (air) I A 

r(vac) 

1 




Absent 

1* 

5870 78 

17011 41 

2, 

0 f- 

5002 18 

10038 21 





3 





6* | 

70 26 

30 32 

4 

9+ 

16 00 

898 63 





0 





0* 

05 77 

43 30 

0 

10 

31 75 

853 77 





7 





0 

63 13 

51 02 

8 

8+ 

40 23 

804 20 





9 





0 

02 12 

53 96 

10 

4 

68 27 

760 65 





n 





4 

02 08 

52 )4 

12 

2 1 

88 02 

003 72 





13 





4*h 

04 04 

40 03 

14 

1 + 

0010 16 

033 00 




15 





5* + 

07 84 

37 32 

16 

1- 

32 70 

571 75 

i 



17 





1* 1 

72 35 

21 24 

18 

0 

56 19 

507 48 





10 





1* 

77 97 

07 97 


Wave number* in bracket* are c aliulatcd values for lines which fall under strong linos of the 
neighbouring bands Intensities markod * m (c) are unreliable owing to the proximity of the 
helium D, line, A 58711, which u heavily overexposed and accompanied by much fogging Jn 
(a) and (b) the P' branches ha\o already been published as constituents of the bands AA 0400 
and 4548 respoclivoly Since that time it has bcoomo apparent that they do not belong to these 
bands Weieel and FQihtliauer record many of the bnes of (6) with tho exception of the It 
branch, but their numbering of the Q. branch is incorrect 


Tabic II — Combination Differences for Now Bands 


3 

B(H)-P'(i) = 

P»0+1)-P»(j-1) 

Q (j) - P' (j) ’ 

= P» (j + 1) “ P- 

Band (a) 

| Hand (6) 

Band (a) 

| Bund (6) 

3 



50 20 

! 30 10 

5 

155 28 

154 95 

83 03 

83 88 

7 

211 04 

210 65 

111 04 

110 95 

9 

200 10 

265 13 

137 75 

1 17 52 



R'O D-PM-P-Of D-p-O-i 

J 

1 

Band (r) 

| Band A 5730 

2 

73 20 

73 34 

4 

131 09 

131 64 

0 

189 50 

180 53 

8 

240 70 

246 60 

10 

303 31 

303 20 

12 

358 02 

358 61 

14 

412 73 

412 80 

10 

465 57 

465 57 


VOL. oxvm — A 
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3 Interpretation of the New Bands 

(a) and (6) — It is evident from the similarity of structure that these must 
be closely associated with the neighbouring strong bands XX 6400 (IS -> 2P) 
and 4546 (4S -*■ 2P), yet the absence of combination relationships with these 
shows that they have no state in (ommon with them It Beemed probable 
that in each case the weak band was due to the vibration transition 1 -> 1, 
the strong band arising from the vibrationless molecule, as already concluded 
by me This view was supported by the relations between the molecular 
constants (sec below) derived from the term differences for each band,* and 
has recently been confirmed by the recognition by Wctrel and Fiichtbauer of 
a number of other weak I > 1 bands similarly situated with respect to the 
0 0 bands arising from the same electron transition For ronveniencc of 

description we may thus designate the bands (a) and (h) as 3S (1) -*2P (1) and 
4S(1) ► ‘2P (1) respectively, the bracketed figures indicating vibrational 
quantum numbers (apart from the £ which should probably be added to each 
according to the latest theoretical developments) 

(c) — The combination result indicate s that the final state is identical with 
that of the R'P branches of X 5730, t ( , 2P A (0) In view of the strength of 
the band the initial state must also be vibrationless, but its electronic designa- 
tion is uncertain at present The evidence derived from the molecular con- 
stants is discussed later It should be mentioned that the absence of a Q 
branch renders it impossible to determine dim tly wh< ther the two branches 
should be designated 1VP or RP' The former view is probably th( correct 
one, as will appear later 

4 The Molecular Constants 

From an analysis of the rotational structure of a band we may derive the 
moments of inertia of the molecule m its initial and final states, and also, if the 
measurements are sufficiently accurate and extensive, corresponding values of 
the vibration frequency But the precise values obtained depend upon the 
formula employed, and it is not quite certain which of the various types is to 
be preferred In III it was shown that the terms could be represented with 
great accuracy by the expression, due to Kratzer.t B (»i — e) a — (i (m — e) 4 
For the main (principal) senes of doublet bands the value of c appeared to be 
exactly £ for the common final (2S) state ami for the initial (3P to 10P) A states , 

* The results were not published at the time, but were communicated pmately to Prof 
Birgc and included in the Report of Molecular bpoctra in Gases ’ (p 207) 
t‘Z f Physik,’ vol 3, p 280 (1920) 
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for the initial B states it showed a marked decrease m going from 3P (s = J) 
to 8P (s = 0 14) Similar calculations were carried through by least square 
methods for the present bands, including XX 6400, 464b, 57.10, the term values 
of which had not previously been obtained except approximately by Krat/.er * 
It was found that e = J for the common final state s 2P* anil 2P„ and for the 
38 initial state , for the other initial states appreciable deviations from | 
existed The actual values obtained for B, p and s ire given in Table III 


Table III — Term Constants for Bands having Common Final State 2P 


29 34 is 
29 2441 
28 0225 
28 7402 
2'i 901 « 
JO 5503 
20 4910 
28 0097 
28 7799 
28 145 
27 8107 


)\ Ui i ultra tin initial Ktuto «{ band (< ), A 5885 


H 

-i 

(-1 

I 0 2011 
-0 207") 
+0 2727 
-0 2381 
fO 2055 
-0 2475 
+0 2004 
+0 2594 


According to the new interpretation and notation (m _fc \) is to be replaced 
by (j + J), where odd values of j correspond to — J anil ovi u values to J- 1 
The term values may be represented by means of an expression of the form 
B {(] + * - p)* - o*} - p{(j + i ~ P) a - a*}* 

Here p is only ri quired when c tlejiarts appreciably from the exact J value, and 
is always small for the bands considered here a represents the component 
(ah/2n) of electronic angular momentum parallel to the internuclear axis, and 
takes the values 0 for hS states, 1 for 1 P states and 2 Tor 'D states B and p 
have the same significance as before, but will be respectively about J and ^ 
as large as before To evaluate them with the utmost attainable accuracy 
it would have been necessary to carry through a completely fresh set of calcu- 
lations In view of the labour involved m this the new constants were derived 
from the old by means of the relations p = p/16 and B - B/4 — 2 Per, where 
6 and p are the old values Also the approximate p values are (2s — for e 
positive and (2e -f J) for c negative The results for B and r 0 (the inter-nuclear 
distance) aro probably accurate to within 0 1 per cent or so, but p and p are 
* Ibtd , vol 16, p 353 (1924) 
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more difficult to determine, and may bo considerably m error for the more 
excited states, since their evaluation depends upon the magnitude of a small 
deviation from the quadratic term formula Hence tho values of o> 0 (2-y/B 3 /p) 
are also somewhat uncertain in these cases 
Tho constants relating to tho electronic states 2S, 3P, 4P are recalculations 
by Mulliken from the values published by mo in 1925 The remainder are 
new 

Table IV — Molecular Constants for “ Orthohelium Bands ” 



State 

b a b b 

Pa Pn 

/V 10* ;S B xlO* 

"* 

r.(AU) 

A B 


2S 

7 58U 

0 

5 52 

1780 

1 060 


38 

7 231 

0 

5 29 

1092 

1 074 


48 

7 187 

| 0 0282 

5 94 

1580 

1 077 


2P 

7 334 7 310 

0 0 

6 201 5 125 

1744 

1 066 1 068 

n — 0- 

3P 

7 175 7 102 

0 003 0 

5 17 5 01 

169U 

1 081 1 086 


4P 

7 140 0 900 

0 005 0 

5 32 4 48 

1700 

1 084 1 098 


3D 

7 491 7 633 

-0 0270 +0 0454 

8 12 7 22 

1505 

1 055 1 045 


3X 

0 623 

+0 0238 

2 05 

2382 

1 122 

r 

3£> 

7 036 

+0 0208 

6 45 

1473 

1 089 


48 

0 953 

H 0 0188 

7 88 

1308 

1 095 

» - M 







1 

2P 

7 166 7 094 

+0 0310 +0 0050 

0 93 4 86 

1685 

1 079 1 084 


5 Discussiem of Results 

The constants show in tho main tho kind of variation to be expected For 
example, in each sequence the nuclear separation r 0 increases with the degree 
of excitation, whilst at the same time the vibration frequency <o 0 diminishes, 
indicating a diminution in tho strength of tho binding A similar effect on the 
molecule is produced by the development of nuclear vibration Thus the 
increase in r 0 due to vibration is 0 013, 0 015, 0 015 and 0^ 018 A U for the 
2P a , 2P„, 3S and 48 states respectively In the non-vibrating 38 and 3P 
states there is little difference in r 0 and co 0 , but in tho 3D state r 0 is distinctly 
smaller, whilst co 0 is considerably smaller It is true that the latter value is 
somewhat uncertain owing to tho presence of a p, but the small value of r 0 
is quite definitely established, and is responsible for the fact that X5730 is 
degraded m tho opposite direction to that of all the other bands 
It has been mentioned that the tabulated values of q 0 are somewhat uncertain, 
particularly when a p exists More reliable values may probably be obtained 
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by making use of the separation of the (0, 0) and (1,1) bands arising from the 
same electron transition Denoting the respective values of v 0 bv v 0 and v A> 

for X 6400, v 0 — — 3S + 2P, 

and for (a), v t - — 3S + to, + 2P — w p approximately, 
where u, and are the vibiation fri queneies in the 3S and 2P states Hence 

Now co r is probably betti r determined than to,, since it is di rived from many 
more observations involving three separate bands and both A and B sub-states, 
whereas to, is denvt d from only one band and involves only B sub-states We 
Bhall therefore take the tabulated value of to 0 for the 21* state, i e 1744, as our 
starting point The values of v 0 and v, are is follows* — 

Vq 3S (0) -2P(0), 15021 4S (0) >2P (0), 21904 

V| 3S (1) ->-2P (l), 15581 4S (1) <■ 2P (1), 21932 

Whente t.>„ — to, - 4i 62 

and therefore <o 0 — 1701 for 3S and 1682 for 4S 
These values inspire more confidence than those tabulated, for they corre- 
spond mut h more closely with the 1 0 values They also obtain support from 
the fact that the y yield an almost c onstant valuo of to 0 /B for the 2S, IS and 4S 
states, namely, 234 5, 235 2 and 23d 0 respectively This corresponds to the 
approximate < onstancy of Iw 0 for molecules of similar constitution, first noted 
bv Met he (see ‘ R< port,’ p 231) but is much more nearlj exact It is there- 
fori of interest to si e whether a simil ir relal ion holds for the P sequence The 
w 0 values for 3r, 4P etc , were determined directly by Wci/tl and Piichtbauer, 
init they made no observations relating to the 2P state By comparison of 
their values for 3P and 2S (1643 ami 1732) with the calculated ones given in 
Table IV (1690 and 1780) it apjiears that tin latter are respectively 47 and 48 
too high In order to get a 2P value comparabk with theirs wo mnj accord- 
ingly subtract 48 from tho calculated value 1744, which gives 1696 The results 
are then as follows — 


State 

w« 

w o/B 

2P 

1696 

231 b 

3P 

1643 

230 1 

4P 

1628 

230 8 

6P 

1624 

234 7 

7P 

1622 

235 8 


* Omitting Mulliken’g Bv* term, which would not affect this result 
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The agreement is not particularly good, but it should be noted that a com- 
plication exists here, m that the P states are all double, each having two B 
values B„ decreases much more rapidly than B A as the electronic quantum 
number increases, but the average of the two has been used above It appears 
from the manner in which Weirel and Fdchtbauer derive o> 0 that it must refer 
to the B states, but the difference between the A and B values is not likely 
to be appreciable On the whole the evidence does not point to an exact pro- 
portionality between o 0 and B for the P sequence 
Taking to 0/u as about 235 wo obtain for the produi t lct> 0 the value 6500 x 
10~ 40 , which is of the order of magnitude characteristic of the hydndo group of 
molecules (cj A1H, C080 , Cull, 6800 , AgH, 7120 , AuH, 8410) This affords 
further support to Lena’s suggestion* that th< structure of the helium molecule 
is generally similar to that of the hydrogen molecule In this connection it 
is worthy of note that Richardson has shownf that the electronic states of the 
hydrogen molecule run closely parallel to those of the helium atom, whilst 
Mulhken has established a similar correspondence between the helium molecule 
and atom, so that again we are led to the recognition of an essential similarity 
of structure in the case of these two molecules 
The rotational doubling doeB not affect only the rotation terms, but may have 
an influence also on the electronic terms, as is particularly dear in the case of 
the initial state 3D of the band X 5730 The six branches yield two distinct 
values of v 0 , as will be seen by reference to Table V, which gives the values 
derived from each line by using the terra values calculated from the constants 
of Table III At the same time the figures will serve to indicate the order of 
accuracy to which the experimental results are capable of representation by 
these formulae 

The Hix mean values of v 0 clearly fall into two sets, one derived from the 
P'QjR branches and having a mean value 17438 21 and the other from the 
PQjR' branches and having a mean value 17435 98 The P'QjR branches 
have the initial state D B m common and the PQ a R' the initial state D A , so 
that we conclude that the electron term for the 3D A state exceeds that for the 
3D„ state by about 2 23 cm _1 There is no such marked similarity of the 
values associated with the same final state, J so that the separation of the A and 
B values of v 0 must be inappreciable in the 2P state But a similar difference 

* ‘ Verh d D Phya Gen vol 21, p 632 (1919) 
t ‘ Roy 8oc Proc ,’ A, vol 113, p 400 (1926) 

J But there is perhaps an indication of a similar effect in the fact that the values associated 
with the Pji state are all higher than those associated with the P k state 
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Table V —Values of v 0 derived from each Line of Band A 5730 



makes its appearance for higher terms of the P sequence, as has been established 
in III (p 530) from a study of the “ mam ” (principal) senes of doublets Hero 
again the electronic term is larger for the A state, the difference ranging from 
0 14 for 3P to 4 14 for 8P It thus appears probable that in general an elec- 
tronic energy difference between the A and B sub-states develops with increase 
of excitation 

The precise significance of the duplication of the rotation levels is at present 
obscure, although we may surmise that it refers to the two opposite senses of 
the electronic angular momentum The rules of combination for the rotation 
terms are most conveniently summarised, as Wei7el and Fuchtbauer have 
suggested, by assigning quantum numbers t to them, such that i* — » B = ± 1 
The observed brant hes an then represented by the condition that Aj| + At 
- ± 1 This means that P and R branches result from A -*■ A or B > B 
transitions and Q from A-'B or B -* A (so-called crossing-over property of 
Q branches) On this notation the j values which actually occur are as stated 
in Section 1 The scheme there given is Tat-her a complex one, and it is natural 
to enquire whether it could be simplified by changing the notation This lb in 
fact the case, for if we were to interchange the A and B labels in the P states 
we should be able to say that only the even A sub-states and the odd B sub- 
states are present This would, of course, involve a restatement of the com- 

bination rule, thus — 

A -> A or B > B transitions give Q branches, and 

A -*■ B or B > A transitions give P and R brant hes 

Apart from evidence to be obtained from other spectra, there is internal 
evidence against such an interpretation, since it would render permissible the 
occurrence of 8 -> 8 and P->P electron transitions, which are impossible on 
the first scheme and which are not in fact observed There might, of course, 
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be some other cause inhibiting thorn, but so far as the evidence goes it certainly 
points to the essential correctness of Mulliken’s scheme At the same time 
it should be remarked that this rests on a somewhat arbitrary basis m the case 
of the helium bands, since the criterion he employs, namely, that P A (j) -> F B (]), 
lacks definiteness for the 3D (0) and 21’ (1) levels, the two term sequences cross- 
ing over as shown by the figures below — 

31) rotation terms, calculated valm s 

j 2 4 6 8 10 12 14 

A 47 84 153 .12 317 94 540 87 820 9*2 1150 51 1540 11 

B 46 00 151 21 317 02 542 34 826 33 1167 52 1564 57 

2P (1) rotation terms calculated values 

j 3 5 7 9 

A 86 15 2B 76 397 69 637 08 

B 86 59 211 79 397 02 635 37 

The criterion suggested is thus not satisfactory, although in all the vibration- 
lcss P states F A (j) is consistently larger than F„ (j) It is probable that a more 
satisfactory method of distinguishing the two states could be based on the 
effects upon them of increasing excitation, viz — 

(1) The electronic term value becomes greater for A than for B, as mentioned 
above , and 

(2) The moment of inertia for the A state remains almost constant, whilst 
that for the B state increases rather rapidlj If further terms of the D sequence 
can be observed, it should be possible to reach a pretty definite conclusion on 
this point The next band, 4D ->-2P, ought to be quite strong enough to be 
detected on the author’s grating plates, but its expected position, about X 4400, 
falls m a < omplex region, so that it is not easily recognisable A systematic 
analysis of the whole band spectrum is now in progress, and should lead to its 
identification 

In conclusion, the question of the electron transition associated with the band 
(e), X5885, callH for some consideration As mentioned previously, the two 
observed branches may be interpreted as R'P or RF, according to whether the 
2P electron state is regarded as the final or initial state respectively The 
former assumption leads to an effective initial quantum number 2 96 and the 
latter to an effective final quantum number 1 54 Having regard to the effective 
quantum numbers derived from the other electron terms of this spectrum, 
which all have approximately integral values, it seems much more likely that 
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the former interpretation is the correct one We may thus designate the band 
sb 3X -*■ 2P, and Binco the final states are 2P A the initial states are presumably 
3X a , accepting the convention that RP branches do not “ cross over ” The 
absence of the X„ levels suggests that the initial state is of the S type (but 
with B levels suppressed instead of A as usually), but the absenw of the Q 
branch, 3X A -*- 2P„ remains unexplained The nature of the hypothetical 
new S level is also obscure, since there is no place for such a level m Mulliken’s 
term scheme It is close to tlie 3P initial level of the “ parhehum ” band 
X 5130, but is not identical with it, since the initial term differences arc not m 
agreement The 38 “ parhehum ” term (of the band spectrum) has not yet 
been isolated, but the < ffoctive quantum niunbi r of 2S is 1 853, so that it is 
very unlikely that for 38 it could be so high as 2 96 We may hope that further 
evidence will be forthcoming as the risult of a search for tho next mimber 
4X > 2P, but this again will probably fall in a region rich in lines (about X 4440) 
and will not be easy to disentangle Apart from its electronic configuration the 
3X state is somewhat rein irkahle in comparison with the S, P and D, in that 
the nuclear vibration frequency comes out abnormally large, whilst the nuclear 
separation is also large, whereas these two quantities usually vary in an inverse 
sense In other words, the product lco 0 (9900) for this state is considerably 
greater than for tho other states ((>500), indicating that w e have to do with a 
distinctly different molecular structure 

Summary 

Details are given of threo new helium bands which have the fanal electronic 
level 2P in common Two of them are due to the vibrational transition 1 -> 1, 
the initial electronic levels being 3S and 48 The other has an initial electronic 
level of effective quantum number 2 96, but its term typo is uncertain, as it 
does not appear to lit into the general scheme of electronic levels The rotation 
terms have been accurately evaluated for the three new bands and for three 
others previously described which also have the final level 2P The molecular 
constants are thence determined and their relations considered New evidence 
is presented which favours the view that the helium and hydrogen molecules 
are structurally similar The question of a suitable criterion for distinguishing 
between the A and B rotational sub-states is discussed in the bght of tho new 
data 
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The Kinetics of the Combination of Hydrogen and Oxygen 

Bv (’ N Htnhhfiwood, and II W Thompson 

(Communicated by Sir Harold Hartley, FRR — Received December 1, 1927 ) 
Introduction 

Although then are few gaseous reunions of mori fundamental interest than 
the union of hydrogen and oxygen, it ran hardly lie said that the kinetics of 
this combination are at all completely understood Many investigations have 
been made of the catalytic real turn which occurs in contact with various surfaces, 
and of the phenomena accompanying the production of flame or explosion m 
the gas Tattle is known about the conditions governing the rate of the actual 
chemical change m the gas phase, because although flames and explosions depend 
very much upon these they are determined by a gre at many other factors as 
well 

In 1899 Bodenstein,* following up some work initiated by Victor Meyer, 
made a long series of experiments by streaming mixtures of the two gases 
through porcelain vessels, heated to a constant temperature, and then analysing 
the products lie came to the conclusion that the reaction is of the third 
order, following the equation d [H 2 Oj/cft — I [IIJ 8 [0 2 ] Since the rate of 
combination was very different m different vessels, he inferred that the reaction 
was taking place almost entirely on the surface of the vessel 

Bone and Wheeler, f by circulating the gases at lower temperatures for long 
periods, measured the rate of slow surface combination in contact with various 
materials, including porcelain, and found that under these conditions the reaction 
was of the first order 

Comparing these results with those of Bodenstein, the natural conclusion 
would be that at the lower temperatures the porcelain surface is relatively 
thickly covered with adsorbed molecules, so that pressure has a comparatively 
small effect on the reaction, thus giving an apparent order of unity With 
increasing temperature the adsorption diminishes and ultimately becomes small 
enough for the chance that two molecules of hydrogen and one of oxygen 
should find themselves m juxtaposition on the surface to be proportional to 
the concentration product [H 2 ] s [O s ] in the gas phase 

♦ ‘ Z physikal Cbcm vol 29, p 665 (1899) 
t ‘ Phil Trans A, vo! 206, p 1 (1906) 
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Rowe,* however, suggested that Bodcnstem’s third order reaction really 
took place more in the gas phase than Bodenstem had supposed He earned 
out experiments of a similar kind, but diluted the gases with steam and worked 
over a wider range of temperature He concluded that the constants of a third- 
order velocity equation became more regular w ith increasing temperature , 
but under no circumstances were the constants satisfactory 

Neither Rowe nor Bodenstem refer to any influence of the concentration of 
the steam on the course of the reaction With regard to this point, Baker 
showed that dried hydrogen and oxygen were less nady to explode than the 
moist gases, although catalytic < ombination on the surface of a heated silvi r 
wire proceeded rapidly whether the gases were initially dry or not H B 
Dixonf showed, however, that the dried gases would always explode if heated 
rapidly, the failure to explode when a silver wiTe was slowly heated m the 
gases being due to the secondary cause that the wire becami entirely surrounded 
by steam from the catalytic reaction before it was hot enough to initiate the 
explosion 

It is difficult from experiments on explosions to derive very definite con- 
clusions about the kinetics of the isothermal chemical change Experiments 
made at constant temperature by the streaming method suffer from the dis- 
advantage that the whole course of the reaction cannot be followed id a given 
experiment This is a particularly serious drawback when rather erratic 
catalytic influences are involved In the particular reaction with which we 
are dealing, the streaming method turns out to be exceptionally unsuitable 
for a reason which will become apparent when the results of the present 
investigation have been described 

Wo hoped to obtain more definite information about the gaseous reaction 
between hydrogen and oxygen by using a static method, and examining the 
whole course of the reaction at constant temperature and volume, and carrying 
out the experiments over a range of toinjierature from tho region where the 
reaction is undoubtedly a heterogeneous surface reaction up as nearly as possible 
to the explosion point, where there can be no question that changes m the gas 
phase occur Results of great interest are found in tho last 40 degrees of this 
range 

Expenmmtal Method 

The apparatus was essentially that desinbed m forimr papers on the rate 

* ‘Z physikftl Them \ol TO p 41 (1907) 
t ‘ J Chom Soc vol 97, p 0«1 (1010) 
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of gaseous reactions * The reaction chamber was a silica bulb of about 200 c c 
capacity, connected by capillary tubes to gas holders containing pure hydrogen 
and pure oxygen, and to a high vacuum pump The bulb was heated by an 
electric furnace the temperature of which was measured by a platinum-rhodium 
thermocouple, and could be kept constant to within a degree The progress 
of the reaction was indicated by the rise of mercury m a capillary manometer 
The silica part of the apparatus v as attached to the rest by means of a finely 
ground flange clamped to a similur glass flange In order to prevent condensa- 
tion of water m the parts of the apparatus projecting from the furnace, the 
capillaries and flanges were kept at 80°-90° C by electrically heated wire 
Some means of lubricating the flanges had to be found, and the use of sealing 
wux proved very satisfactory, since at 80° it is soft without running A thm 
layer of it round the outer edg< s of the flanges ensured that the joint hold a 
vacuum perfectly for dajs 

Long i xperieuce with this tvpe of ipparatus has shown that definite, repro- 
ducible rate me asurements can l>e made w ltli rea< Lons which are over m periods 
as Hhort as '10 seconds It should be mentioned that thermal equilibrium 
between the bulb and a cold gas admitted to it is establish! d in less and poHBibly 
much less thau 2 seconds W lion cold air is let into the red*hot bulb something 
of the order of h\ e calories arc exchanged bf tween the bulb and the gas m less 
than 2 seconds , m the e\penm< nts on the combination of hydrogen and 
oxj gen the rate at which the heat of reaction was liberated never exceeded 
about a quarter of a (alone per second, even in the fastest Wo are justified, 
th( reforc, m regarding the conditions of the experiments as isothermal 

Diffusion of hydrogen through tlio silica was shown directly to be too small 
to influence the results in an} way 

The Low-mder Surface Reaction 

At temperatures below or not muc h above 500° C , the reaction was found to 
be approximately of the first order, in complete agreement with the results of 
Bone and Wheeler It was very much accelerated by the presence of powdered 
silica m the bulb, and somewhat retarded by the presence of steam For the 
present purpose these results are onlv of importance in so far as they allow the 
surface reaction id silica vessels to be characterised and thus distinguished 
from theqmte different kind of reaction which supervenes at higher temperatures 
Some results typical of many arc given below 


*‘J Chem Soo,’ vol 126, p 303(1024), ‘Roy Soc Proc ,’ A, vol 111, p 246(1026) 
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It should be mentioned that, throughout this investigation, whenever the 
effect of varying any condition was to be determined, the first and third experi- 
ments of a series wore made under identical conditions and the second under 
different conditions, tho average of the first and third being compared with 
the second Alternatively, the experiments of a long senes were made m a 
random order These precautions were taken to guard against systematic 
variations in tho catalytic activity 


The Hujh-order Gat Reaction 

With increasing temperature a remarkable change in the nature of the pre- 
dominating reaction takes place The reaction which comes into prominence 
is characterised by (a) extreme «ensitiveness to pressure, that is high order , 
(6) a marked autocatalysis by steam , (c) greatly diminished dej>endence on the 
extent of the surface 

The remarkable influence of pressure is shown by the following results, 
typical of many 
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Time for 
SO per oent 
combination 


1' 46' 

7' 48' 
19' 17' 
30' 36' 
43' and 44' 


6' 61' 
19' 43' 
102' 

3' 10' 
7' 0' 
30' 0’ 


Temperature 


A definite order cannot be assigntd to the reaction since the apparent order 
tends to increase with pressure and with temperature But on the average 
the influence of pressure bctwem ‘D40° and 500° is not far removed from that 
which would be characteristic of a reaction of the fourth order No other gas 
reaction is known in which pressure has so marked an influence To take an 
extreme case, the first set of results in the above table give, when the logarithms 
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of the times are plotted against the logarithms of the pressures, a curve to which 
tangents at the extreme points can be drawn and arc found to correspond to 
an order increasing from 2 6 to 7 1 Here there is still a little of the lirst order 
reaction at the lower pressures and possibly a little heating at the highest 
pressure, which corresponds to the most rapid rate m any experiment made 
The three results next quoted gives an order varjmg between 3 0 and 1 5 
A similar series, not quoted, gave an average order of 4 4 , and the last three 
results m the table are consistent with an almost constant order of 4 3 
By measuring the initial rate of reaction an attempt was made to find the 
separate effects of the pressure of hydrogen and of oxygen respei tivclv 


Bulb 

Temperature 

IH | 

[0,] 

Turn for 5 mm 
Hg prc«uro 
change at the 

Ik ginning of 
the reaction 

1 

6411 

loo 

loo 

41" 



300 

1 200 

10' 



300 

100 

10' 



200 

; loo 

r 2o' 



200 

200 

45' 



200 

100 

1 45' 



200 

100 

2 2‘2’ 



i 100 

100 

52’ 



400 

100 

20' 


At this point m the investigation the results tended to be a little erratic as 
will be seen from some of the duplicates given above , but m spite of this it is 
quite clear that the rate is roughly proportional to the square of the pressure 
of the hydrogen and rather less affected by the pressure of the oxygen 
The reaction is strongly autocatalytic as shown by the following detailed 
results, which give the whole course of the rcuctiom 
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Bulb 2 549° C 324 mm H 2 , 202 mm 0 2 


Time 

Total change in 

Tune for Buecetnve 


pressure 

10 nun change* 

( 

* 

At 

0 

0 


66' 

10 

65' 

r 26* 

20 

30* 

V 66* 

30 

30' 

2' 23' 

40 

28' 

3' 16' 

HO 

2 x 26' 

3' 44' 

70 

20' 

4' 16' 

80 

31' 

4' 62' 

90 

37' 

6 36' 

100 

43' 

6 40* 

110 

65' 

11'30' 

130 

2 X 145' 

42' 0' 

151 


80' 0' 

15H 


127' 0' 

160 


« (isle ) 

162 




Tho autocatalysia ib very marked, smce the rate of reaction actually increases 
in spite of the very great retarding effect of the diminishing concentrations of 
hydrogen and oxygen It is to be noted that the last experiment given above 
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is quite a slow one This, and numerous others, show that the autocatalysis 
is not merely apparent and due to a gradual increase in the temperature of the 
system resulting frota the liberation of the heat of reaction 
The “ initial rates ” given in an earlier table were taken arbitrarily at the 
stage of nearly constant speed near thi beginning of the reaction all refer to 
a constant steam concentration 


To confirm the unavoidable conclusion that tho autocatalysis is duo to the 
steam, a number of experiments were made in which steam was present initially 
Some typical results are shown in lig 2 



The following are two consecutive experiments, one made with steam initially 
present, the other without 


549° C 200 H tf 09 0 
initially 

t 88 mm H,0 

649° C 109 H t , 97 O, No steam 
initially 

t 


1 

* 

48' 

10 

2' 6' 

5 

1' 30* 

20 

3' 36' 

10 

2' 26' 

1 30 

4' 30' 

10 

S' 28' 

40 

6' 46' 

20 

4' 60* 

80 

7' 8' 

26 

8' 85' 

60 

8' 36' 

30 

IS' O' 

70 

10' 15' 

35 
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Influence of the Surface 

There can be no doubt that from about 520°~530° a reaction comes into 
prominence which is of a quite different character from the low temperature 
heterogeneous reaction A i hanged character might result from the gradual 
thinning out of the layer of adsorbed molecules, whereby the chance of suitable 
molecular configurations becomes proportional to a high power of the concen- 
tration m the gas phase But the appearance of a marked catalytic effect of 
steam could not be accounted for in this way Moreover it is significant that 
this change m the nature of the reaction only comes about as the explosion 
temperature is approached It is much more probable that the new reaction 
takes place in the gas phase This supposition is confirmed by a comparison 
of the effect of added sdicu powder to the bulb at different temperatures and 
pressures 


Bulb 

Temperature 

| Procure of 

Ratio of rate with 

’C 

H, and 0, 

silica to rate without 

1 

007 

325/202 

22 


047 

400/280 

0 9 



325/200 

1 8 



100/100 

8 5 


-567 

325/200 

0 5 



240/150 

100/100 

about 1 

1 3 


Nevertheless the reaction does not become quite as independent of the 
surface as this would at first sight indicate Even in this region of “ homogene- 
ous ” combination the rate of reaction varies quite considerably from bulb to 
bulb, and, m a given bulb, with time and previous treatment This points to 
the fact that certain catalytic influences are still at work A few examples, 
chosen from a period when the bulb had reached a rather “ unsteady ” state, 
will illustrate this 


Order 

of 

experiment 

Temperature 

°C 

H, 

0 * l 

Time for 

50 per cent 
combination* 

Remark* 


547 

321 

102 

204 

107 

19' 43' \ 
102' 0' / 

Early experiments 

(*> 

(1) 

(3) 

(6) 

(7) 

(«) 

(2) 

049 

321 

212 

244 

240 

240 

101 

121 

201 

151 

147 

140 

103 

108 

81 

3' 20* 

11' 40' 'l 

12' 0' l 

O' 5' r 
13' 6' J 
27' 40' 

70' 30* 

After long use , several 
week* heating at 500°- 
000°, di* mantling and 
boiling out with ohro 
rale acid 


This was the most extreme case met with 
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An explanation of these rather curious facts is provided by a further examina- 
tion of the influence of powdered silica, w hich at still higher temperatures actually 
produces a considerable slowing down m the rate of reaction 
In neither of the two empty bulbs could any experiments be carried out at 
temperatures much above 575°* When, however, a bulb was packed about 
half full of powdered silica it was still possible to carry out experiments at 
601° although not at G0b° 

Two factors thus appear to be at w ork one causing an acceleration of the 
surface reaction, the other an inhibition of the gas reaction 

Since the conditions inside the bulb containing powdered silica were not very 
uniform, two special bulbs were procured of about 1 50 c c capacity and com 
pletely packed with spherical sibca beads about lem in diameter In each of 
these the reaction proceeded with extreme slowness at temperatures far above 
that at which explomon would have occurred in an empty bulb The following 
is an example 


648° C 200 mm H, 129 0, 


540’ C 203 mm H, , 108 mm O, 


I Ft r vent combined 


8' 20' 
19' 0* 
29' O' 
92' 0' 


20 

3J 

4fi 

81 


combined 


2' 60' 
10' 15' 
18' 16' 
34' 30' 
68' 0' 


Even at 700° C under these conditions the high order, autocatalytic reaction 
did not come into prominence 


* The range of possible measurement was limited in twodistwot ways At higher pressures 
the mixed gases exploded a second or so after mixing, the rate of evolution of heat in the 
interior of the mixture being so great that the conditions ceased to be isothermal At 
lower pressures, when the reaction velocity in the mixed gases is muoh smaller, it might be 
supposed that measurements could still be made The tendency of a jet of oxygen to 
inflame at the point where it enters an atmosphere of hydrogen increases os the pressure of 
hydrogen diminishes (Dixon, ‘ Mem and Proc Manchester Lit and Phil boo ,’ vol 70, 
p 29 (1920) ) This is evidently due to variation m the heat conducting power of the 
nuxvure, and places a limit on the low pressure side to the experiments which can be mado 
at high temperatures Under the conditions of the present investigations measurement 
at high and low pressures ceased to be possible at about the same temperature If hydrogen 
was streamed into oxygen, low pressure experiments became impossible from this cause 
at a lower temperature than if tho mixing were attempted in the reverse order 
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The Temperature Coefficient 

The temperature coefficient of the surface reaction is low The following 
are typical results — 

Bulb 2 — Increase in rate for 10° C over the range 470°-510° l 32 

Bulb 1 (containing powdered silica) -Increase for 10° C over the 
range 500°- 540° (low pressures) 1 22 

The value for the gas reaction is not easy to specify, as it vanes somewhat 
with pressure and temperature, tending to increase with both 
In bulb 1, for example, the temperature coefficient over the range 547° - 
567° is 3 3 for 10° for a pressure of 320 mm H s and 160 mm O a , and is only 
1 6 for a pressure of 160/100 
The following aro somo typical results for bulb 2 — 


633 200 i 100 

654 200 | 100 

533 400 1 200 

664 400 200 



The figure (3) shows the logarithm of the time of half change for initial 
pressures 200/100 in bulb 2 plotted against the reciprocal of the absolute 
temperature m the usual way In a simple reaction of unchanging character 



Fig 3 
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a straight line would be obtained The slope vanes from that corresponding 
to a temperature coefficient of 1 3 for 10° m the region of surface reaction 
to that represented by the steeper dotted line at 570°, where the coefficient 
is 3 2 

Obviously it is not possible to calculate the value of the energy of activation 
for this reaction snu e the actual velocity is determined by a process much more 
complex than the initial activation of the molecules Taking a tangent to the 
curve at a given temperature anil calculating from this the energy of activation 
corresponding would for the same reason lie an inadmissible procedure 

Discussion 

The high-order reaction which comes into prominence within about 60° 
of the explosion temperature must take place in the gas The increase in the 
order alone could be explained by assuming the adsorption of the oxygen and 
hydrogen to diminiah with temperature in a suitable way, but this assumption 
would require the temperature coefficient of the reaction velocity to bocoine 
lower rather than higher, and could not explain the autocataljsis by steam nor 
the disappearance of the positive catalytic effect of the surface 
The influence of the various concentrations suggests that some such complex 
as 2H 8 | O s | H s O plays some part in a senes of changes, but it is hardly possible 
to infer its exact composition Moreover, activated molecules of hydrogen 
peroxide may lie formed and may act catalytically 
Egerton and Gates* have put forward the theory that in the rapid com- 
bustion of hydrocarbons autocatalysts are formed, and that these are rapidly 
destroyed by certain substancis, which thus act as negative catalysts for the 
combustion itself, and behave as “ anti knocks ” m an exploding mixture 
There is a suggestive similarity between the negative catalysis of hydro- 
carbon combustion and the retarding action of the surface on the union of 
hydrogen and oxygen If the autocatalyst, which for the saki of a definite 
picture we may provisionally call hydrogen peroxide, is rapidly destroyed by a 
heterogeneous reaction, the whole course of the combination will be retarded 
Another factor has also to be taken into account The reaction is a highly 
exothorraio one Each pair of steam molecules which ere formed have between 
them an excess energy equivalent to well over 100,000 calories, and thus may 
possibly Bet up what Christiansen calls a chain reaction by activating fresh 
molecules which they encounter Such a chain would be interrupted when any 

* * J Inst Petroleum Technol vol 13, p 281 (1827) 
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of (he highly activated molecules collided with the walls of the vessel, since the 
time of relaxation m such a collision is extremely small, and molecules 
rebounding from a solid, surface are, m general, in thermal equilibrium with it 
The smaller the free space in the reaction bulb the shorter will be the 
reaction chains, and the much smaller rate m the packed vessel could thus be 
accounted for 

These two possible explanations arc not mutually exclusive, since the auto- 
catalyst, which wo have referred to as hydrogen peroxide, is probably only 
capable of existence in an activated form 

The reaction cham hypothesis has two things in its favour First, it is con- 
sistent with other work* on negative catalyms m general Secondly, it is 
inherently probable since the exass energy possessed by the steam molecules 
is just of the order of magnitude of heats of activation for reactions taking place 
in the region of 500°- G00° C It has moreover the advantage of giving a picture 
of a continuous transition from the region of slow reaction to the region of 
explosion At the lowest temperatures the reaction is entirely confined to the 
surface, and we have complete thermal equilibrium As the temperature 
increases reaction centres appear in the gas, or at the surface, whence chains 
pass through the gas When the gas reaction first becones appreciable there 
are probably many unfruitful encounters which may terminate a cham, but the 
proportion is like ly to diminish with increasing temperature The system ceases 
to be in thermal equilibrium in the sense that the heat of reaction makes each 
new steam molecule a potential source of further reaction, but it remains 
isothermal m the sense that the unreacted gases and all but the freshly generated 
steam have energies in accordance with Maxwell’s law at the temperature of 
the walls of the reaction chamber At lust a point is reached where the rate of 
production of energy in the system is so great that even the unreacted gas no 
longer remains m thermal equilibrium with the vessel, and inflammation occurs 
The large and complex variation of the reaction velocity with temperature and 
pressure is thus understandable 

A more detailed investigation may render possible the determination of 
the energy of activation, the length of the reaction chains and the fruitfulness 
of collisions at different temperatures To this end an examination is being 
made of the combination of hydrogen and oxygen in a porcelain bulb, with 
which more accurate results are obtainable A comparison of the two 

* Christiansen, ' J Physical Chera ,’ vol 28, p 146 (1024) , Bftckstrfim, ‘ J Amer Chem 
Soc,’ vol 49 , p 1460(1927) 
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investigations will probably yield interesting results which it is hoped to 
communicate m due course 


Summary 

An examination has been mode by a static method of the complete course of 
the combmation of oxygen and hydrogc n, at constant temperature and volume, 
over a range of temperature extending from the region of purely catalytic sur- 
face reaction up as nearly as possible to the point where the combination ceaseB 
to be isothermal and passes into explosion 

In the last 50° of this range a reaction conies into prominence, which is 
quite different from the low-order, heterogeneous reaction It is of high but 
variable order, the influence of pressure being on the average approximately 
that corresponding to a real tion of the fourth order , it is strongly autocatalysed 
by steam, and has a high temperature coelhcient At high temperature the 
normal positive catalytic ( fleet of the walls of the reaction chamber gives place 
to a negative effect, which may be due to the catalytic destruction of an auto- 
catalyst for the principal reaction, or the interruption of “ reaction-chains,” 
or to both causes It is concluded that the reaction measured is the true gas 
reaction between hydrogen and oxygen 
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On Electrostatics in a Gravitational Field 
ByE T Copson, M A., Lecturer m Mathematics m the University of Edinburgh 
(Communicated by E T Whittaker, F It S — Received December 1, 1927 ) 

§ 1 Introduction 

In a recent paper, Prof Whittaker* has discussed the effect, according to the 
general theory of relativity, of gravitation on electromagnetic phenomena In 
particular, ho has discussed electrostatics in gravitational fields of two kinds, 
namely (i) tho field due to a single gravitating mass, m which case space-time 
has the metric discovered by SchwarzschiLd, and (u) a limiting case of this, 
called a qtum-untform held, in which the gravitational force is, in the neighbour- 
hood of the ongm, uniform 

Whittaker’s general method, so far as elcctrostatical problems were con- 
cerned, was to solve the partial differential equation satisfied by tbe electro- 
static potential in terms of generalised harmonic functions, and then, from these, 
to build up other solutions In this way, he succeeded in finding an algebraic 
expression which represents the potential of a single electron m the quasi-untform 
field , he did not, however obtain a corresponding algebraic expression for the 
potential of an electron in the Schwarzschild held 
The chief result of the present paper is the solution of the problem which is 
thus presented, namely, to determine the potential of an electron m the Schwarx- 
scbild field m an algebraic form In order to obtain it, I have departed alto- 
gether from Whittaker’s method of investigation and have relied instead on 
Hadamard’s theory of “ elementary solutions ” of partial differential equations 
I show first, in § 2, how tho solution obtained by Whittaker for the quasi-uniform 
field may be obtained by the aid of Hadamard’s theory, and then show, m § 3, 
that the same methods yield the solution in an algebraic form (3 6) for the 
Schwartzschild field In the last section, the new solution is expanded in terms 
of generalised harmonic functions , some of the relations obtained in this section 
are believed to be new properties of the Legendre functions 
The following brief r6sum6 of Hadamard’s theory of elementary solutions is 
given to make the rest of the paper intelligible 
The solution [(* — o)* + (y — 6)* + (z — cf]~ i of Laplace’s equation m 
three dimensions is distinguished from all other solutions by the following 
properties — 

**Roy Soo Proc A, vd 116, p 720(1927) 
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{ 1 ) it m continuous and differentiable as often as we please in any finite 
region of space, except in the neighbourhood of the singular point 
(a, b, c ) , 

(u) it becomes infinite, to as low an order as passible * <it the singular point 
and on all the isotropic lines through it 
But the isotropic lines are the “ bicharactenstu s ”f of Laplace’s equation 
This suggests at once the appropriate generalisation 
Let tf*, A*, k be holomorphic functions m a certain domain of real values 
of the variables (x 1 , x 2 , x w ) Then Hadamard}: has shown that the 
partial differential equation 




possesses, when m is odd, a unique solution which is continuous and differ- 
entiable as often as we please m the domain where g^, A“, k are 
holomorphic, except in the neighbourhood of one singular point 
(o l , a 2 , a m ) and the ^characteristics through it, , m tho neighbour- 
hood of the singular point, this solution becomes infinite to as low an 
order as possible, and may bo expanded in the form 


r -2 ^ (u 0 + i^r + u 2 r* + ) 

r here denotes the square of tho geodesic distance from the singular 
point to (x 1 , x*, x") in tho space whose metric is 

ds* = 2 g^d&dj? , 


the functions U 0 , U lt U,. are holomorphic in the given domain 
This solution is called the “ elementary solution ” , 


[(* - «) 2 + (y - *)* + (« - c) 2 ]' 1 

is obviously the elementary solution of liaplace’s equation Accordingly 
we shall assume that the potential of an electron »» o gravitational field 
w the elementary solution of the partial differential equation of electrostatic 
potential 

* It is this property which distinguishes [(x — a)’ + (y — 6)' -j- (z — c)’J * from the 
solution (x - a) [(x - a)' + (y - by + (* - c)*]-? 

f On “ bioharaoteristics,” sec H adamant, “ Lectures on Cauchy’s Problem in Linear 
Partial Differential Equations ” (Yale University Press, 1923), p 75, et atq 

t Loc at , Book II, chap 3 We make use here of the tensor notation Thus g a ft and 
r* are corresponding elements in reciprocal determinants We shall later write g (x) 
for the value of the determinant | g.f | at (x 1 , x*, ,x") 
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In the course of his proof of the existence of the elementary solution, Hada- 
mard shows how to construct it , thus the equation 

U,_ v^)exp [ - £(s f 37fe+P*^- 2 ”)SJ 

determines U 0 Here integration is aloDg the geodesic from the singu- 
larity to (x 1 , x*, , x m ), with respect to the arc s of the geodesic The 

other functions U„ are given by recurrence relations 


§ 2 Electrostatics in the Quasi- Uniform Gravitational Field 
The electrostatic potential m the quasi-umform gravitational field satisfies 


the equation* 

(>*¥)£> 

o 

II 

4IS 

&& 

(2 1) 

If we apply the transformation 



l+^=(l+5)*, 

II 

Sit 

(2 2) 

this equation becomes 

3 a u , 3 2 u , 3 
35* + 3t) 2 + 3? ' 

- 1 3m - o t 

fTT505“ Ot 

(2 3) 


In terms of these co-ordinates, the metric of space time is 

ds* = (1 + 5) 8 ** + dtf + d?). 


so that £, yj, £ represent actual distance 
It is a consequence of Hadamard’s theory, that the elementary solution is, if 
1 + \ is positive, 

r-‘[u 0 +u 1 r + u ll r*+ ] 

where 

r-fc-tf + fo-pp + K-r)*. 


The formula for U„| is 


-life 

(m 


, ar 4 a^r i_ar 


“•} 


dl 

4(5-«) 


] 


* Whittaker, loc at , p 723 (13) 

t This equation would also occur, in classical electrostatics, as the equation at potentia 
when the apeoifio inductive capacity is (1 + f) 1 
t Hadamard, toe ext , p 94 (41) 



Electrostatics in a Gravitational Field 


187 


The recurrence relations, from which the functions U lf U,, are to be 
determmod, are* 


U„ = — 


Hit 

2 (2n— 1) (£-«)* 


J. u 0 L as* 


. 0»U._, . 3*11..! 

+ w + ~w 


.JL^V 

5+1 J ; 


where mtegration is along the straight line from (a, p, y) to (!;, >j, £) We 
easily find that 

u l =iu 0 (i+r i (i+«r 1 

&. = -.MMl+5T *(!+«)-*. 


and, generally, that 
where 


u.=w,(i+ 9 -(i h«r 


K_ = 
h-1 


(2/t 4- 1) (2n — 3 ) 
4 2» (2n — 1) 


The constants le„ are therefore the coefficients in the expansion of 

(1 + Jx) (1 + i*)"» 

Hence the elementary solution, having singularity at (a, p, y), is equal to 


r ? f l+ * l (i+5) r (i+tx) +i, (i+^ I (i+«) >+ J 

= f*( 1 + 2 (I+W+I) ) ( 1 + 4(1 + 5)(1 + «)) 

= to-MN- (C-y) , +2 d+5) d+«)] + 

(vj- p )*+ (?:- T ) a +4 ( i +^) (l+aji 1 [(?-«)*+ (vj- (1-+*) 1 


(24) 


If (a, b, e) is tho point m the original co-ordinate system corresponding to 
(ot, p, y) the elementary solution becomes, m terms of x, y, z, 


[2 + 2|(x + o)+^{(y-6)* + (s-c)*}J 

{[2 + 2 1 (x + a) + g { (y _ 6 )* + (z - J _ 4 (l + ^) ( 1 + ^)} * v/ 1 + ^ 


l+|(*+a) + ^{(y- 6 )» + (*-c) ! } 

J\/ ! +“I [ (x— a) B + (y — &)■+ (z— c)*+ £ (x-f aK(y— c)*} + ^{(j/-&) , +(*-c) i }’J 
* Ibd , p 96 (44') 

t It will be observed that this has a singularity at the image point of («, fi,y)inf = — 1 
This is not of Importance since the region £5 — 1 is inaccessible m the relativity case 
It ie of interest when the P D E is regarded as the classical potential equation with 
K — il+O" 1 , K becomes infinite for { <■ — 1 


188 


E T Copson 

This is precisely the formula given by Whittaker* for the potential of an electron 
in the quasi-uniform gravitational field 


§ 3 Electrostatics in the Field due to a Single Gravitating Centre 
The metric of space-time about a single gravitating centre is specified by 
Schwartrschild’s formula 




- + R* dO® + R 2 sin* 8 d<j?\ 


in this held, the equation of electrostatic potential - ) 1 is 

/, d I du . . 1 3 / fi 3u\ , 1 

- r m n : ait i + si^o 3q r a Ve. 

If we transform to the isotropic co-ordmates specified by 


+ _J_ ^2f = 0 

^ sm 2 0 a^ 2 


f = — — 1 +— VR* — *R> 

a a 

the partial differential "equation becomes 



where 

as — r sm 0 cos <£, y = r sm 0 sm <f>, z — r cos 8 
In terms of the isotropic co-ordinates, the metric of space-time is§ 


( 31 ) 


(3 2) 


(3 3) 


the transformation conformally represents the spatial part (R > a) of Schwartz- 
schild’s metric on to the part (r > 1) of Euclidean space In these co-ordinates, 
r = 1 is an inaccessible boundary 

The potential of an electron at (0, 0, a), being the elementary solution of 
equation (3 3), must have the form 

r-‘[u 0 + u 1 r + u t p+ ] (3 4) 

where T == s* -j- y 1 -f (z — a) 2 and where U 0 , U lt U 8 , are holomorphio for 
r > 1 

* Lor at , p 727 (19) 

f/W.p 729(215) 

t Tbit equation would occur in classical electrostatics if the specific inductive capaoity 
were assumed to be (r + 1 )»/»* (r — 1) 

s Of de Sitter, ‘ Amsterdam Akad Verslagen,’ vol 25, p 232 (1916), or Eddington, 
'* Mathematical Theory of Relativity,” p 93 (1924) 
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The Hadamard formula for U 0 is 

™ “p [- r - **> 7 ] 

where integration is along the straight line specified by 

x = s sin ji cos y, y = s sm fl sm y, z — a -\- s cos (1, 
where (3 and y arc constants But evidently we have 


(f* - az) — = (s + a cos (S) ds = r dr , 




Instead of using Hadamard’s recurrence relations connecting U 0 , U l( U 2 , 
, we may apply the process by whicli they were obtained, that is, we may 
substitute (3 4) m equation (3 3), regarding Uj U |t as holomorphic functions 
of r (> 1) If we do this, we obtain 


IT, = - 

1 2 (r* — 1) (a* — 1) ’ 

U s = -* , 

* 8 (r* -!)•(«*- 1)*’ 


and so on Hence the elementary solution is of the form 

f(. + iy r .^-i) |‘i i, 3 r _s r ‘ i 
a(r+l)*L(a>-l)rl I 2 (r* — 1) («•-!) 8(r*-l)>(o«-l)* T 


The form of the first three terms in the elementary solution suggests that, 
instead of determining successively the remaining U„, we should substitute, 
m the equation (3 3), 


where 


fr+l)«' 


*(Y). 


Y — r/(r* — 1) 


If we do this, we find that F (y) is a solution of 


2 ly* + (a* - 1 ) Y) ^ + 3 {2y + a» - 1} ^ = 0, 
and hence that 


F(y) = A + B 


2y H (a 1 — 1) 
{y* + y (°* — l )} 1 


where A and B are arbitrary constants 
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The elementary solution of equation (3 3) with singularity at r = a, 0 = 0, 
is thus seen to bo a constant multiple of 

^^J2r + (a«-l)(r*_l)][PH T (a® — 1) (r* — l)] -1 * (35) 

- f h aV+l-aqroQBO ^./ ^ + ^-^cosO Vlf (36) 
(r+lH^ + fl 1 - 2or cos 0 > \ah* -f 1 — 2or cos 0/ J 

When we transform back to the co-ordinates (R, 0, if>), this expression for 
the potential becomes rather complicated In any practical application it seenu 
preferable to use the isotropic co-ordinate system The figure below shows 
the equipotential surfaces due to an electron E at R = 1 56a, 0 = 0, corre- 
sponding to a -= 4 With the exception of the two surfaces nearest to the 
electron, the diflcrcnco of potential between consecutive surfaces is constant 
It will be observed that R = a is always an equijiotential surface 



* A comparison of this formula with (2 4) show a that (2 4) is the limiting form of (3 S) 
when the Sohwartzschild metric degenerates into the quasi uniform metric This is, of 
course, what one would expect 

t This shows that there is a singularity at r = a, 6 = 0, and at its image point in the sphere 
r = 1 In the relativity case, this latter singularity does not oonocm us , but when we 
regard (3.3) as tho classical electrostatic potential equation with K =* (r + l)*/r*(r — 1) 
it is of some interest Cf footnote f, p 187 
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If wo put a = 1 m the potential (3 6), wo find that it roduoes to a constant 
multiple of R -1 , m other words, the potential of an electron on the boundary 
sphere R = a is independent of its position on the sphere, a rather curious 
result 

§ 4 The Expansion of the Potential m Terms of Generalised Harmonic Functions 
It has been shown* that the equation (3 1) possesses the particular solution 

2 < W| ) ' ? , ' a * 1 -«> «P) ®) am < 4,) 

if n = 1, 2, 3, , where pa — 2R — a , this solution reduces to 

R*P» m (cos 

when a tends to zero When n — 0, the expression (4 1) is meaningless and 
should be replaced by 1 It may be shown in u similar way that, if n = 0, 
1, 2, , then 

«-'<0 < 4? > 
is the particular solution of the second kind, which reduces to 
R—ip."(cos8)^m*, 

as a tends to zero , for « = 0, the second solution actually is R -1 These 
functions (4 1) and (42) may be called generalised harmonic functions Any 
solution, algebraic in cos 0, of the partial differential equation (3 1) must 
possess expansions m terms of them, which arc valid for certain ranges of values 
of R We now propose to investigate the expansion of the elementary solution 
m terms of these functions , incidentally this will show us whether Whittaker’s 
infinite senes of generalised harmonic functions! is or is not the elementary 
solution 

Consider then the elementary solution with singularity at R = B, 0 — 0, 
corresponding to r = 6 If we chooso the constant multiplier so that the 
potential is symmetneal in r and b, it has the form 

y_ 46r 26r cos 0 + P \ l . / &¥* — 26rcos 0+ l \h 

~ a (b + l)*(r + l)*LW- 2br cos 0 + 1 1 i \r*- 2br cob 0 + WJ 1 

* Whittaker, loc cK , p 730 (31) 
t Ibd , p 730 (33) 
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If r > b > 1, the value of this potential on 0 = 0 is 

V ** I r-b ir -11 

0 «(6+l)»(r + l)*l6f-l T r-bl 

JH‘+}) + (r-.^! + ] 

+(*'- 2 +p)i+ J 

Now Schlafli* has shown that 

1 i ./I — "n-» S »-ir(m-l)I>tn-l) 

{p + V P -i} =-»^ ( 2jt «!( m + »)i Q^+»->(p) 

Term-by-term differentiation may be easily shown to be valid here , it give# 

_LL a {tb01‘ 
yV-i V?-i 

m - o m m ' (m + «) 1 

If we substitute this series for the various inverse powers of r in the expansion 
of V 0 , wo have 

2(R—a)| v «/ja. + i| 1 \ ip 1 fc. hi rfr-ttrCta+ji-HU lo) 

""bTUW* 2^ p'( 2w+ p + f)| 

+ £ f (6*«+*-2+— ) 2/>+2m+ j r( f-^)r(2m+ y+ ^) Q , , ,1 


2(R-a)r 




pl(2m+p+l)! 

| jn±j r_(< — p r (2w — i + }) Q > » ( p) 
j 2 n f!(2n — f + 2)l 4 + P ' 

+ £ £ fo*u-o+i + _J 1 2)t + l r ( f — j) r (2n — t + ^) q, , . 

. -i i-o l 2ft <l(2»-f+l)l V!2 * lPJ 

Now by the use of the expansion 

(1 _ ttj-w (1 _ tt-1)-** = £ A*P',+i (*( b + i)) 1 1 

* See Whittaker and Watson, ‘ Modem Analysis ’ (1020), p 334, ex 31 
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we can easily show that 

S + sK(‘K)) 

__ 2n(2w + l) ® Lij-jh . 1 1 T « - 1) T (2 n-t + k) 

^r^.r.r + ft^r ,<(2n-V|-i)! ’ 

8 +?) r *«(l(*+J)) 

- (2» + 1) (2n + 2) g „ 1 M) 

« uni fciO'-mil M(2n-t + 2)I 

If we use these expansions and wnte {J for £ (6 |- ^}, we find that 


v « ~ (*+i)»* « m* «*»] 

='m + j« K(B,0) F ‘ (R,0) ’ (44) 

where 

E„ (B, 0) = 2 (it (2n) 1 ,— ■ ! ^~ 1 < R - «) R# » M P» (cob 0), 

F " (B ’ 0) = ~ 4 »'i ~ +i)V K ~"" a l R - g ) P,(cos 0) 

Now V, which is given by (4 3), is a solution of the partial differential equation 
(3 1), is algebraic in cos 0, and does not involve <j> Accordingly, for a certain 
range of values of R, it is expansible m the form 

SaA(R, 0)+ 0), 

where a*, b % do not involve R and 0 But, on 0 — 0, V takes the value given 
by (44), if R> B>oc Hence, if R > B > «, 

v ^~§5r + A e " (B ’ 0) f " (R ’ 0) (45) 

Similarly, if R < B, we can show that 

v = -J 5 +S n F „ ( B,°) E„(R, 0). (46) 


VOL oxvni— A 
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We have thus shown that 

The dectne potential at the point (R, 0, 4) due to a unit point-charge at rest at the 
point (R = B, 0 = 0)* nthe gravitational field due to a mass at the origin * * 

ibr f/ f* — 2hr coa 6 + 6* \* , ( Vi* - 26f cob 6 + l \h 
a(6 + l)*(r + l)*l — 2hr cos 0 + 1/ + \ r»- 26r cos 0 + 6>/ J’ 
where 

4R = (r+1) 1 4B = (6 + ip 
a r ’ a b 


This potential may be expanded in the form 

»/ R > B > a 

When a tends to zero, the senes (4 5) and (4 6) reduce to the classical formulas 
£ B*R _ " _1 P b (cos 0), S B _ " _1 R"P m (cos 0), 


which hold when the mass of the gravitating centre vamshes Whittaker’s 
infinite senes is similar to the senes (4 6), and both have the same limit when 
a tends to zero , they differ in that the constant coefficients are not the same 
and in the presence of the term — a/2BR It seems unlikely that Whittaker’s 
series can be expressed m terms of algebraic functions 


In conclusion I should like to thank Prof Whittaker for his kind interest and 
encouragement during the progress of this work, and for his advice during its 
preparation for publication 
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Some Cases of Instability m Fluid, Motion 
By Harold Jeffreys, FR S 
(Received October 24, 1927 ) 

1 In a recent paper* I obtained a numerical solution of some problems 
concerning the stability of a layer of incompressible fluid when the temperature 
decreases upwards The results depended on the solution of the sixth-order 
differential equation 

(a?-* *)’ a) 

In this solution the co-ordinates were x, y and z, the last being taken vertically 
The depth of the fluid is h, and 

C - */* (2) 

Z is the factor of the disturbance of temperature that involves Z The other 
factor is supposed to be of the form sin lx sin my, and 


«* = (!* + »*) A* (3) 

Further 

X = -ya| (4) 

where g is gravity, a the coefficient of expansion of the fluid, (3 the undisturbed 
vertical gradient of temperature, k the coefficient of thermomctric conductivity, 
and v that of kinematic viscosity Here £, a, and X are all positive numbers 
The previous solution was obtained by L F Richardson’s method of finite 
differences ■(■ An alternative method is to use the prim iple that the solution 
of (1) is a combination of exponential functions, and therefore has no singularities 
for finite values of the argument Hence it must be expansible for 0 < £ < 1 
m a senes of smes of multiples of On assuming such an expansion and 
substituting in the equation we might expect to be able to equate coefficients 
of corresponding terms But the result is obviously that terms of different 
arguments do not combine at all, and the inference would be that the only 
solution is one where every term is zero, which is not the case The reason for 
the error is that where r is great the coefficients of the terms in the sme-senes 
will ordinarily decrease like r -1 or r~ l The trigonometric senes obtained by 
differentiating more than twice are therefore divergent But the denvatives 
of the solution, like the solution itself, are linear combinations of exponentials, 

* ‘ Phil Mag ,’ vol 2, p 883 (1926) 
t ‘ Math Gazette,’ July, 1928 
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anil have valid expansions in sine-series In fact the senes obtained by 
differentiating the senes for Z term by term are not the correct senes for the 
denvatives of Z, and if we are to substitute in (1) and equate loefficicnts we 
must use the correct Fourier expansions 
We can, however, work from the other end We can assume a tngonometnc 
senes for ifZ /</£*, and then obtain forms for lower denvatives and for Z itself 
by integration The constants introduced by the integrations give a poly- 
nomial of the fifth degree m Z, while the trigonometric portion gives a senes 
converging liker -7 or r' s — that is to say, very rapidly The divergence of the 
denved series in the former attempt anses from the Founer series for the poly- 
nomial , but m the present method we have the whole of the jiolynomial in 
finite terms and can conveniently deal with it si parately 
We put then 

\ = nz/h, (5) 

so that \ — 0 and it at the limits Put also 

a — lib , X — [xrc 1 (fi) 

Then (1) can be written 

j^ t -6»} J Z + ^h»Z-0 (7) 

We now assume 



m 

n 

sin rc, 


(8) 

whence, on repeated integration 


, B4 ,1 * B& 

l + ri (i«-o , + r ; 


Z = B ( 








(9) 

Let ua 

i denote the polynomial by P« Then 

(7) 18 

equivalent to 



S {(r- + 6*)> - nmrl + f| 

f d* 
d? 

(Jth*| P = 0 

(10) 

Put 





|rr - ; - 

r, 


(ID 

2 X, 

T 

+ 

i 

i 

ii 

g 



(12) 


=* 36 * (B 4 |- B., 7 )) - (b 2 - 

b B s r ; 

+ ft Y]2+ f| Tl8 ) 



+ i b \~ y&) ( B o + B i>i 

+ 5 * 
T 2 ' 


1 Bs 5 
+ 61’ 1 





(13) 
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say Then 

A '~(r 1 {-W-VP*" 

(14) 

where 



1* X, = ^Qsinr$rf5 

(15) 

The A, thus become determinate functions of the six B’s Also 



| /)“ sin r't, di = 0 

(16) 


if n and r both odd or both even, and otherwise 

— ‘if i}"amW;d£ 

Jo 



Hence 


JrcrX, = {36»B 4 - 3fe 4 Bj d (6 # - p6») B 0 } 


+ (W (l 
+ (i«) 4 |l 




when r is odd, and 

Jro-X, =- {36»B n - 36% + (6° - yj?) BJ 


+ M\i-»{$ + ?({r\r-»h- 


(18) 


(19) 


when r is even 4 From these expressions, together with (9) and (14), we can write 
down the formal solution of the differential equation We see, as expected, 
that when r is great the coefficients in the trigonometric senes included in Z 
decrease like r~ 7 It also appears from the form of thp coefficients that if the 
boundary conditions are such that the same derivatives of Z are zero at the top 
and bottom the even and odd B’s enter the solution entirely separately, and the 
possible eolations break up into two sets, one symmetrical and the other anti- 
symmetncal about the median plane 

2 Rayleigh's problem *- In this the boundary conditions were that 
Z, Z", and Z* vanished at the top and bottom The trigonometric part 
• ‘ Phil Msg ,* vol 32, p 629 (1910) 
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contributes nothing to any of these derivatives when 2; i 
conditions for the symmetrical solutions are 

s 0 or and the 


(1) 

B, + 5* <l*f = 0, 

(2) 

B 4 = 0, 

(3) 


whence all the B's, and thence by 1 (18) and (19) all the X’s are zero The only 
possibility of a solution different from zero is therefore that one of the denomina- 
tors in (14) may vanish, when the solution will reduce to a single trigonometric 
term The lowest value of p is then given by r = 1, and we have 

= (4) 

which is equivalent to 4 (2) of my previous paper and to equations (42) and (44) 
of Rayleigh’s 

3 Two boundaries where Z, Z", and Z'" vanish — Here 2 (1) and (2) still 


hold, but (3) is replaced by 


-JwB. + SA^-O, 

(1) 

while 


B 0 Wr(W‘B 4 , B t = — J(*«)*B 4 . 

(2) 

Substituting m 1 (18) and simplifying, wo find 


JwrX, = {36* + 36 4 /i* + (6« - pb»)/r 4 } B 4 , 

(3) 

whence 


L r# )B 4 

(4) 

^ n v (r* + ft 1 )* — ph* 4 

and our required condition of consistency is 


- K+ijjl 1 - (?T p) - o 

(5) 

the summation extending over odd positive values of r 
condition 

But with this 

21/r*~ W 

(«) 

and we have finally 


-4 

S r () 

( f , +6»)*-p J & 1 

(7) 


For a given value of b, the lowest admissible value of p. is evidently larger than 
in Rayleigh’s problem, and will make the first term of (7) negative, but all the 
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others positive We can improve the convergence as follows Restore a and 
X, thus obtaining the equation 


and use the identity 


v LZL sss 0, 

(rV + o 1 ) 8 - Xo* 


tanh | a = 


v 4a 
1 r¥ + «> 


( 8 ) 

(9) 


Prom the latter we derive the further identity 


(^IX 1 +*!;)(£ t *» l >l«) 


-V - 

(W + a'f 


( 11 ) 


Comparing (8) and (11) we have 

S (rV + fl*)*{(rV4-«») s -Xfl*} “ “ K ’ (12) 

where K denotes the known function on the left of (11) The terms of the 
senes diminish like r - *, and the second is of order 3 -8 compared with the first 
Wo shall therefore have, very nearly. 


whence 


Also 


^ 

(it * + a*)*{(** + a*)*-Xa*} 

K(tt» + p")" _ (7t» + a»)» 

K (n* + a*)* — it 4 l - t: 4 /(** + a*)* K 

64K = - tanh Ja + 5 sech* Jo -f a seek* Ja tanh 
a 


(13) 


(14) 


Working out the values of X for a number of values of a, we find 

a 26 28 30 32 

X 1066 1053 1061 1075 


Hence X has a rather flat minimum m the neighbourhood of a = 3 0, and its 
value is 1061 within at most a few units 
When this problem was treated by the method of finite differences, X was 
found to take the values 640, 793 and 928 when the intervals d were J, J, J 
Extrapolation to zero on the hypothesis that the error was of the form 
Ad* Bd* gave X = 1140 But if only d — | and \ are used, extrapolation 
on the hypothesis that the error vanes as d* gives X — 1101, which is nearer 
the accurate value 
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4 Two ng\d conducting boundaries — The problem of the previous section 
was investigated under this title in my former paper, but I overlooked the 
fact that the full boundary conditions 

V' = 0, V 2 V' — 0, iv*V'=0, (1) 


reduce, when V' is of the form Z sin lx sin my, to 




+ = 0 ’ 


and the last of these conditions does not reduce to Z'" — 0 If we use the 
substitutions 1 (2) and (3) it becomes 

SHIr 0 <»> 


•a? <15 

The solution follows the same lines as in § .J Equations 3 (2) (3) (4) still 
hold, but (l) is replaced b\ 

+ 2 £ + 6* ^-0 (5) 


On substitution for A, and B 9 we find 




(only oild values of r ariBing) and therefore 


which is equivalent to 


(r*it* 1- «*) 3 - Xo* 


= IS + s) tenh *“ "£ tonh + Tt "° h ‘ 14 

and subtraot from (10), we have 

Aflftt* _ v , y- a v' W 

(it* -f- a*)* {Xo* — (n* -f «*)*} ' (r*it* + o*)*{(r*7t* + «*)*- Xo*} ' 
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where the summation oa the right covers the values 3, 5, 7 ofr On account 
of the high power of r involved these terms are very small for the lowest value 
of X that satisfies the equation and we have the first approximation 

-j, ,.«) 

where K is to lx- found from (12) On proceeding to calculation we find 
a 1 3 12 14 4 

X 2166 1726 1717 17.14 19&4 

By interpolation the least value of X occurs when a = 3 17, and is nearly 1717 
We can now obtain a second approximation by substituting in the small terms 
in (13), and altering (14) accordingly The new value of X is 1709 5 , the 
corresponding value of a is hardly changed Since a is nearly equal to tc, the 
wave-length m a two-dimensional disturbance is nearly 2/t The cells in a 
vertical plane, bounded by the solid boundaries and by neighbouring upward 
and downward currents, are therefore nearly square 
3 Rigid conducting boundary at base , non-conducting free surface at top — 
In the previous paper it was supposed that the conditions of this problem 
could be realized by taking Z, Z", and Z'" zero at £ = 0, and Z', Z" and Z lT 
zero at £ — 1 These are not quite correct the proper conditions are 


Z--0, 

Z" — a*Z -0, 

& <z " 

- a*Z) 0 

at £ - 0 

Z' = 0, 

Z" — a 3 Z ^0, 


— a*Z) — 0 

at £ — 1 


The conditions being dissimilar, the full set of odd and even powers of vj is 
required in the solution, and six constants of integration have to be determined 
The former solution is, however, probablj not far wrong, and the necessar\ 
revision has not yet been undertaken 

6 Effect of a Current - A R Low* has called attention to the fact that when 
instability occurs through heating below, but the liquid is already m steady 
flow, the form of the disturbance generated differs from that when the liquid 
is originally at rest In the absence of a current the liquid forms into roughlv 
regular hexagonal or pentagonal cells, rising in the centres and sinking around 
the edges A current elongates the cells ipto strips, the greater dimension 
being along the stream The reason for this can be seen easily When there 
is no current the factor am lx sin my in the disturbance of the temperature 


‘ Nature,’ vol 118, pp 399-301 (1928) 
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affects the differential equation 1(1) only through the number a, that is, through 
1* + »* All disturbances with the same value of this quantity should begin 
to develop at the same time , the ultimate preponderance of the honeycomb 
structure, with cells as nearly symmetrical as possible, is to be attributed to 
terms of higher order in the differential equations The cause making for 
motion is that an element of fluid hotter than normal tends to rise, and there- 
fore to draw up from the bottom locally a column of warm and light fluid, thus 
intensifying the differences of pressure over horizontal surfaces The action 
is resisted by conduction and viscosity, which tend to spread out the inequalities 
of temperature and velocity 

When there is a permanent current m the diret tion of x increasing, on the 
other hand, the bottom layer of the liquid is at rest, and the remainder is 
shearing over it Thus a vertical col um n of warm fluid is distorted into a curved 
sloping one, and the possibility of a steady cellular motion disappears But 
when the type of disturbance considered is such that the variables «, v, w, V 
are all independent of x, a shear parallel to x leaves the w arm vertical planes 
unaltered, and the condition for instability is the same as in the absence of a 
current To put the matter formally, we notice that in equations (1) to (3) 
of the previous paper, when a permanent current of velocity U exists, djdt is 
equivalent to 0/0/ -| U0/0JS, except in the equation of motion parallel to x, 


where we have 


du _ 0« 
dt~Jt 


+ U 


0U 


Tx 


(l) 


n being now the departure of the x velocity from its mean value U But if 
«, v, w, V arc independent of x, djdx in all cases gives zero In passing from 
(6) to (7), again, we formed the divergence of the equations of motion , but m 


our conditions 



so that the terms involving U make no contribution to the further work The 
same applies to the boundary conditions Thus the effect of a steady current 
is to promote stability for all modes except those with l — 0 , for these it has 
no effect This explains why it causes the convective disturbance to occur 
m strips instead of m roughly symmetrical cells 
7 Flmd between Two Rotating Cylinders -Prof G I Taylor and Major A R 
Low have both suggested to me that there should be an analogy between the 
conditions in a layer of liquid heated below and m a liquid between two coaxial 
cylinders rotating at different rates In Taylor’s discussion of the latter 
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problem* the equations of motion are referred to cylindrical co-ordinates r, 
tf>, z The undisturbed velocity is V m the direction of <f> increasing, where 
V = Ar + B/r (1) 

and A and B are constants determined by the rates of rotation of the inner and 
outer cylinders Symmetry about the axis is assumed for the disturbed motion 
Taylor takes the components of velocity to be n, V -f v, w, and assumes 

it = i/j cos Xz e’ 1 , (2) 

v — t’j cos Xr e at , (3) 

w — u\ sin Xr e cl , (4) 


where u lt v v and uq are functions of r only The relevant equations reduce 
to 

r* ^ — 0* (5) 

X*-°)t’, -2A»,, (6) 

i 8 {( V - X» - -2) «,] = - 1 (A + $«. - ,1V,. - 1 - X* - ^ ) «, 

( 7 ) 

Now if we are considering only marginal instability it = 0 Also 

*■*=£ + 71 < 8 > 

In all cases fully worked out by Taylor the difference between the radu of the 
cylinders is a fraction, a quarter to a twentieth, of either radius separately 
We can therefore in a first approximation ignore 1 Ir in comparison with 3/dr 
and reduce the equations to 

XiCj + = 0, (9) 


2AMi = v (|i“ Xl, K 


(10) 


^r(S“ X, ) Wl i = “ 2(A + ^ Vl (U) 

From (9) and (10) we obtain « x and w x m terms of i> ( Substituting in (11) we 
have on simplification 

+ ( 12 ) 

* ‘ Phil Tran* A, vol 223, p 280 (1923) 
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If h be the distance between the inner and outer cylinders we put 
>A = a, r — -f const , 


The components of velocity at the inner and outer boundaries are all pre- 
scribed by the motion of the cylinders, and therefore «, — tq = «q = 0 there 
Hence from (10) S^/Sr 2 — 0, and from (9) 

< 16 > 


The conditions are the same as those satisfied by the disturbance of temperature 
V' in the thermal problem with rigid conducting boundaries at the top and 

bottom, namely, V' = 0 , V* V' - 0 , V s V' = 0 But the differential 

equation (14) is not quite the same Whereas in the thermal problem the 
coefficient of V' on the right was a numerical constant — Xa 2 , that of here 
involves r A complete analogy is therefore not to be expected Nevertheless 
if A -f B/r 2 always has the same sign, that is, if the cylinders rotate in the 
same direction, the comparison indicates that instability should be possible 
if A and A -f- B/r 2 have opposite signs This means that rV decreases with r, 
giving the result that the circulation must decrease outwards for instability 
If, on the other hand, A -f B/r 2 changes sign, A and A -f B/r* have the same 
sign in an outer region, which is therefore stable , instability arises near the 
inner cylinder Thus Taylor’s results that the stronger currents occur in the 
inner region, and that the velocity needed for instability is greater when the 
cylindtrs rotate in opposite directions than in the same direction, are in accord- 
ance with what we should < xpeit A general qualitative correspondence there- 
fore exists between the tw o problems , but quantitative agreement is not to 
lie expected on account of the variability of A -f B/r* 

We may recall that Taylor’s fundamental equations assume that the dis- 
turbed motion has cylindrical symmetry Ho does not, however, prove 
theoretically that the brat mode to become unstable will actually be symmetrical, 
and the question naturally arises why it has this property A full discussion 
would have to start from the full equations of viscous motion m cylindrical 
co-ordinates But we may notice that 



t- 


a**' 


(18) 
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80 that if we neglect 1 /r in comparison with 3 /dr we can take 

l '0T i ’ (17) 

which is analogous to the Cartesian form The comspondencc of co-ordinates 

is 

Thermal problem Taylor’s problem 


The chief effect of the velocities is to make 

d . . 3.3. V + v 3,3 

i c 1“ lto S+Tr 1 — + 

3 V 3 

if the quantity operated on is small, this reduces to ^ -J - ^ The second 

term corresponds to the extra term U 3/3* in the thermal problem Tajlor’s 
problem is, in fact, not analogous to the thermal problem with the fluid initially 
at rest, but to that with steady streaming parallel to the axis of x In the latter, 
instability first arises for disturbances not involving x, and therefore, by analogy, 
the first instability in. Taylor’s problem is for a disturbance independent of <f>, 
that is, a symmetrical one 

The analogy could lie pushed further if A + ll/r 2 was nearly constant , with 
Taylor’s notation fl,/ = p. must be nearly 1 Putting and ft 2 both 
equal to ft we have the condition for marginal instability 


Taylor’s first approximation when p is nearly 1 is (equations (5 43) and (7 08) 
of his paper) 


7t 4 v*(Rj + R 2 ) 0 0571 (1 H- (x) 


which is equivalent to 


1M. 4 ft = — 1706 

■w* 1 0 0R71 


This is in good enough agreement with 1709, obtained by the methods of this 
paper 

A curious result emerges from (14) if the radii of the cylinders are made 
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very great while A remains the same The outer radius being R 8 , we take the 
inner cylinder to be at rest and the outer to have a bnear velocity V, so that 


(R 1 + R t )AA = R,V, (21) 

while 

A + B/i* — Vp/AR, (22) 


where p is the distance from the inner plate Then the coefficient of a\ on 
the nght of (14) is 

Av* hR, “^V (23) 


which tends to zero for all values of p when R t is made great enough Thus if 
the plates are flat the equation (14) takes the same form as for the thermal 
problem with no gradient of temperature The system is then thoroughly 
stable, and we infer that instability cannot anse from the shearing of one flat 
plate over another 

[Added January 20, 1928 — This result, like the others of this paper, is to be 
read m conjunction with the first section of its predecessor , that is, it depends 
on the postulate that the method of exchange of stabilities is applicable to 
problems of the types here considered The postulate is certainly valid for 
the stability of steady states of holonomic conservative systems, and of many 
dissipative ones, but it has not been justified universally The apparent 
simplicity of the method of the last paragraph, in comparison with the difficult 
discussions of the stability of steady motion by Orr and others, is therefore 
somewhat illusory , to prove that the method is valid would probably be as 
difficult as On’s work The justification of the postulate, in fact, lies at present 
in the general agreement of its results with experiment ] 

8 The Effect of a General Rotation —Rotation of the solid boundaries about 
a vertical axis influences the treatment of the consequences of heating a fluid 
below by introducing terms — 2m, -f- 2cou into the two equations of horizontal 
motion It is easy to see that in some cases they will seriously alter the results, 
since they may be larger than the viscosity terms In tho problem of the 
burning of porridge, which was used as an illustration in the previous paper, 
the kinematic viscosity was probably about 1000 cm* /bbc , and the vertical 
dimensions a few centimetres Hence vd*u/d 2 * was of order lOOOu, while 2oiu 
is only about 10” 4 u, when co arises from the earth’s rotation, and the rotational 
(or geostrophic) terms are quite unimportant But in a fluid of depth 10 km 
with the same rotation the viscosity would have to be about 10 5 cm */sec to 
make the viscous terms equal to the rotational ones Thus rotation may have 
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an important influence on stability in meteorological phenomena It ib interest- 
ing to notice that the critical viscosity is actually comparable with the observed 
coefficient of eddy-viscosity (though this is only another way of expressing the 
well-known fact that the effects of surface friction extend up for a kilometre 
or more) 

A qualitative discussion of the effects of rotation appears worth attempting 
The tendency to instability m a non-rotating fluid heated below comes, as has 
been said, from the fact that a local heated mass of fluid tends to rise and draw 
up a column of new hot fluid from the bottom Instability occurs when this 
effect is enough to overcome the tendency of conduction and viscosity to redis- 
tribute the temperature and the velocities horizontally In a rotating fluid, 
however, we have as a first approximation the equations 

-- hi « 

whence 

4,p.) + |(rt-« (3) 

showing that there is no accumulation of fluid within any vertical column, 
whatever the pressure distribution may be * There is no indraught into the 
heated region, and the cause making for instability has disappeared except for 
the small amount due to flow across the isobars due to friction at solid boun- 
daries If the horizontal and vertical scales of the motion remain the same as 
before, the effects of viscosity and conduction remain much the same nonce 
the effect of rotation is to maintain stability 

The vertical scale of the motion is practically fixed by the depth of the fluid, 
but the horizontal scale may vary If it becomes so small that the terms like 

0 ^ + ^ become greater than the rotational terms, the theory given for no 

rotation will again be a useful first approximation , but a much larger gradient 
of temperature will be needed for instability on account of the increase of a 
In air, for instance, with 2 w — 10“* and v = 0 2, in c g s units, such an approxi- 
mation would work if the horizontal scale was of the order of 40 cm But then 
we shall have 

a s = (l* + tn*)A J = (A/40cm )*, 

* This oonsequence of the geostrophic relation was given bj Proudman, 1 Roy Soo 
Proo A, vol 92, p 420 (1916), and experimentally verified by G I Taylor, ‘ Proc Camb 
Phil Soo voL 20, pp 328-329 (1921) , </ also ‘ Phil Mag ,* vol 38, pp 1-8 (1919) 
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and if we keep Rayleigh’s form as a good enough approximation at the present 
stage we have nearly 

X -- a' ~ (A/40 cm ) 4 


But with our formula 1 (4) for X and with values of the constants suitable for 
air this gives 

_ _ ( J_ | 4 3 __ O (10 -•* degrees C’/cm ) 

kv 40 

= 0 (1° C/km ) 

The depth of the atmosphere, A, cancels during the work It appears that 
even in such a case as this the lapse-rate of temperature does not need to become 
much greater than the adiabatic to produce instability The small horizontal 
dimensions indicated are suggestive of tornadoes, dust devils, and waterspouts 
but the apparent agreement depends on the initial absence of turbulence from 
the air before these phenomena develop 

On the other hand, if the air is turbulent and the eddy-conductivity and eddj - 
viscosity both of order 10 1 cm */sec , rotation is no longer of primary importance, 
and we shall have roughly 

X = 0(1000), 

KV 

giving 

|J - O (10" u degree C /cm ) 

In presence of rotation, high viscosity and conductivity may actually make 1 
instability easier to produce, by preventing the effects of rotation from being 
dominant The effect of heating from the bottom an atmosphere originally 
perfectly stagnant might therefore be to give first disturbances of the nature 
of tornadoes, but with increasing turbulence these would spread out and give 
movements on a larger horizontal scale, comparable with the height of the 
atmosphere, or with tropical cyclones and thunderstorms Such considera- 
tions as these suggest the character of the effect of rotation on the instability 
though further development will probably require increased knowledge of the 
factors that determine the amount of the eddy- viscosity 
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Studies m Adhesion — II. 

By Sir William Hardy, F It S , and Mlllioent Nottage 
(linked Tun.* i 1927 ) 

(Import to the Lubi nation Research Committee of the Department of Scientific and 
Industrial Dew-arch ) 

[1’latp 3 ] 

Part I — Experimental. 

[In this puper tho results of measurements of the tensile strength of a joint 
between a cylinder and a plate are described Such measurements are made 
with difficulty owing t-o the sensitiveness of the joint to vibrations It is 
therefore tho more important to state that the values recorded in the following 
pages arc entirely due to my colleague’s patiem * and skill -W BH] 

An admirable summary of jirevious work on adhesion is given by McBain 
and Lee* m a paper which breaks new ground, and should be read in con- 
junction with what follows 

To obtain the measurements a clean metal cylinder was placed upon a clean 
metal plate in a chamber filled with clean air and warmed above the melt mg 
point of the lubricant, f some of which was also placed in the chamber When 
the lubricant w as melted and the temperature steady, some of the now fluid 
lubricant was allowed to be drawn under the cylinder by capillary attraction 
until the space betw'een cylinder and plate was completely filled Enough 
lubricant was then added to form a large pool Yfter a time had elapsed 
8ufli< lent to permit orientation of the molecules by the attraction fields of the 
solids to become complete, the lubricant was frozen by allowing the temperature 
to fall to IS 3 C The c \ccss lubi le ant was then trimmed away from the base 
of the cjlmdir, and tho plate with the attached cylinder rc moved from the 
chamlx r to a special clamp which could be lc\ cllcd Y pan was then attached 
to the < nd of the cylinder and weights added until the joint broke This gave 
the adhesion value B In other cases the pan was connected with the* cylinder 
as close as possible to the jomt and in such i way as to ippl the external force 
tangentially The langentiol pull required t-o break tin* joint is the value S 

* ‘ Roy hoe l’roc ,’ A, vol 113, p tiUb (1927) 

t Throughout thiR series of papers upon friction ami adhesion the word “ lubricant ” 
has been used to in lieatc tho substance present between the solid faces It is retained 
in this study of the tensile strength of a solid joint 


vol rxvm — A 
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The cylinder had always the same diameter and weight as those used in the 
previous* paper, namely, 1 cm and 5 6 grammes, and both cylinder and plate 
were polished to “ optical " surfaces 

If it was desired to vary the load, weights were placed on the top of the cylinder 
before the fluid lubricant was run underneath 

Up to this stage the procedure exactly resembled that followed in obtaining 
value A of the bat paper— value B and value A refer therefore to mechanically 
corresponding states 

The temperature fell from . r )0° to 18° in about 20 minutes, from 84° to 18° 
m about 40 minutes, and adhesion u us measured at any time from 3 to 20 hours 
after the joint had been made The effect of errors m the form of the surfaces 
was tested by comparison between the values taken after prolonged use and 
immediately after rcfacing 

The pressure adhesion curie obtained after refacing was more regular and 
the values for each pressure more concordant, but the difference was not groat 


Steel on steel Myristic acid 

Pressure \arying from 7 1 to 3160 grammes 



Mean 

Mean difference between highest 


Miluia 

and lowest values for i ach load 

Before repolishmg 

19120 

91 — 0 6 per c( nt 

After repolishmg 

202M) 

34 = 0 2 „ 


The effect of untrucncsb of the surface was, as might be expected, greater the 
heavier the load —that ib to sa> , the thinner the layer of lubricant— this appears 
from the curves fig 1 

Tho temperature at which lubrication took place had little or no influence 
The following values illustrate this 


Cetyl Alcohol Adhesion ( B) in grammes per square centimetre 


Temperature of 
lubrication 

Cylinder 

Steel 

1 Copper | 

Steel 

Copper 

Plato 

Steel j 

Steel | 


| Copper 

54 




1 

14350 1 

11480 

00 


13900 

14530 

14580 

13360 

84 


13390 

14470 

14545 

12380 


* ‘ Roy Soc Prw A, vol 112, p 62 (1026) 
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either to the cylinder rising or falling in the pool of lubricant to a position of 
equilibrium, or to the alteration m the structure of the lubricant due to the 
orientation of the molecules by the attraction of the solids It has been dis- 
cussed fully in earlier papers* In these experiments the age of the »ohd 
joint had no influence upon adhesion , changes took place only whilst the 
lubricant was fluid, and the latent period appeared to be due wholly to orienta- 
tion This follows from the fact that, though each of the acids gave a latent 
period of about 60 minutes and the one alcohol available a period of about 30 
minutes, the symmetrical paraffins gave no detectable latent penod The 
following is an example 


Palmitic \cid M P , 62° Temperature of Lubrication, 68° 


I lqutd »tato maintained 
for — 

1 Adhesion 

Steel on steel 

1 1 

Copper on steel 

minutes 

40 

13950 

11560 

50 

149+0 ! 

13720 

«0 

j 15880 

14980 

70 

j 15800 

10030 


The values underlined are steady values independent of time 


Eicosane M P , 36 7° Temperature of Lubrication, 45° 


Liquid state maintained for — 

Steel on steel 

in mnt in 



5* 

8052 


20 

8553 


70 

8090 



The time value “ starred” was the least possible, namely, that taken up by 
the solidification of the lubricant when the heat was cut off at once 
During the latent penod the structure of the lubneant is becoming more 
orderly in the sense that its molecules are moving into positions of equilibrium 
* See especially ' Roy Soc Proe A, vol 104, p 20 (1023) # 
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with respect to the attraction fields of the solids Therefore, since adhesion in- 
variably increased when lubricants with polar molecules were maintained in 
the fluid state long enough to permit the molecules to orient themselves, we may 
conclude that orderliness as defined above increases adhesion just as it decreases 
friction 

This conclusion is in conflict with the finding of McBain and Lee (loc cit ), 
namely, that disorderly structure increases adhesion Tho study of the micro- 
scopical structure of the plate of lubricant leaves no doubt as to the orderliness 
of tho disposition reached when a critically pure lubricant was allowed to come 
into equilibrium with the forces acting upon it All that need be said at this 
stage is that “ order ” and “ disorder ” need careful definition and that no 
generalisation is yet possible No exception has been found to the rule that 
adhesion rises during the latent period when the lubricant is composed of a 
single pure chemical substance unless this bo a paraffin, m which case there is 
no latent period When the lubricant is composed of two chemical substances 
sometimes adhesion falls sometimes rises during tho latent period when the 
structure is becoming more orderly 

Effect of Chance Impurity —On a few occasions the supply of pure air to tho 
chamber faded after the lubricant was in place, but whilst it was still fluid, and 
on some of these occasions the procedure was carriod through in the ordmarj 
way and the adhesion measured It was always found to be from 60 to 70 per 
cent below its value for the pure substance 

The Purity of the Lubnoants -Normal paraffins, their related normal acids 
and one alcohol were tested In studies of adhesion as in those of friction when 
the lubricants are critically pure, and the tests made under mechanically corre- 
sponding states, orderly results of remarkablo simplicity are obtained , the 
criterion of punty adopted is therefore of great importance in the logical scheme 
It was neither more nor loss than the attainment of this same orderliness 
This may seem to bo reasoning in a circle, but the assumption that orderliness 
is evidence that the number of variables is small and under control is implicit m 
all tests of chemical punty 

The final stages of purification were earned out by recrystallisation. This 
was continued until adhesion became constant and the character of the fracture 
regular 

A few figures are quoted below to illustrate two things that the adhesion 
given by impure lubneants was characteristically vonable, and that purifica- 
tion raised the value for all the long chain acids used and for the single alcohol, 
and lowered it for all paraffins The irregulanty m the values is without doubt 
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related to the irregular character of the surface of break of impure 
lubricants. 


SnteUnce 

Cylinder 

State 

Plate 

Steel 

Copper 

Steel 

Copper 

Steel 

Steel 

Copper 

Copper 

Cetyl alcohol 

Impure 

Intermediate atate 
Steady values 

14270 

14610 

16860 

12840 

12600 

14640 

12420 

11800 

14640 

11100 

11730 

13380 

Lurie add 

Impure 

Intermediate 

Steady valuta 

8736 

9663 

10690 

6633 
6606 
9872 ; 

6279 

8086 

9924 

6414 

7977 

9096 

Palmitic acid 

Impure 

Several rooryetalheationg 
Later itagea { 

Steady value* 

Fi 1 

8964 

12060 

13120 

16860 

gure* too e 

10820 I 
11620 
16030 

rratio to q 
8013 
7941 
9636 
14960 

”1740 
6606 
9311 
| 14190 

EiooMne 

Impure f 

Nearly pore 

11610 

12290 

8736 

8663 

10740 

8948 

7473 

7362 




The adhesion of acids and of the alcohol is much greater than that of paraffins, 
and therefore the effect of impurities is perhaps what might have been expected 
The want of concordance in the values obtained at the same stage of purifica- 
tion is owing to the fact that two time values are involved in the changes of 
state of an impure lubricant, namely, the time occupied by the orientation of 
the molecules of the lubricant itself, and the time occupied by the positive or 
negative adsorption of the impunty on to the face of the solids and at inter- 
faces within the layer of lubricant The layer of lubricant on fracture was 
always found to be crystalline, and as purification proceeded the crystals became 
larger An impurity would condense at the interfaces between crystals, and the 
small size of the latter was no doubt due to barriers of impunty being set up 
between centres of crystallisation The rate of cooling would therefore be 
likely to have a great influence upon the structure of impure lubncants The 
irregularity in the values, the irregularity m the fracture and the small sue of 
the crystals are different aspects of the same phenomenon, namely, the redis- 
tribution of two or more components during fluidity and crystallisation. 

Structure and Thtcknett of the Layer of Lubricant — On breaking the joint, a 
crystalline cake of lubneant was left on either the cylinder or the plate or partly 
on one and partly on the other The cake was easily visible to the naked eye 
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and obviously became thinner as the load was increased As it thinned it showed 
Newtonian colours 

Lubricant, mynstic acid 


pTMure 

Colour 

Texture 

gramme* 

7 1 

White 

Long narrow plate* laid flat and in fan-shaped 



masaw 

147 

SSI 

Very faint red 

Decided red and green 

Cry* tali smaller and narrower 

1009 1 


1783 y 
3122 J 
8786 

Bright blue and yellow 

— 

Uniformly a browmah yellow 

Crystals very much smaller and narrower 


The character of the break was studied m detail under the microscope When 
the lubricant was impure the break occurred anywhere and the crystals were 
small The surface of break therefore was irregular As purification proceeded 
it became more and more regular until the break occurred, so far as the micro- 
scope or the unaided eye could detect, at the interface between solid and lubri- 
cant (see Plate 3, figs 2b, 3a) The break actually occurred, however, not at the 
metal-lubricant interface, but within the lubricant at a distance from the interface 
so small as to leave behind on the metal a film of totally insensible thickness 
That the film was there was proved by comparing the friction of the surface 
of apparently clean steel or copper with that of the clean surface of the plate on 
which lubricant had not been placed 

Cylinder, steel , plate, copper 

Lubricant, eicosane 

Friction measured with a glass slider 

Where the lubricant had been broken away p = 0 176 

Clean part of the same plate p = 0 8 

A plate of chemically pure lubricant which has been fro sen in situ is there- 
fore composed of a central plate of flat crystals enclosed by two primary layers, 
one on each of the enclosing solids. Each of these primary layers is possibly 
one and certainly not more than a few molecules in thickness, and the break 
under either normal, and, as we shall see later, under tangential stress 
appears to occur at one or both of the surfaces between the primary film 
and the plate of crystals 

These surfaces mark the limit beyond which the attraction fields of the solids 
are unable to prevent crystallisation. They do not, of course, mark the limit 
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to which, orientation spreads from the metal face into & fluid lubricant This is 
fixed by the kinetic energy of the molecules m the fluid state By X-ray 
examination Tnllat* found stratification and orientation of long chain mole- 
cules to persist up to at least 5 p from a solid face 
They might mark the limit of the adsorbed layer of an impurity m the lubri- 
cant which was more strongly adsorbed by the solids than the latter The known 
effect of added impurity, however, does not favour this interpretation (see 
later) 

The position of the surface of break, that is to say, whether it was at one or 
at both of the surfaces mentioned in tho last paragraph but one, was found to 
dopend upon whether cylinder and plate were or were not of tho same material 
A diagrammatic section through tho layer of lubricant when both solids are 
the same is given in fig 2 The surface of rupture is a, b, c, d It is shown not 



Fio 2 



Fio 3 


at the interface but at an insensible distance within the lubricant for reasons 
jUBt given A break of thiB kind can be seen in Plate 3, figs 1 and 4 
The process of purification was by its naturo asymptotic, and it is legitimate 
to assume, recollecting the extreme sensitiveness to impurity, that, at the 
theoretical limit when both solid faces are identical physically and chemically, 
the lubricant absolutely pure, and the pull perfectly normal, tho break would 
ooour simultaneously near both solid faces 
When the solids were different the surfaco of rupture was near tho metal 
with weaker attraction field, as in fig 3 Plate .3, figs 2 and 3 show that frag- 
ments and sometimes a whole crystal were left attached to the copper when the 
other surface was of steel, but again, at the unattainable limit of experimental 
precision, it is certain that the surface of break would be close to the oopper, 
The crystalline structure was apparent in the thinnest films obtained by the 
* ‘ Ann de physique,’ vol 10, p 5 (1928) 
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heaviest loads but, as the load increased, the crystals became smaller (Plate 3, 
fig 4) The law defining the position of the break stated above held for the 
thinnest films and for all the lubricants tried Discussion of the significance 
of this law must be postponed until after the effect of the nature of the solid 
has been further described 

The structure of the plate of lubricant gives objective reality to the con- 
ception which has been reached inductively of the presence in colloids of free 
and bound water, the latter being water so firmly attached to the soluto as to 
be incapable of being frozen * The free and bound portion of the lubricant arc 
sharply divided as the diagrams show, but the freezable portion could not be 
expected to have the same relations to temperature as the same substance in 
mass, but would be best described as “ capillary ” If the solids were moved 
further apart we should finally have really “ free ” lubricant between the 
faces 

Effect of Added Impurity —-The position of the surface of break could lie 
altered at will by impurity localised at one or other interface To effect this, 
silk, freed from contaminating substances by prolonged extraction with purest 
benzene, was lightly rubbed on the contaminant and then lightly rubbed on 
one or both of the metal faces previously heated to above the melting point of 
both contaminant and lubricant when the latter was mymtic acid (M P 54°), 
and to a temperaurc below that of the contaminant and above that of the 
lubricant when the latter was eicosane (M P 36 7°) The quantity of con- 
taminant conveyed m this w ay to the surface must have been exceedingly small 
A pool was then formed of the pure lubricant and adhesion measured in the 
ordinary way (See Table on p 218 ) 

The figures give the adhesion in grammes per square centimetre 

This table merits careful consideration It illuminates vividly the whole 
subject and has much practical significance The adhesion value of myristic 
acid is greater than that of eicosane, and of steel greater than that of copper 
The table shows that an insensible film of contaminant at one interface leads 
to the following — 

(1) When one surface only is contaminated the break occurs at tho con- 
taminated surface when the adhesion of the contaminant is weaker than 
that of the lubricant , and at the uncontammated surface when the 
lubricant is the weaker adhesive 


• Roy Soc Proo ,’ A, i ol 112, pp 30 and 47 (1928) 



218 Sir W. Hardy and M Nottage 


Load 5 6 grammes 


Lubricant 

Cylinder 

Contaminant 

Plate 

Steel 

Copper 

Steel 

Copper 

Poaition 

of 

break 

Steel 

Steel 

Copper 

Copper 

Mynatio acid 

Eieoaane on plate 
Kiooaane on ovLnder 
Kiooaane on plate 

10360 

10820 

8845 

7511 

7291 

5702 

At plate 

At cylinder 

At plate 

Eieoaane 

1 Myriatio acid on plate 
Myrotic acid on 

cylinder 

0636 

0854 

8085 

8736 

1 


At cylinder 

At plate 

Mynatwaoid 

Eieoaane on both plate 
and cylinder 

0249 

7578 



At both plate 
and cylinder 
At the plate 

Kiooaane 

Mynatio acid on both 
plate and cylinder 

10540 

' 

0017 



At both plate 
and cylinder 
At the cylinder 

Myriatlo acid 
Eiooaane 

None 

None 

13200 

8644 


12440 

7416 

11580 



(2) When both surfaces are contaminated the ordinary relation between the 
position of the break and the adhesion values of the solids ib not inter- 
fered with 

(3) A weak contaminant lowers the adhesion valuo and to its own value m 
one case A strong contaminant raises the adhesion though the surface 
of break may not be near the contaminated but near the uncontammated 
surface 

Therefore, a film of contaminant of the order of one molecule in thickness 
introduces a surface of weakness or of strength, the latter being the more signifi- 
cant theoretically, and imposes its own value on the adhesion of the entire 
joint, though as relation (2) shows not to the extent of obscuring the character- 
istic effect of the nature of the sobd The position of the surface of break 
proves that the contaminant did not diffuse throughout the lubricant 

Past II —Steady Values 

The steady value which we call value B is the adhesion per square centi- 
metre Its relations to the variables are described in this section. 

Temperature — A small chamber containing a coil of tubing was built about 
the clamp and cylinder, and the temperature at which the solid joint was 
broken controlled by fluid run through the tubing Manipulation was difficult 
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and to this may be ascribed the irregularity in the values In the following 
table the temperature is that at which the joint was broken 


Load 5 6 grammes , Cylinder and Plate of Steel 


Lubnouit 

Temperature 

Adhesion value B 

Myriatio acid (M P , 04°) 

4 

12970 

8 

13190 


18 

13280 


38 

13710 

Palmitic acid (M P , 02°) 

4 

15810 

b 

15700 


8 

15430 


14 

15500 


18 

15860 


42 

15820 


sa 

15474 


Within the limits explored adhesion seems to be independent of temperature 
It is remarkable that the value should be the same so near the melting point of 
the lubricant This relation proves that the break was uncomplicated by a 
viscous flow of the lubricant, and the most careful microscopical examination 
of the lubricant after the joint had been broken failed to reveal any signs of 
such flow 

The Nature of the Enclosing Solids — Throughout these studies both friction 
and adhesion have been found to obey what might for convenience be called 
the mean value rule, which may be stated as follows — 

When the enclosing solids are different, being composed of substances M and N, 
the value of friction or of adhesion is the mean of what it is when both solids 
are composed of M or both of N The general equation therefore is 

i (Xjoi -f Xmt) 

As it is important from the theoretical point of view to know whether this 
equation holds exactly or only as an approximation a senes of cntical deter- 
minations of value B were made with the following results 
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Load B 6 grammes, Temperature 18° C 




Steel plate Copper 

1 

Lubricant 

weight 

Stctl 

cylinder 

Copper Steel 

cylinder cylinder 

Copper 

cylinder 

Launo acid 

200 

10610') 

10750 V 10683 
| 10090 J 

K} <« 72 1 Si} “• 

9890 

88} «« 

Myriatio acid 

228 

132807 m 
13240/ 13260 

IX} 12400 | 12420 

12437 

UK}"** 

Palmitic acid 

256 

158407 

15990 > 15853 
15780 J 

IS} 10035 1 14680 

15007 

14200 \ 14180 
14110/ 14180 

Stearic acid 

284 

183801 

18330 Us307 
18480 J 

17617 

16820 

10710/ 16700 

Mean value* | 

Mean for ateel on steel and < 
Mean for steel on copper am 

14546 

xipper on copper 
1 copper on steel 

13753 j 13727 

12017 

13731 

13740 


The nu an value rule seems to hold exactly and the figures for the paraffins 
confirm this 



Mole 

8tocl {date 

Copper plato 


cnlar 

weight 

Time 
(rain* ) 

Steel 

cylinder 

Copper 

cylinder 

Time 
(nuns ) 

Steel 

cylinder 

Copper 

cylinder 

Eioosane 

C,.H U 

282 

10 

15 

8M3\ 8Q08 
8664/ BOUi, 

?m} 7320 

10 7147 

10 — 


c„h h 

310 

10 

15 

6460 \ 0441 
9387/ 6441 

IS} » m 

5 1 

10 j 

!B> — 

6606\ flg4 i 

0676/ 0041 

c a» H U 

4 22 

40 

18 

0 

12810 - ) 

12710 >12743 
12710 J 

88»>« 

i 

10 

30 






10264 

8882 

7489 


Mean value* 


8876 



Studies in Adhesion 


221 


It was pointed out in an earlier paper on friction that the mean value rule 
seemed to prove that the influence of the attraction field of each of the enclosing 
solids extends to the surface of slip The direct knowledge of the position of 
the surface of break shows that it extends right through the disc of lubricant 
Consider for example the acids When both surfaces were of copper the 
mean adhesion was 12917, and when both were of steel it was 14546 When 
one surface was of copper and the other of Bteel the break took place near the 
copper at a surface removed from the steel by a layer of lubricant at least 4 p 
in thickness If the influence of the steel had been only of molecular range the 
adhesion would have been that of copper Instead it was the mean between 
that of steel and that of copper 

The effect of contaminants is equally remarkable When mynstic acid was 
applied to one solid face, both solids being alike and tho lubricant being the 
weaker adhesive cicosane, the break took place m pure cicosane at a surface 
near the uncontammated face and removed, say, 3 p from the mynstic acid 
Yet the adhesion was not that of pure eicosane but always something larger than 
this and between the values for pure eicosane and pure mynstic acid 
Molecular Weight — The adhesions in the tables on page 220 are plotted 
against molecular weight m fig 4 By an oversight the observed values and 
not the values per square centimetre were plotted The relation is linear for 


Adhesion -Molecular Weight 
Tangentiel Pull- Molecular Weight 



Fio 4 

the acids and paraffins Owing to the depletion of our stock of pure substances 
it was not possible to confirm this for the alcohols, but the great body of evidence 
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accumulated m these papers justifies the statement that for the same ohemical 
senes the equation is linear 

Pressure —The pressure is the load in grammes divided by the area in square 
centimetres 


Mynstic Acid Steel plate and cylinder Temperature 15° 


Load 

Preature 

Adheilon 

B + Preaaura 

5 e 

7 15 

1324o} 13260 

1855 

115 1 

147 

SB}— 

123 5 

250 6 

331 

SB}— 

60 8 

1400 

1783 


22 5 

13 4 

2451 

3122 


7 86 


The values are plotted in fig 1 , curve 1 Curve II gives the values for the same 
cylinder and plate but before refacing 

The fact that adhesion increases as the layer of lubricant decreases is part 
of the general experience of mankind and is indeed recorded m the directions 
how to use any commercial cement, it may therefore be claimed to be a general 
property of films enclosed by two continuous solids It ib not, however, easy 
to explain, for m the case under consideration the break occurs close to one or 
other or both faces, and pressure merely varies the thickness of the median 
plate of crystals 

An attempt was made to measure directly the distance between the surfaces 
of the cylinder and the plate, when the one was resting on the other either loaded 
or unloaded and with vanous lubricants For this purpose a spherometer was 
specially constructed by Messrs Hilger so that the measurements of the distance 
between the upper surfaces of the cylinder and of the plate could be made m 
clean air, and the firm also made two pairs of cylinders and plates The first 
pair, owing to the nature of the steel, were the less perfect Call this pair “ A ” 
and the more perfect pair “ B ” 

The first* set of measurements revealed the totally unexpected fact that the 
distance between cylinder and plate was of the same order when the lubricant 
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■was clean air as it was when some liquid had been allowed to displace the air, 
indeed, within the limits of accuracy the distance h was found to be independent 
of the nature of the lubricant whether the pair “ A ” or the pair “ B ” was used 
This left us with measurements of the variation m value of h, but without the 
absolute value because we did not know the length of the cylinders 

The Metrology Department of the National Physical Laboratory were good 
enough to measure these lengths, which they did by wringing the cylinders down 
on to a plane surface, a standard gauge being used for reference They dis- 
covered on cylinder “ A ” two minute bosses which were removed before it was 
measured They also subjected the spherometer to critical examination and 
found the screw to be free from periodic error, but to have a total error over the 
length used of — 0 009 mm 

Each value in the following tables is the mean of fivo measurements taken 
at different points on the top of the cylinder To show the variation in these 
individual readings three diagrams are given The circle represents the top of 
the cylinder, and the figures are placed where the measurements were taken and 
are the readings on the circular scale of the spherometer Each division of 
the scale is 2 5 p The examples were taken at random from the notes 



A B 


Save where the contrary is Btatod once the cylinder was placed on the plate 
it was not moved until all readings had been taken 
If H be the distance between the upper surfaces of the cylinder and the plate, 
and L the length of the cylinder, then H — L is equal to h, the distance between 
the opposed faces In the following tables h 0 is the value when cylinder and 
plate were clean and in clean air, and h the value after liquid lubricant had been 
run in The procedure was as follows — 

H was measured at 18°, the temperature was raised above the melting point 
of the lubricant, and the melted lubricant then run underneath The tempera- 
ture was lowered to 18°, and when it was steady, the lubricant being now solid, 
H was again measured In those cases in which the lubricant was fluid at 18° 
it was simply run underneath and H measured at once 
The first senes were made before the cylinders and plates had been sent to 
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the National Physical Laboratory and therefore before the two bosses had been 
removed from the lower face of cylinder “ A ” 



Lubricant 

K 

Lubricant 

k 

Difference 

Senes I— Cylinder A (bo 
fore treatment at the 
NPL ) Steel plate 
Load 6 6 grammes 

Air 

o”o070 

0 0070 

0 0070 

0 0070 

0 0062 

0 0060 

0 0067 

0 0070 

0 0007 

0 0070 

0 0066 

Falmitio acid 
Cetyl aloohol 

\ 

mmi 

0 0070 

0 0070 

0 

0 

Mean value 


0 0068 


0 0070 


Senes II— Cylinder A 
(after treatment at tho 
NPL) Steel plate 
Load 6 6 gramme* 

Air 

0 0046 

0 0038 

0 0037 

0 0040 

0 0043 

0 0043 

0 0037 

O 0040 

0 0042 

Octane 

Caprylic acid 

Octyl alcohol 

0 0042 

0 0042 

0 0040 

Negligible 

Negligible 

Negligible 

Mean value 


0 0041 

- 

0 0041 


Senes III— Cylinder B 
(before measurement 
at NPL) Steel 

Plate 

Air 

0 0040 

0 0044 

0 0039 

0 0036 

0 0049 

0 0036 

0 0031 

0 0041 

0 0036 

0 0031 

Octyl aloohol 
Caprylio acid 
Octane 

Octyl alcohol 

0 0049 

0 0044 

0 0030 

0 0030 

0 

Negligible 

0 

Mean value 


0 0039 

~ 

0 0041 


Senes IV— Cylinder B 
(after measurement 
at NPL) Steel 

Plate 

Air 

0 0041 

0 0041 

0 0036 

0 0044 

0 0041 

Octyl alcohol 
Cetyl aloohol 

Octane 
fa pry he acid 

0 0039 

0 0041 

0 0044 
00044 

Negligible. 

0 

0 

Negligible 

Mean value 


0 0041 


0 0042 



If more accurate methods should confirm the figures, the distance h between 
the cylinder and plate would be the same for a gas as for a liquid and 
mdependent of the chemical constitution of the lubricant and of the enclosing 
solids. 
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The decrease in the value of h due presumably to the removal of the bosses 
on cylinder A is remarkable 

It was inferred from earlier measurements of friction and adhesion* that 
when a cylinder or slider was forced down in a pool of lubricant it rose rapidly 
when the external pressure was removed This inference was confirmed 
The figures give the readings on the circular scale of the spherometer Each 
division is equal to 2 5 p 


Cylinder “ A ” Weight 5 6 grammes. 


Lubnoant 

Unloaded. 

After being loaded 
with 1400 gramme* 

Air 

68 2 

66 2 


Octyl Aloohol 

66 2 

66 2 


66 6 

66 6 



The load m the case of air was left on for 24 hours Measurements com- 
pleted m from 10 to 15 minu tes after the load had been removed 

The load (1400 grammes) in the second case was left on for 30 minutes which 
would allow of only a slight descent m the pool of alcohol 
The effect of a normal pressure upon the value of h was determined as follows 
Readings were taken with the clean unloaded cylinder standing on a clean 
plate in clean air at 18° The cylinder was then loaded to the required amount 
and the temperature was then raised to slightly above the melting point of the 
lubricant Whilst the load was still on melted lubricant was run underneath 
and a pool formed m the usual way The temperature was then lowered to 18° 
when the lubricant froze The load was then removed and a second set of 
readings taken 

In the following table the readings on the circular scale are given, those m 
the third column being for the unloaded cylinder m air at 18°, and those in the 
fourth col umn being for the cylinder at 18° but fixed to the plate by the solid 
joint which had been formed and frozen under the pressure given m the second 
column The difference is the distance the cylinder was forced down by the 
load and h is this value subtracted from the value of h when the pressure was 
7 I grammes, namely, 0 007 mm 


* ' Boy Soo Proo ,* A vol 104, p 27 (1923) , ibid , A, vol. 112, p. 67 (1929) 
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Cylinder and Plate “ A ” 


(Readings taken before the bosses were removed ) 


Lubrioant 

Pressure 

Readings 

Difference 

k 

Palmitic acid 

SSI 

66 5 

66 1 

mm 

0 0016 

ft- 
6 5 


331 

66 4 

66 1 

0 0017 

6 8 


1783 

66 3 

66 7 

0 0036 

3 6 


3160 

65 2 

57 0 

0 0046 

2 6 


6560 

65 3 

67 6 

0 0066 

1 7 


7186 

65 2 

57 5 

0 0067 

1 3 


8768 

66 4 

67 8 | 

0 0060 

1 0 


In fig 6 h is plotted against the pressure The curve for adhesion and 
pressure (fig 1) is of the same form Both curves tend to become horizontal 
as pressure increases When the pressure was 8768 the cake of lubricant was 
still clearly visible to the naked eye and still showed Newtonian colours 



The surfaces of cylinder and plate “ B ” were of proof plane order of accuracy, 
and they were used to determine whether the distance h was different for dean 
and contaminated surfaces If an adsorbed substance neutralises some fraction 
of the attraction fields of the metals the Leslie pressure which supports the 
load should be less for contaminated than for clean faces. The oylinder had to 
he lifted between the measurements to allow of the application of the film of 
palmitic acid, but octyl alcohol was applied as vapour, the cylinder being left 
in position 
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Cylinder “ B ” of Steel 



Pslmttio add 
Octyl aloohol 

“ Qreaae ” adsorbed from air of rt 
PalmitM add 
Ootyl aloohol 

“ Grease " adsorbed from air of n 


Difference 07 = 17/i 


19 3 
19 a 

19 0 
19 7 
19 3 
19 3 
19 4 


Therefore — hoonummaua = 1 7 p. 

These measurements were repeated with cylinder and plate “ A ” after the 


former had been trued 



Clean 

After contamination by 

“A” 

66 6 

Palmitic acid 57 6 


56 4 

Contact with ordinary leather 57 5 

“B” 

18 4 

Palmitic acid 19 6 


18 3 

Contact with leather 19 7 

Mean difference 1 2 



It will be noticed that the differences are all in the same direction, h always 
being less for contaminated surfaces When the surfaces were dirty running 
lubricant under the cylinder produced no detectable change m h 

Surfaces contaminated by contact with ordinary leather — 

“ A ” 67 5 Caprylio acid run under 67 7 

“ B ” 19 7 „ „ 19 6 

Ootyl alcohol and palmitio acid were also run under the oylinder when the 
surfaces of both oylinder and plate were contaminated by contact with the 
ordinary air of the laboratory and the level was not changed We therefore 
seem to have 

(1) h independent of the state or chemical nature of the fluid run underneath 
whether the surfaces are clean or contaminated , and 

(2) h is less for oontaminated surfaces in pure air than for dean surfaces in 
pure air 

The method of measurement was only a rough one but it seems to have 
established the following facts The thickness of the air film when the surfaces 
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were plane and the normal pressure was 7*1 grammes was of the order of 0*004 
mm., and this* value was not greatly changed by replacing the air by a liquid. 
The value was, however, decreased when the Burfaoes were contaminated. A 
long chain molecule with 20 carbon atoms would be about 2 8 x 10~ 7 cm m 
length, therefore 4 p is equal to about 1500 uuoh molecules arranged end to 
end 

Past III — Tangential Pull. 

A few measurements intended merely to determine the relation to molecular 
weight and the order of magnitude were made of the tangential pull 8 required 
to break a joint The external force was applied in the plane of the plate and 
as low down on the cylinder as was possible 


Steel Plate (8 value m grammes per square centimetres ) 


Lubricant 

Steel cylinder 

Copper oylinder 

c iiH* 


28}““ 

C M H|| 


S3}“*> 

Laurie acid 

80801 «aju 
6868/ 

88} • 

Palmitic acid 

101001, (j,,. 

10330/ 10375 

28} 


The values m the table are per square oentimetre, that is the observed values 
divided by 0 785 The observed values are plotted against molecular weight 
in the curve in fig 4 

Under the microscope the fracture was seen to take plaoe at the same surface 
as it did with a normal force, the surface of break therefore was the same m 
the two cases 8 was in each instanoe much less than B. The break away 
was sudden, the resistance falling apparently instantly to that of simple external 
friction. 

DESCRIPTION OP PLATE 8 

Era 1 —Lubricant, myristic sold. Cylinder sad plate of oopper (a) Cylinder, (b) Plate. 
Pm 1— Cylinder of copper, plate of steel (a) Plate. (6) Cylinder 
P». 8 —Plate of oopper, oylinder of steel, (a) Plate. (6) Cylinder. Load 5*8 grammes 
(preesore 7 1 grammee) for figs. 1, 3 , and 8 

Pm. 4 —Cylinder and plate of steeL (a) Plate. (b) Cylinder Load *»*fi grammee 
(pressure Ml grammee). 
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Su mma ry. 

1. The adhesion of and tangential poll required to slide a cylinder at tached 
to a plate by a solid joint are described The joint was formed by running fluid 
lubricant between the cylinder and plate and freezing it in ntu 

2. The disc of lubricant was found to be oompoeed of a plate of crystals with 
an adsorbed layer on each ode. 

S The relation of the value observed to the temperature, pressure, chemical 
composition of the lubricant and composition of cylinder and plate is discussed. 


The Photo-Electric Threshold Frequency and the Thermionic 
Work Function 
By R H Fowlkb, F R S 
(Received January 16, 1928 ) 


) 1 Sommerfeld’e revived electron theory of metals has already had marked 
suoo c es c e , and gives a convincing aocount of all their equilibrium thermoelectno 
properties. It is based, of course, on a greatly simplified model of the intenor 
of a metal as a region of uniform potential x 0 /e positive relative to free spaoe, 
so that the work x» is required to extract an electron from rest m the metal to 
rest at infinity The electrons, however, are not all at rest, but form practically 
a perfect gaa— a gas, however, at such a concentration that they are almost 
tight-packed, and obey the Ferm-Dirac statistics. The theory also yields, as 
I have shown in a reoent note,* the remarkably satisfactory formula for I, the 
thermionic saturation current at temperature T in amperes per am* , 


I - 120(1 -r)T*«-*' w 


(1) 


In tins formula r is the fraction of electrons incident on the metal from out- 
side which are reflected at the surfaoe, and % is the customary thermionic work 
function. It is related to * 0 by the formula 


* ** 2m\4np/ 


In formula (2) w is the concentration of " free ” electrons m the metal— for 
univalent metals of the order of one per atom— end p(=» 2) is the weight of 


* Fowler, mtpra, p. 52. 
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the free electron. The second term m (2) arises from the thermodynamic partial 
potential of the tight-packed electrons 
§ 2 The Phoio-dectnc Effect —In a recent very interesting paperf 0 W 
Richardson has pointed out that no theory hitherto has been able to explain 
the existence of a sharp photo-electnc threshold frequency Admittedly it 
u not always sharp, but that it ever is so is sufficient to establish the difficulty 
He makes suggestions as to the nature of the “ free ” electrons whioh provide the 
requisite sharp threshold Though these suggestions may be formally correct, 
they seem to me to be unnecessarily complicated It follows, as I shall now 
show, quite generally from the simple theory of Sommerfeld, and independently 
of any particular assumptions as to the nature of the surface action — 

(l) That there exists a sharp photo-electnc threshold frequency Vq. 

(n) That the energy corresponding to this threshold frequency is equal to 
the thermionic work function, that is 

*v 0 =x (3) 

Equation (3) has long been surmised 

It follows from Sommerfeld’s theory that the electrons are almost tight- 
packed at temperatures up to 1000-2000° K At room temperatures therefore 
the tight-packing may be taken to be absolute, and the n electrons m unit 
volume will be found occupying the n smallest energy values, or, if it is preferred, 
represented by the functions corresponding to the n smallest characteristics 
of Schrodinger’s equation for free electrons in the volume containing them 
The characteristics may be enumerated m the usual way f If the greatest 
characteristic required is «* then 

*=f(¥r' «> 


.* 


AM 

2m Urcjr/ 


( 5 ) 


Thus it happens that the maximum energy of the electrons is equal to the con- 
tribution of their partial potential to the work function. 

Let us now consider the nature of the photo-electno effect A quantum of 
v-radiation strikes the metal and is absorbed by one of the “ free ” electrons, 
of energy c This is not a possible process for genuine free electrons, but there 
is nothing to prevent its happening in the metaL However, we are oonoerned 
fO W. Riohsrdson, * Roy Boo Proo A, vol 117, p 719(1028) 

£ See, for example, in thia oonoectdon, Dirac, ‘ Roy Soo Proo,’ A, voL 112, p O01(1928)[, 
Fowler, , vol 113, p 482 (1928) 
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only with the energy account of the process, as long as it is a possible one The 
electron has then energy Av + c and can escape from the metal with energy c', 
where 

c'<Av + «-Xo (8) 

Since c ^ e*, we have e' < Av — (x 0 — e*), 

= Av- X (7) 

This is the relation (3) The sharpness of the edge comes from the almost 
complete absence of electrons (at these temperatures) with energy greater than 
c*, together with the distribution law for the energies of the bound electrons 
The number with energies between e and c -j- it, by differentiating (4), can be 
seen to vary as y/tdt If electrons of any energy are approximately equally 
likely to absorb the quantum of v-radiation, and we ignore energy changes 
subsequent to absorption, we get a spectrum of emitted electrons with the 
energy distribution shown in the figure The fall to sero on the right of Av — % 



is actually a violent exponential curve The sharpness of tho observed threshold 
is amply aooounted for 

We have cast this argument into an extreme form, which represents the actual 
state of affairs more clearly than the exact formula , but a more exact formula 
for the various numbers of e-electrons at temperature T, and therefore of 
*' -photo-electrons on the foregoing assumptions, is easily given It is 

n (s') *' = 2ns (~) W l (*' = * + Av - Xo ) (8) 

Smoe e* and ^ are of the order of 5 volts, e*/A T is of the order of 200 at room 
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temperature Thus m the photo-eleotno current, electrons oi energy greater 
than Av — x by 1 per oent of y are infrequent, and greater by 3 per cent 400 
tunes less frequent than the commonest The frequency threshold ib equally 
sharp. 

Perhaps 1 may be permitted to mention in conclusion that Sommerfeld’s 
theory appears to give an equally satisfactory account of the currents extracted 
from oold metals by intense fields 

[Note added February 9, 1928 — With the help of Nordheim’s theory of the 
reflection coefficient r, it is now possible to take account to a first approxi- 
mation of this factor, which may be the most important neglected factor 
concerned in modifying the distribution law n (s') for the emerging electrons 
It may be of interest to indicate the nature of the effect Equation (8) puts 
n (s') — n (e) If we still ignore scattering effects, that is losses of energy by 
the future photoelectron m collisions suffered after absorption but before 
complete escape, we may replace equation (8) by the more exact 

n(c') — n (*) a (v, c)D(t + Av), 

m which a (v, t) is the fraction of v-quanta which are picked up by one 
i-electron, and D(c + Av) is the fraction of (s -f Av) electrons which penetrate 
the boundary field It is nnlikely that * (v, t) will vary so fast m the relevant 
range as to affect the general form of n(s') Nordheim has calculated 
D (c + Av) for various simple forms of the boundary potential gradient, and 
has shown that, for a simple potential step, 

»<« + »*> - 4 V / ( i 7qr jj*) (■’&-*»> 

If c < — Av escape is impossible, D = 0 The coefficient D should tend to 

sero m a somewhat similar way for any type of boundary gradient The 
cum of c'-electrons bounded in the figure by two vertical ordinates will 
therefore be rounded off on the left into a parabola with a vertical tangent 
at t' — 0, and on the right into a steep exponential curve To the beet of 
my knowledge this is in excellent qualitative agreement with the observed 
distribution curves of photoelectrons ] 



The Polarity of Thunderclouds 

By B P J Sohonland, M A., Ph D , Senior Lecturer in Physics, University 
of Cape Town 

(Communicated by C T R Wilson, F R 8 —Received November 21, 1927 ) 
[Plates 4 and 5 ] 

§ 1 Introduction 

In a paper on “The Electric Fields of South African Thunderstorms,”* Mr J 
Craib and the writer described some observations made at Somerset East during 
1926, from which it was concluded that the majority of the storms examined 
were of positive polarity The study of these storms has been continued 
during the present year and a number of fresh points have been examined 
In this paper some further evidence as to the polarity of thunderstorms will be 
discussed 

After the observations had been made, an important paper by Dr G C 
Simpeonf appeared in which the effects to be expected from a cloud of negative 
polarity, formed according to the breaking-drop theory, were discussed and 
considered to be in agreement with our 1926 measurements I hope to be 
able to show, however, that our original conclusion as to the polarity of the 
clouds was correct 

§2 Apparatus 

The mam equipment of the station has already been described * In order 
to obtain more observations of the field-changes due to distant storms, a single 
horizontal wire aerial was erected This was 18 0 metres long, 5 0 metres 
above the ground, and 0 71 mm in diameter, with one end joined to the ball 
and the other to an ebonite-sulphur insulator attached to a mast, so that the 
whole arrangemen t could be quickly dismantled on the approach of a storm. 
The calculated capacity of the elevated system, including the ball, was 186 ems 
and a displacement of 1 mm on the photographic records represented a change 
of 11 >3 volte per metre m the potential gradient With this serial system the 
range of observation using the capillary electrometer was extended to storms 
at a distance of 40 or 60 km« Some eye observations were made on still more 
distant storms by joining the aerial to a Wulf quarts fibre electrosoope 

* • Roy Soo. Proa,’ A, roL 114, p. 289 (1987) 
f ‘ Boy Soo. Proo A, roL 114, p. 378 (1987) 
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In order to correlate observations of the appearance of flashes with the field- 
changes produced by them, the outside observer was provided with a dock 
synchronised with another uiBide the hut and used for tuning the record He 
also had a simple arrangement for determining the azimuth of any special 
point in the doud such as the beginning or end of a flash 

§ 3 Meteorological 

All the storms were moving from west to east with a velocity which ranged 
from 10 to 40 kms an hour They could first be seen about 100 kms away to 
the north-west, somo five hours before they came overhead 
Very little ram was discharged by any of them, presumably because they 
originated in the drought-stricken districts of Aberdeen and Graafreinet The 
total rainfall during the months of January and February, 1927, when the 
observations were made, was 2 02 inches 
The lower surfaces of the clouds were about 2 kms. above the ground 
and the tops sometimes five times as high No hail was observed nor did the 
clouds present the greenish appearance associated with had 

§ 4 Tests to Determine the Polanty of a Thundercloud 
Without recapitulating the discussion given m the previous paper of the 
field-changes and other effects to be expected from thunderclouds at various 
distances, it is necessary to consider the manner in which these effects may be 
used as tests to determine the polanty of the cloud The cloud will be assumed 
to be of positive polanty, and each effect will be examined to see whether it is 
peculiar to such a cloud or whether it can also bo produced by a cloud of negative 
polanty, m other words, whether it may servo as a definite ontenon of cloud 
polanty For the cloud of negative polanty the discussion by Dr Simpson 
already referred to will be used 

(1) Field-changes due to Distant Discharges within the Cloud —A distant cloud 
of positive polanty may be considered as a positive point charge elevated above 
a negative one Except in one special case all discharges within such a cloud 
should produce negative changes of field, since they involve a downward move- 
ment of positive charge The exception arises when the two poles are not 
vertically above each other and the lower pole is sufficiently near to the observer 
for the field due to a positive charge situated at the upper end of the discharge 
path to be less than that due to the same charge situated at the lower end An 
example is afforded by a discharge between a positive pole at a height of 5 kms 
and a horizontal distance of 20 kms and a negative pole at a height of 3 kms. 
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and a horizontal distance of 16 8 kins , which would produce a positive change 
of field 

The greater the distance of the storm, the more inclined must the discharge 
be in order to produce a positive field-change, so that positive field-changes 
should be rare in the case of discharges within clouds more than 20 Wma away 

Discharges within a distant cloud of negative polanty, on the other hand, 
should frequently exhibit positive field-changes due to tho neutralisation of the 
upper negative pole by the lower positive one It is possible that tho lower 
positive polo may often give nso to negative field-changes by moving down- 
wards as a branched “ brush ” discharge,* but positive field-changes must 
neoessanly be frequent if the upper negative pole exists 

If, therefore, positive changes of field associated with discharges within a 
distant cloud are found to be rare or absent, tho cloud is definitely of positive 
polanty If they are found to be frequent, the cloud is equally definitely of 
negative polanty 

(2) Association of Positive Field-Changes with Discharges to Ground — Owing to 
the difficulty of seeing distant discharges within a cloud m daylight, it is not 
always possible to apply the preceding test It may, however, still be possible 
to see flashes between the cloud and the ground, and if it is found that practically 
every positive change of field is associated with such a flash, this is clear evidence 
that practically no positive changes are caused by discharges within the cloud, 
and indicates that the cloud is of positive polanty 

A distant cloud of negative polarity, on tho other hand, should frequently 
give rise to positive changes of field which cannot be identified with discharges 
to ground, because they take place between the poles of tho cloud 

(3) Field-Changes due to Discharges taking place to Ground at any Distance — 
The sign of the field-change caused by a lightning discharge between cloud and 
ground at any distance is a definite indication of the sign of the pole which 
supplies the charge Since this will generally bo the lower pole, observations of 
this kind might be expected to bo of use in determining the polanty of the 
cloud. Thus a cloud of positive polarity should generally give nse to a positive 
change of field m such a case, as a result of the disappearance of its lower and 
negative oharge, while a cloud of negative polanty should give nso to a negative 
change of field 

Simpson* has, however, suggested a type of cloud of negative polanty which 
has a positively charged base in front and a negatively charged base at the rear 
With such a cloud, discharges to ground might be expected to produce both 
* Simpson, toe. eti 



286 B. F J. Schonland. 

positive and negative field-changes according as the flashes involved the rear 
or the front of the cloud 

(4) The Reversal of the Sign of the Majority of the Field-Changes with Dis- 
tance — In every storm so far examined the flashes m the clouds far outnumber 
those passing to ground The ratio of the two types of discharge has been 
directly determined by outside observation on several occasions and vanes from 
60/1 to 6/1 with an average value of about 10/1 * 

From what has been said it follows that distant storms of positive polanty 
should exhibit a marked preponderance of sudden negative changes of field due 
to discharges within the clouds As the clouds approach, the field-changes due 
to these discharges will reverse m sign and a marked preponderance of positive 
changes of field should accompany an overhead storm 
The same type of reversal will, however, bo shown by a cloud of negative 
polanty if the most frequent discharge within the cloud is the downward 
" brush ” discharge of the lower pole already referred to Thus the reversal 
effect is not in itself a cntenon of cloud polanty f 
(6) The Sign of the Field-Changes from Overhead Storms —When a cloud of 
positive polanty comes overhead, the discharges between the poles of the cloud 
will almost always produce positive changes of field, since they involve a down- 
ward movement of positive charge Discharges between the lower pole and 
the ground will also give nse to positive field-changes, and negative changes 
can only be caused by discharges from the upper pole to the ground and by 
certain exceptional discharges within the cloud which are sufficiently inclined 
downwards away from the observer In these cases the field due to a positive 
charge situated at the upper end of the discharge path must be greater than that 
due to the same charge when situated at the lower end An example is the 
discharge between a positive pole at a height of 6 kms and a negative pole at a 
height of 3 kms which would cause a negative field-change if the horizontal 
oo-ordinates of the two poles were 2 and 6 kms respectively Inclined dis- 
charges of this type and dischargee from the top pole to ground are not likely 
to occur very often, so that negative changes of field from an overhead storm of 
positive polanty should be comparatively rare 
On the other hand, in the case of clouds of negative polanty, negative field- 
changes should be frequent, since they are caused by discharges between the two 
poles of the cloud as well as from the lower positive pole to the ground 
If, therefore, negative changes of field are found to occur but seldom while a 
* 841 flashes in the oknds and 60 flashes to ground. 
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storm is overhead, there can be little doubt that the cloud is of positive 
polarity 

(6) The Steady Fields due to Near and Distant Storm —The steady field of a 
thundercloud has been defined* as the field produced just before the passage 
of a lightning discharge between the poles, when the cloud charges have reached 
their maximum values Unless these charges are very different, the steady 
fields due to near and distant storms should be of the same Bign as the charge 
on the lower and upper poles respectively 

In view of the stipulation as to the relative strengths of the cloud-poles and 
the difficulty of dissociating the steady field of a distant storm from that due 
to other charged clouds, this effect does not offer a certain test of the polarity 
of a thundercloud except m one particular case This is when the steady field 
is definitely observed to reverse in sign on approaching the station For no 
arrangement of the strengths or positions of the charges in a cloud of negative 
polarity will enable it to produce both a positive steady field at a distance and 
a negative steady field when overhead 

Of the effects discussed in this section, numbers (1), (2) and (5) offer a definite 
decision as to the polarity of the cloud and numbers (3) and (6) promise useful 
information bearing upon the question Number (4), while not offering a 
ontenon of cloud polarity, is of considerable interest in other ways 

Numbers (1), (2) and (3) call for the correlation of the field-changes with 
the appearances of the discharges producing them, and this, besides requiring 
the special attention of a trained observer, cannot always bo carried out in day- 
time, when the majority of the storms occur, owing to the difficulty of seeing the 
discharges Numbers (5) and (6) can only be examined in the case of storms 
which pass overhead For these reasons it has not proved possible to apply 
these tests to every thunderstorm within the range of the station, but only to 
those for which conditions of visibility or distance were favourable 

§ 5 Correlation of the Sudden Field-Changes with the Appearance of the 
Flashes 

In this section an account is given of observations made both m 1926 and 1927 
in connection with effects (1), (2) and (3) just discussed 

(1) Distant Discharges within the Cloud —The results obtained from a corre- 
lation of distant flashes m the cloud with the Bign of the corresponding sudden 
changes of field are shown m the following table, which refers to storms at a 
• Sohonland and Gralb, too. ott., p. 231 
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distance of more than 15 Ians, The figures represent the number of field- 
changes of a particular sign accompanying discharges within the cloud 


Table I 


Storm 

Distance 

Field-changes 

Remark! 

Positive 

Negative 


lung 




,?} use 

20 

20 

0 

1 

118 

39 

At night 

19 

>60 

0 

9 

At night 

20 

BO 

(2)* 

7 

At night *Horiiontal 

31 

16 


6 

At night 

8) 

40 

2 

222 

At night Throe storms 


30 

0 

28 


2} 

30 

0 

04 

Two storms 

BO 

25 

0 

25 

At night 

Total 


6 

517 



The total for the two years shown in the table is 517 negative and 6 positive 
sudden field-changes associated with discharges taking place within the cloud 
This is decisive evidence that most of these twelve storms were of positive 
polarity Two more storms, Nos 12 and 15, were examined for this effect m 
1926 and gave 77 negative and 4 positive field-ohanges between them, but they 
have not been included in the table as they wore each at a distance of only 
10 kms and inclined discharges easily produce positive field-changes from a 
cloud of positive polarity at this distance Storm No 13 of 1926 was pre- 
viously included in error * 

Storm 20 shows an interesting case of two positive changes associated with 
flashes in the cloud Conditions for outside observation were good and sketches 
of the flashes showed that these two positive field-changes were due to the only 
two horizontal discharges observed, the other discharges passing downwards 
and producing negative changes of field These two flashes thus illustrate the 
discussion of inclined discharges given in § 4 (1) 

An examination of the details of the table shows that m the case of nine of 
the storms the absence or rarity of positive field-changes definitely indicates 
that their polarity was positive, and that while the observations upon the 
remaining three (19, 20 and 31) are insufficient for a definite deomon, they are 

* Th» observer 1 ! report reeds “ Flsahee in clouds w* n upwards ” 
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in favour of positive polarity No evidence has been found of the frequent 
positive field-changes whioh must accompany discharges within a cloud of 
negative polarity at a distance 

(2) Positive Field-Changes from Distant Storms — The following table shows 
the number of positive field-changes found to be due to distant flashes in the 
clouds and to ground respectively on those occasions on which a tost could be 
made The storms were all at a distance of more than 15 lmm 


Table II 




| Positive field ohanges | 



Distant* 

Discharge 

Discharge 
to ground j 


17 (1926) 

km* 

20 

j 

0 


0 (1926) 

20 

0 

12 


20 

50 

(2)* 

0 

* Horizontal 

27 

30 

0 

1 


31 

15 

1 

2 


32. 33. 34 

40 

2 

20 


44 

30 

0 

1 


47,48 

30 j 

0 

5 


49,60 

25 

» 

7 


Total 


6 

48 



This table shows that out of 54 positive changes of field due to distant storms, 
€ have been found to be associated with discharges taking place within the 
oloud, and two of those were caused by horizontal discharges These observa- 
tions therefore agree with those just considered in showing that positive field- 
changes due to flashes in the cloud are rare 13 storms have been examined, 
and out of 523 flashes within the clouds only 6 produced positive changes of 
field, two of which at least are easily accounted for , 48 more positive changes 
were due to discharges between the clouds and the ground 
(3) The Field-Changes due to Flashes to Ground at any Distance —The Mowing 
table shows the numbers of positive and negative field-changes found to be 
associated with flashes between the cloud and the ground taking plaoe at all 
distances from the station — 
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Table III 


Storm 

Field -change* 

Remark* 

Potitive 

Negative 

9(1028) 

8 

1 


0 (1928) 

12 

0 


20 

0 

(2)* 

* From top pole 

20 

4 

0 


27 

1 

0 


29 and 30 

0 

0 


21 


0 


82.83,34 

20 

2 1 


36 

2 

0 


44 

1 

(l)t 

t Second part of double flaah. 

47,48 

6 

<l)t 

j Second part of double flaah 

49,60 

7 

1 


Total 

67 

4 



Poor negative changes have been excluded from the totals , two of these 
formed the second portions of double flashes and may have come from the top 
of the cloud , the other two were definitely observed to proceed from the top 
of the cloud, the flashes having downward forks within the cloud and starting 
from the highest active portion 

These particular cases are instructive in considering the remainder of the 
observations, for the great majority of these field-changes must be due to 
discharges between the base of the oloud and the ground The large preponder- 
ance of positive field-changes, which were found in 67 out of 71 such observa- 
tions, indicate that a flash of this kind almost always involves the negatively 
charged portion of the cloud and therefore that the part of the cloud base active 
in producing flashes to ground is negative 

While this oonclusion offers strong support for the view that the clouds 
examined were of positive polarity, it has already been said (§ 4 (2) ) that it is 
not a definite criterion of cloud polarity The results will be referred to again 
when the observations on the steady fields immediately below thunderclouds 
have been examined 

f> One further point must be emphasised m connection with the observations 
given above , it will be found m the next section that of the field-changes due 
to the distant storms examined in 1927, 188 were positive and 1931 negative 
The observations of Table II show that 48 of the former were found to be due 
to discharges to ground, and this number represents 89 per cent of the test 
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observations which could be made It is therefore reasonable to suppose that 
only about 19 of the 188 positive changes were due to flashes within the cloud 
and incorrect to say that 188 — 48, or 140, can lie ascribed to such dis- 
charges I mention this point because our 1926 observations have been 
interpreted in the latter manner by Simpson * 

§ 6 Further Observations upon the Sign of the Sudden Field ( 'hanges caused 
by Lightning Discharges 

The sign of the sudden changes of field produced by light wng discharges at 
various distances is of interest in connection with the general i lcotncal mechanism 
of the thundercloud apart from the question of polarity The work done in 
1926 on this subject showed the importance of an accurate knowledge of the 
distances of the discharges, and special attention was paid to this point in 1927 
For reasons which will appear later, the storms have b( en divided into tlin e 
classes, “distant” when more than 15 kms away, mtt rmediate ” when 
between 15 and 7 kms off, and “ near ” when within 7 kms 
The results obtained from 19 distant storms m 1927 are shown m Table IV, 
the arrangement of which is similar to that employed m the previous 
paper except for the Becond column, which shows the nature of the observing 
arrangement The letters A E refer to observations made with the aerial system 
and the Wulf electroscope, AC to those with the aerial and the capillary 
electrometer, and B to those with the ball and the capillary eleotrometer 
The table shows a marked preponderance of negative over positive sudden 
changes of field, the ratio being 10 3 to 1 (1931/188) and the prcjionderoiu e 
holds for every one of the 29 storms The results are m general agreement 
with those obtained in 1926, which gave 444 negative and 62 positive changes 
and so a ratio of 7 2 to 1 f The totals for the two years are 2175 negative and 
250 positive changes of field due to distant lightning discharge s 
As the 1926 observations were all obtained with the aid of the ball, it is of 
interest to analyse the figures m tho table according to the method of observa- 
tion employed The aerial and electroscope wore employed to examine storms 
at an average distance of 50 kms and the value of the numbers of negative and 
positive field-changes observed in this way was 17 9 to 1 (449/25) , the aerial 
and capillary electrometer were employed on storms at an average distance 
of 30 kms and gave a ratio of 9 8 to 1 (1299/133) , the ball and the electro- 
meter were used for storms at an average distance of aboat 17 kms and gave a 
* Lot. at., p. 894. 

f For distances greater than 14 kms. 
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Table IV 




Nuddtn held-chaugiH | 


Outturn-! 

\ikui1 | Phnlugruphiu J Combuu'd | 

1 


Poll >Kg j Pom | \cg j Pom Vg j 



ratio of 6 1 to 1 (183/30) The ball observations are hardly sufficiently 
numerous to warrant any serious attention being paid to the increase of the 
ratio from 6 1/1 to 9 8/1 between 17 and 30 kms , but the further rise in this 
ratio to 17 9/1 when the distance is increased to 50 kms needs explanation 
It may only be due to the fact that the positive changes of field from very dis- 
tant storms were generally very small in comparison with the negative ones 
and liable to be missed in the eye observations with the electroscope For this 
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reason it seems advisable to discard the observations on the electroscope and 
to take the value of the ratio for 1927 as 9 1 to 1 (1482/16*1) 

The following table contains the results of an examination of the field-changes 
due to storms ut intermediate distances, some or all of whose flashes took place 
within from 7 to 15 kms of the station, as judged by the lightning-thunder 
interval either marked upon the records or observi d outside the hut 


Table V 



Although the observations are not very numerous, the totals in this table 
show no marked preponderance of field-changes of one particular sign Those 
storms at the outer limit of the intermediate region show more negative than 
positive changes and those at the inner limit more positive than negative ones 
That the negative field-changes found in the case of the distant storms are 
changing in sign within this region is clearly shown by the observations on 
near storms shown m the next table 

This table contains the observation on storms most of whose flashes occurred 
within a distance of 7 kms as judged by the lightning-thunder interval, although 
it was not possible, for obvious reasons, to determine this interval in the ease 
of every flash 

It will be seen that these near storms show a very considerable preponderance 
of sudden positive changes of field, the ratio of the total numbers of positive 
and negative changes observed being 21/1 

The preponderance of negative field-changes at a distance and of positive 
ones when near is a definite indication that the most frequent process in every 
storm examined is a discharge of .positive electricity downwards, and the reversal 
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Table VI 


Storm 

f 

1 

he Id 

| Sudden field ohange* 

VlAUftl 

Photographic 

Combined 

Pod 

Neg 

Po» 

Neg j 

Poe 

Neg 


| km* 

v'm 







26 

3~ 7 

—7000 ~ -6000 

25 


22 

2 

47 

3 

20 

3~7 

-11, 000 ~ -8000 

30 

0 

34 

2 

64 

2 

34 

3~5 

-8000 

3 

0 



3 

0 

30 

2~ 7 

- 10,000 ~ -5000 

H* 

0 

53 

1 

72 

4 

43 

7 

— 10,600 10,000 

1 

0 



1 

0 

41 

3~ 7 

-8000 | 

1 

0 

,T__J 


1 

0 



Total 


_* _ 

100 | 

8 

188 | 

e 


effect shows that such discharges do not evtend to the ground It has been 
found necessary to replace the concept of a reversal distance, at which the 
field-changes due to those discharges pass through zero, by that of an inter- 
mediate reversal region, because the two ends of the discharge's™ not often 
m the same vertical lme and inclined discharges introduce complications 

Take, for example, the field-change due to a discharge of positive electricity 
from a height of 6 to one of 3 kms If the discharge path is vertical, this field- 
change will be zero at a distance of 6 8 kms from the nearest end of the flash 
Consequently 6 8 kms is the reversal distance for an ideal cloud of this type, and 
discharges at greater and smaller distances would be expected to produce 
negative and positive field-changes respectively If, however, the upper and 
lower ends of the discharge had horizontal co-ordinates 11 and 8 kms respec- 
tively, the field-change would be found to be positive, though the distance of the 
flash would be determined as 8 5 kms Again, if their horizontal co-ordinates 
were 2 and 5 kms respectively, the field-change would be negative, although the 
distance would be determined as 5 8 kms 

The effect of these departures from the ideal vertical discharge is to replace 
the reversal distance, at which the field-changes abruptly change in sign, by 
an intermediate region in which field-changes of either sign are equally probable. 
Evidence of this region is afforded by Table V and it probably extends from 7 to 
12 kms from the station, though occasional exceptional discharges may ooour 
at any distance 

To decide whether this frequent downward discharge of positive electricity 
takes place between the poles of a cloud of positive polarity or whether it is 
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merely a downward movement of the lower pole of a cloud of negative polanty, 
the discussion given in § 4 (5) may be applied to the results of Table VI This 
table shows that when the cloud is overhead, negative field-changes are com- 
paratively rare, occumng only once in every 22 discharges The observations 
therefore speak against the view that the clouds examined were of negative 
polanty, for they imply that upward discharges of positive electncity taking 
place between the poles of such a cloud are rare They are in accord with the 
view that the clouds were of positive polanty, the few negative changes being 
due to discharges of a special type 

The observations of near storms m 1926 have not been considered here 
because it is probable that some of the field-changes were due to flashes at a 
distance of more than 7 kms 

§ 7 The Steady Fields due to Thunderclouds 
Distant Storms — Few direct observations of the steady fields due to distant 
storms were made in 1927, because the aenal system was largely used in place 
of the ball It was, however, found that approaching storms when studied in 
this way usually oaused a steady movement of the mercury meniscus in such a 
direction as to indicate an increasing positive field A good example is afforded 
by fig 3 The effect was observed in the case of four storms when no ram was 
falling and no local clouds wore present 
Direct measurements were made by lowering the ball in the case of three 
distant storms, and these, together with the effects found with the aerial, are 
shown m the last column of Table IV Two were positive and greater than the 
fine weather field of about 50 v/m, while the third (storm 50) was negative 
There is other evidence that the polarity of this storm was positive (Tables I 
and II), and it is described in the next section 
These results support those of 1926 in associating positive fields with distant 
storms 

Intermediate Storms —Measurements of the steady fields due to 6 storms at 
distances between 7 and 15 kms from the station are shown in the third column 
of Table V In only one case was the storm at what seems to have been a 
reversal point for its steady field , m the other cases the field within the inter- 
mediate region was negative, and smaller if the cloud was approaching than if 
it was receding 

Near Storms — On approaching still nearer, the small negative field rapidly 
increased a nd , as m 1926 , the passage of an active storm overhead invariably 
produced a strong and persistent negative field below it To the 11 near storms, 
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whoso fields have been given in Table VI, and in Tabic IV of the previous paper, 
two others must be added whose fields were determined although records of 
the field-changes were a failure These were storms 4 and 38, which gave fields 
of — 7000 and — 12,500 v/m respectively Thus 13 active storms have so far 
been observed to pass close to the station, all of which produced persistent 
negative fields below them The maximum field observed was — 16,500 v/m, 
in 1927 

Strong positive fields were only observed on two occasions under activo 
storms and only for a few minutes in each i ase On two other occasions they 
were produced for a longer time by mammatiform cloud-residues which did not 
discharge, but m no case were thoso fields greater than 6000 v/m The most 
careful watch was kept for positive fields During 1027 negative fields exceed- 
ing — 5000 v/m were observed for 300 minutes, and positive fields exceeding 
+ 5000 v/m for 5 minutes, when the storm-centre was within 7 kms The 
corresponding figures for inactive cloud residues were 53 and 37 minutes 
respectively 

While it is perfectly true that “ the sign of the field at a single observing 
point is no criterion even of the polarity of the cloud,”* it is permissible to say 
that the almost complete absence of positive fields below activo thunderclouds 
is not only m accord with the view that the lower pole is negative, but difficult 
to reconcile with the opposite view The persistent negative fields below these 
clouds must be compared with the fact (§ 5 (3) ) that practically every discharge 
between the base of the cloud and the ground which has been examined has 
earned a negative charge to the earth 

Positive steady fields have now been found to be associated with 10 out of 
11 distant storms examined and negative steady fields with all the 13 storms 
which passed near to the station In the case of storms 10, 12 and 41, an actual 
reversal of the steady field has been observed, showing definitely that these 
storms were of positive polarity 

§ 8 Discussion of Results 

Simpson has concluded that our 1926 results can be regarded as supporting 
his discussion of the nature of a cloud of negative polarity formed according to 
the breaking-drop theory It has, however, been pointed out that one step 
m his interpretation of the observations is not justified, for it has now been 
established that practically every distant discharge responsible for a positive 
change of field takes place between the cloud and the earth 
* Simpson, loc. at, p. 391. 
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In this connection Simpson has stated* that “ If a thundercloud 

is of positive polarity and it is observed that all the discharges are within the 
cloud, these discharges can only produce negative field-changes at a distant 
point If in such circumstances both positive and negative field-changes are 
observed, this is clear proof that the polarity of the cloud is not positive ’ I 
have shown (§ 4 (1) ) that inclined discharges within the cloud can sometimes 
give rise to exceptions to the above statement The true criterion of positive 
polarity is the ranty, not the absence, of positive field-changes duo to distant 
discharges within the cloud 

The observations discussed in this paper may be summed up as follows 

(а) No evidence has been obtained that discharges within a thundercloud, 
near or distant, over involve an upward movement of positive clmrgc such as 
must frequently occur within a cloud of negative polarity On the contrary, 
the results indicate that those discharges are invariably downwards, as would 
be the case if they took place between the poles of a (loud of positive polanty 

(б) Confirmation of the view that these clouds were of positive polanty lias 
been obtained m other ways , the charge earned away by a flash between the 
base of the cloud and the earth was practically always found to be negative, 
the strong fields below active clouds were mvanably and persistently negative, 
and the fields due to distant clouds practically always positive, when they could 
be measured 

Finally, it may be pointed out that since outside observations show that 
about 1 in every 10 lightning flashes proceeds from the cloud to the ground and 
since tests have shown that practically every such flash produces a positive 
change of field, we should expect that about 263 of the 2625 distant flashes 
described in § 6 should have boon discharges between the cloud and the ground 
and should have produced positive changes of field The actual number of 
positive field-changes observed was 250, so that, even allowing for the roughness 
of the estimate of the relative frequencies of the two kinds of flashes, only a 
very small percentage of flashes within the clouds could have given rise to 
positive changes Such a conclusion implies an absence of upward discharges 
of positive electricity, and this in its turn means that the negative pole of the 
cloud was below and not above the positive pole 

§ 9 Photographic Records 

In this section some photographic records will be described to illustrate the 
points which have been raised 

* Loe. cU, p. 400 
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Distant Storm Fig 1 Storms 24 and 26 24/1/27 13 h 39 m to 13 h 

47 m. This record shows the field-changes (60 negative and 1 positive) due to 
two storms at a distance of about 40 kins It was obtained with the aerial 
Fig 2 Storms 24 and 26 Aerial, 14 h 26 m to 14 h 31 m The two storms 
of fig 1 have here approached to within a distance of about 30 kms and the 
record shows 22 negative and 3 positive field-changes 
Fig 3 Storms 47 and 48 22/2/27 Aerial, 15 h 21$ m to 15 h 34 m 

Two storms were m action, one of which was approaching the station The 
record shows a rapidly increasing positive field which caused one mercury 
meniscus to move out of the field of view and the other to enter it Thu 
positive field was destroyed by a lightning flash at 32^ m which took place 
within the cloud at a distance of 12 6 kms This flash caused a field-change 
of at least 640 v/m, for it displaced the original meniscus below tho limits of 
the record Seven other flashes have thunder-marks which give their distances 
as from 23 to 27 kms 

At 28 m the outside observer noted the only flashes to ground during the 
record and sketched two discharges to earth travelling along different paths 
These are represented in the record as a positive field-change followed after 1 1 
seconds by a negative one The remaining 56 negative field-changes occurred 
within the cloud 

Fig 4 Storm 27 31/1/27 Aerial, 13 h 7 3 m to 13 h 17 3 m The 

record shows 39 negative and 2 positive field-changes and tho flashes were at 
distances ranging from 17 to 31 kms A continuous watch was not kept but 
the positive field-change at 16 8m, identified by the shutter-mark immediately 
following it, was due to a flash to ground from the foremost portion of the base 
of the cloud The flashes in the cloud could not be seen owing to daylight 
Fig 5 Storms 49 and 60 22/2/27 Aerial, 19 h 6$ m to 19 h 18 m 

Two storms were m progress, the nearer at a distance of 27 lmm The record 
shows 66 negative and 12 positive sudden field-changes, all except one of the 
latter being very large Tho maximu m positive and negative changes were 
+ 170 v/m and — 90 v/m respectively 
No flashes were observed between the clouds and the ground until 9} m , 
when the first discharge of this kind occurred and was followed by others at 
11 13, 14, 15 and 17 m ,* accounting for 6 out of the 11 large positive changes. 
It is quite likely that the remaining 5 were of similar origin, for it was not possible 
to keep a continuous watch on both clouds No note was kept of the frequent 
discharges m the olouds 



Schoalaiul 


Hoy So< P,o< , I, > 0 / 1 1 K, PI 4 




















Polarity of Thunderclouds 


249 


The only three positive changes of held on a record immediately following 
fig. 0 were definitely due to discharges to ground One other flash to ground 
gave a negative field-change, and the remaining 24 negative changes were due 
to discharges within the cloud This record, which is not suitable for repro- 
duction, shows also that at 19 h 27{ m the steady field due to the cloud was 

— 60 v/m 

The discharges to ground were of unusual length, determined as 3 5 to 4 0 
Inna from the angular elevation of the point from which they appeared to start 
The rounded top of the cloud was illuminated at intervals and had an elevation 
of 18 6°, so that it was at a height of 9 kms if at the same horizontal distance 
as the active portion The top of the active part of the cloud did not extend 
to a height of more than 5 kms 

Intermediate Storms— Fig 6 Storm 25 24/1/27 15 h 7 m to 15 h 

12 8 m , about 1} hours after fig 1 

This is a portion of a record taken on the ball, which had to be lowered to 
a height of 1 metre above the ground, owing to the negative field of — 4000 v/m 
prevailing The following outside observations were made m flash in 
cloud 8 0m double flash to ground at 10 4 kms 8| m flash in cloud 
storm getting nearer 9$ m flash to ground at 5 kms 10J m flash 
in cloud 12 m flash in cloud at 5 kms The storm now came overhead 
and gave a strong negative field of — 5000 to — 10,000 v/m accompanied by 
heavy ram which conveyed a positive charge to the test-plate The record 
shows 22 positive and 16 negative field-changes 

Pig 7 Storm 41 16/2/27 16 h 18 m to 16 h 23 m This record was 

taken on the ball at the usual height The storm moved over the station at 
about 30 kms per hour When distant it gave 7 negative and 3 positive 
field-changes During this record it approached from 11 3 kms (flash at 
18 8 m ) to less than 7 kms (at 20 8 m ) and at 26£ m a flash to ground took 
place at a distance of 2 8 kms The field, which was — 530 v/m at 21 8m, 
increased to — 6000 v/m as the storm came overhead The field-changes at 
20 >8 m and 21 4 m were double, + 680 and -f 1080 followed by — 360 and 

— 760 v/m respectively at intervals of about 0 5 second The record shows 
7 positive and 3 negative field-changes 

Pig 8 Storm 30 31/1/27 This record was taken on the ball during 

the approach of the storm and shows 18 negative and 7 positive sudden field- 
changes. Flashes to ground oocurred at 18-4 and 20-4 m which the reoord 
shows to have produced positive changes of field 

The hall was lowered to measure the field at 17*3, 19 6 and 21 4 m 
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Initially — 109 v/m, the field rose to — 420 v/m as the storm approached, 
and later became so strong as to drive the meniscus out of the field of view 
At 32 m , after the close of tho record, it had reached — 10,000 v/m, and the 
next record, which is shown in fig 9, was obtained 
A record made at 17 h 10 m , when the storm was at a distance of 11 kms , 
showed that tho steady field was then + 10 v/m 
Near Storms —Fig 9 Storm 30 Tost-plate, 17 h 34m tol7h 44| ra 
The distances of 9 of the flashes have been determined from tho thunder-marks 
following the field-changes and he between 3 0 and 6 4 kms The test-plate 
was uncovered at 34$ m and covert d for a few seconds at 37, 37$, 40 and 42 J m , 
tho field varying from — 8800 to — 10,600 v/m The largest Budden change of 
field, at 35 5 m , amounted to -f 11,800 v/m and was due to a flash m the 
cloud at a distance of 4 4 kms It was followed 3 seconds later by a change of 
— 3000 v/m The other negative change, — 2000 v/m, occurred at 39 6 m 
Bam started to fall at 35 5m, was noted as heavy at 40 m and as very heavy 
from 41$ m to the end of the record This is the cause of the upward Blope of 
the record, which indicates an average current of 6 5 X 10 -M amps /sq cm 
from 34$ m to 42 4 m The peculiar hump at 43$ m is probably due to the 
heavy rainfall Flashes to ground occurred at 37 5 m (5 4 kms ) and 38 8 m 
(3 0 kms ) The record shows 34 positive and 2 negative field-changes 
Fig 10 Storm 36 9/2/27 Test-plate, 14 h 6 5m to 14 h 22 m The 

distances of 12 of the flashes liavo been determined and lay between 2 0 and 7 2 
kms The test-plate was covered for a few seconds at 7, 10, 11 7, 13 6, 15 2 
and 19 0 m , tho field varying from — 11,800 v/m to— 3,500 v/m The largest 
sudden change of field amounted to + 11,800 v/m and occurred at 9 4 m , 
momentarily reducing the field to zero 
Three small negative changes of field occurred at 8 7, 11 3 and 12 2 m , the 
first two being due to discharges at distances of 5 4 and 1 1 2 kms respectively 
Two larger negative changes occurred at 16 6 m at the end of a half-minute 
interval during which a positive field of the order of 6000 v/m prevailed They 
reduced the field by 14,000 v/m in two ]umps of — 4700 and — 9300 v/m about 
1$ seconds apart 

Bain fell at 12 m , becoming heavy at 13 m , and the upward slope of the 
record indicates that this was positively charged and gave an average current 
of 4 9 X 10“ w amps /sq cm between 11 7 and 15 2 m 
The full history of this storm is as follows At 12 h 20 m it was appro aching 
from a distance of 40 kms and gave 90 negative and 4 positive field-changes. 
At 13 h 12 m it was 6 kms away and gave nse to a field of — 7000 v/m which 
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rose to — 16,000 v/m at 13 h 41 m and continued to vary from — 8000 to 
— 12,000 v/m (except for the half-minute of positive field referred to) until 
14 h 27 m During this half -hour the discharges were between 2 0and7 2 kins 
oft and 72 positive and 5 negative changes* were observed Another record 
was taken at 14 h 27 m , just after fig 10, when the active ccntro was reported 
to be moving away and the flashes were at distances lying between 7 and 10 kms 
This record shows 9 positive field-changes followed by 8 negative ones and the 
sign of the field-changes evidently reversed The steady field, however, remained 
between — 5500 and — 8100 v/m for another 31 minutes 

My thanks arc due to Prof C T R Wilson for his interest in these 
experiments, to my wife and Mr J Linton for assistance with tho outside 
observations, and to the South African Research Grant Hoard for a grant 
m aid 


§ 10 Summary 

A discussion is given of the tests available for determining the polanty of 
thunderclouds and further observations at Somerset East are described, which 
appear to support the conclusions of Craib and tho writer that the polanty 
of these storms was positive 


* One of these was outside the reversal distance, at 11 2 kms 
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The Interchange of Electricity between Thundercloud* and the Earth 
By B P J Sohonland, M A , Ph D , Senior Lecturer m Physics, 
University of Cape Town 

(Communicated by C T R Wilson, F R S —Received November 21, 1927 ) 
[Plate 6 (Upper figure )] 

§ 1 Introduction 

Prof C T B Wilson* has suggested that the exchange of electricity between 
thunderclouds and the ground may bo an important factor m the maintenance 
of tho earth's negative charge, the replenishment of which, in view of the 
fine-weather air-earth current, is an outstanding problem in atmospheric 
electricity He has shownf that such an exchange can take place in three 
ways, by the momentary currents due to lightning discharges between the 
cloud and the ground, by the convection currents carried by ram, and by the 
continuous currents carried by ions moving in the powerful electric fields 
below the cloud This last effect may be expected to be considerable since 
such ions will be produced in quantity as a result of point-discharges from trees 
and bushes below the cloud 

In the present paper an attempt is made to estimate the magnitudes of these 
three factors in the exchango Before describing the measurements, it may 
bo recalled that in two studies! of the strong electric fields below these clouds, 
it has been found that negative potential gradients are very much more frequent 
and considerably stronger than positive ones Indeed, occasions of strong 
positive fields below active thunderclouds are so rare as to be negligible, and the 
predominance of strong negative fields must cause the point-discharge currents 
to be mainly upwardly directed The earth must therefore gain a negative 
charge from this effect 

It has also been found that the great majority of lightning discharges between 
these clouds and the ground involve only the negatively charged portion of the 
cloud This factor m the exchange must therefore also result in a gam of 
negative oharge by the earth 

The rain, on the other hand, may be expected to convey a positive oharge 

* ‘ Phil Tran*.,’ A, voL 221, p 112 (1921) 

t GUee brook’* “ Dictionary of Applied Physio*,” voL 3, p 100 

t Sohonland and Cr»tb, ‘ Roy Soo Proc A, voL IU, p, 229 (1927) j Sohonland, w pra, 
p. 233. 



Electricity between Thunderclouds and Earth 233 

to the earth if the point discharge current is large, for the falling drops, whatever 
their initial condition, will generally intercept enough of tho upward-moving 
positive ions to reach ground with a charge of positive sign * 

It is perhaps necessary to point out that the measurements to be described 
are independent of any discussion concerning the polarity of tho thundercloud 
The conclusions of Craib and the writer (loc at) on this point are only invoked 
when it is required to generalise from the results obtained by direct 
measurement 

The observations were made at Somerset East, South Africa, in January and 
February, 1927 

§ 2 Apparatus 

The ordinary equipnu at of the station, which has already been described,! 
is sufficient for the examination of the first two factors The sign and the 
quantity of tho electricity discharged from tho cloud in a Hash to earth, as well 
as the rate at which such discharges take place, can be found from observations 
of the field changes produced by distant storms The sign and quantity of the 
electricity earned down by ram can be determined by collecting the ram in 
the earth-filled teat plate 

In order to obtain an estimate of the third factor, it is necessary to set up 
some natural source of point discharge, bush or tree, which it is possible to 
regard as typical of the district and to measure the current passing upwards 
from it The choice of a typical tree m the Somerset East distnet is an easy 
one, for it is fairly thickly covered with Acacia Karroo, a small thorn-tree 
growing to an average height of about 12 feet and plentifully provided with 
long and sharp thorns A suitable tree was therefore cut down at the base and 
mounted upon ebonite-sulphur insulators Similar insulators were placed in 
the stay-wires, which kept it upright, and shields were provided to protect the 
insulators against dust and rain The tree was 7 metres to tho N E of the 
hut and was joined to the current-measuring instrument by means of a wire 
passing m in insulators up the centre of an iron pipe This instrument was 
a unipivot galvanometer with one terminal joined to the tree and the other 
to earth, and could be read to tenths of a micro-ampere 

The top of the tree was 4 metres above the ground and the branches spread 
oat in a rough circle of 1 5 metres radios Tho leaves withered in a few days 
but the thorns remained Fresh twigs and branches were wired to it occasion- 


* Wilson, ' PhiL Tram.,’ loc. cU. 
t flohonhinl and Qraib, fee. oK. 
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ally, but it is doubtful if this was really necessary A photograph of the 
tree is shown in Plate 6 


§ 3 Observations of the Tree Current during Storms 
The following table shows approximately the relation found to hold between 
the strength of the electric field below the cloud and the upward current due 
to point discharge from the tree 


Table I 


Field 


Current 


w® 

- 3,500 

- a, ooo 

- 11,000 
- in ooo 


mji'mampems 

0 07 
0 20 

1 00 
4 00 


The rapid rise in the current with increasing field is very marked and in 
accordance with other observations upon point discharge The maxi m u m 
current observed was 4 5 microamperes Data for positive fields are too few 
to draw any conclusion as to the effect of the sign of the field of force upon the 
current 

While a storm is overhead the electric field is constantly altering as a result 
of lightning discharges and the subsequent recovery of the cloud charges, and 
these changes in the field affect the current from the tree The sudden field- 
changes give rise to ballistic deflections of the galvanometer needle, after which 
the current increases until the next flash occurs To determine the mean 
value of the current while the storm was near to the station the galvanometer 
reading was taken at regular intervals and without reference to the actual 
field prevailing at the moment The mean values obtained are shown m 
column 6 of the following table Columns 3, 2, 4 and 5 give the distance 
of the active part of the cloud, the average value of the steady field, the tune 
during which observations were made, and the number of observations used 
to find the average current Column 7 shows the total quantity of positive 
electricity discharged upwards from the tree during the period of observation 

The table shows that during 230 minutes of strong negative fields the tree 
discharged 0 0129 coulomb of positive electricity upwards, while during 10 
minutes of strong positive fields it discharged 0 0001 coulomb of negative 
electricity The latter effect was due to a mamma tiform cloud residue, the 
actual storm having receded far away 
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Table II 




Divtiinrt 


L 

1: 

j Turn 


Vn ..f 
\ (it 10 MS I 



Qu mill 
ilm lmi^i 


(I 


10 

11 

Jrt 

18 

18 

43 

3b 


\ , m kin* 1 mins 

— 10 000 4- (» i 10 

8 000 ! 1 20 

10IMHI 1— f>* , 122 

- n ooo 17 i JT» 

fllKHt !)* 1 1 

11,000 4—7 I 18 

(t,iHio p* lo 


tniinmmpt ns 
10 ] I 0 

5 j ,2 7 

JO 0 8 

10 | r O li 

4 0 15 

10 , 0 75 


0 0018 
0 0030 
0 0050 
0 00120 
0 00007 
0 00081 
0 00012 


* Attn i o< litre ut inure thill 111 kins 


These observations may be supplemented by the statement that during the 
passage of seven storms over the station in 1927 the steady field exceeded 
— 5000 v/m for 300 minutes and + 5000 v/m for 5 minutes The corresponding 
figures for cloud residues were 53 and 37 minutes respectively, but for the 
present we shall consider active storms only and it is evident that the positive 
fields and negative upward currents can in this case be neglected 

It is interesting to compare these observations with those made by Wormell* 
m England, who used a single point-discharger at a height of 8 metres, which 
is stated to be likely to produce similar effects to those from a small tree The 
currents obtained in the two cases are of the same order of magnitude, though 
in Wormell’s experiments values as high as 10 microamperes were frequently 
observed A Bimilar predominance of upward currents was found It would, 
however, appear that the point-diBchargor used by him was more effective 
than my tree, for currents of the order of 3 microamperes were found to be 
produced by fields of strength 3000 v/m, which m my experiments would only 
give rise to about 0 1 microampere 

The downward current from the tree during fine weather was measured on 
several occasions and found to be about 9 1 X 10 -u amps m a field of strength 
60 v/m. 


f 4 Estimate of the Total Upward Ionisation Current below an Active 
Storm 

In order to form an estimate of the total upward current due to point-discharge 
below an active thundercloud, it is necessary to determine (a) the principal 
• * Roy Soc Proa,’ A, vok 115, p. 443 (1927). 
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sources of point discharge (b) the average upward current from each such source 
at various distances from the active centre of the thundercloud and (o) the 
number and distribution of these sources below the cloud To obtain this 
information especially that under (b) at all accurately would require a more 
exhaustive study of the problem than has yet been made Sufficient informs 
turn is however available for an estimate of the order of magnitude of the 
upward current 

(а) and (c) As already mentioned the principal so tree of point discharge 
is the thorn tree described Pour fifths of the district over which the storms 
travel is thickly covered with this tree the remainder consisting of cleared 
ground with occasional taller trees of the blue gum variety The thorn trees 
are on the average about 5 m tr s aj art and as they would shield small bushes 
between them from the full effects of th electric field they may be considered 
as the only important sources of point d scharge Ihe grass in the open spa es 
is very poor and short and can hardly be an important factor 

(б) — To obtain an idea of the total effect of these trees it is necessary to 
deoide at what distance from the active c ntre of the storm the field and so the 
tree current may be consi lorcd as negligible The evidence bo far obtained 
indicates that the field is usually very small at a distance of about 8 kms and 
grows rapidly as the storm approaches reaching — 5000 v/m at about 5 kms 
and — 16 000 v/m when the storm is practically overhead At a distance of 
6 kms the field is about — 3000 v/m and falls off rapidly with further increase 
in the distance 

The average effective fields are lees than and often only half the above values 
owing to the sudden reductions in field strength caused by lightning discharges 
Thus the tree current will bo considerably less than 0 1 microampere m a 
field of maximum strength — 3000 v/m an 1 we may proceed by neglecting the 
contributions from all trees more than 5 or 6 kms away from the active centre 
Ibis distance is measured from the lower pole of the cloud whose height may 
be taken as 3 kms so that all the trees within a circular area of radius 4 to 
5 kms may be expected to make au effective contribution to the upward 
current 

Those trees near the centre of this area will be giving a mean upward current 
of about 2 5 microamperes and those at the circumference about 0 1 micro 
ampere The data available are hardly sufficient for an accurate knowledge 
of the current from trees at various distances from the centre Table II 
however indicates that an average value of 0 8 microampere over the whole 
area will probably not be very far from the truth 
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In order to form the estimate of the total upward point discharge current it 
will therefore be assumed that the trees are 5 metres apart that the effective 
area has a radius of 4 5 kms and that the averago upward current from a 
tree within this area is 0 8 microampere From these figures the total number 
of trees effective m point discharge below the thundercloud is 2 6 X 10® and 
the average total upward current from them is 2 1 amperes 

§ 5 The Tffect of Lightning Flashes between Cloud and Crounl 

In order to estimate the effect of dashes of lightning upon the transfer of 
electricity between the cloud and the ground we require the sign and magnitude 
of the average quantity so transferred and also the average frequency of such 
flashes 

As concerns the sign it has been shown m a previous paper* that the groat 
majority of flashes to ground (more than 90 per cent ) produce a positive change 
of field and so oonvey a negative charge to the earth 1 urther the electric 
moments of 73 distant discharges wore measured in 1926 and found to have a 
mean value of 93 coulomb kilometres f This result has been confirmed by 
further unpublished measurements mad< in 1927 and if the average vertical 
length of the discharge path whether to ground or in the cloud be taken at 
3 kms , it gives 15 coulombs for the average quantity of electricity involved in a 
discharge 

To determine the averago frequency of flashes to ground use is made of tho 
fact that practically every positive change of field observed from a distant 
storm is caused by a discharge to ground Ihe photographic records of 30 
such storms show that 89 positive and 734 negative sudden changes of field 
occurred during 232 minutes bo that a flash to ground took place on the average 
once m every 2 6 minutes This result is m accord with outside observations of 
the storms 

The effect of the momentary currents carried by lightning discharges is thus 
equivalent to a steady current of 15/156, or about 0 1 ampere, m an upward 
direction 

§ 6 The Convection Current earned by Chaiged Ram 

In order to form an estimate of the part played by charge 1 rain, the average 
current entering the test plate during periods of rainfall has been determined 
from the photographic records obtained with the capillaiy electrometer Such 
measurements include the effect of ionisation currents as well as ram currents, 
« SohonUnd, loc eU 
t Sohonlsnd and Oralb, too. oO. 
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but the former were found to be negligible m comparison with the latter, since 
the surface of the test-plate was not provided with any important source of 
point-discharge The method has been shown by Wilson* to be free from the 
disturbing effects of splashing 

Observations were also made of the duration of the rainfall The results 
for seven storms are shown in the following table, the last column of which 
gives the quantity of positive electricity earned to the earth m each shower of 
ram, measured m coulombs per square centimetre of the test-plate 


Table 111 


Storm 

Distance 

tield 

Current 

Duration 

Quantity 


kms 

v/ra 

amps /Rq cm 1 

mma 

ooulombs/«q cm 

25 

6 

- 5,000 

+ 7 9 x 10 14 

10 

1.21 3 X 10"“ 

25 

3 

8,000 

1-23 Of 

12 

30 

5 

- 10,000 

+ 65 

12 

J 4 7 

34 


- 8,000 

+ 10 0 

10 

0 0 

36 

36 

3— 5 

4— 6 

} - 16,000 

1- 0 7 

J- 6 r . 

12 

}’> 

36 

n* 

- 6 000 

3 0 

10 

- 1 8 

38 

D* 

| 6,000 

- 1 0 

10 

-0 0 

41 

4 


Nu rain 



41 

4 


No ram 




* Active centre at mure Ilian 10 knu* 
t Heavy ram 


It will be seen that in all cases of strong negative fields due to active storms 
the ram was positively charged The only occasion on which negatively 
charged ram was associated with a negative held was when storm 36 was receding 
and at a distance of about 10 kms The occurrence of negatively charged ram 
m association with the positive field due to a cloud residue of storm 38 is 
interesting Although the current is small its sign and value were carefully 
determined 

The largest rain-currcnt observed was + 2 lx 10 13 amps /sq cm Higher 
values were found on two occasions in 1926 when currents of 2 Ox 10 _u (?) 
and -f 6 0 X 10 -11 amps /sq cm were recorded, but the rainfall was then 
heavier than any which occurred in 1927 For the storms under discussion 
the average rain-current will be taken as 1 0 X 10 -u amps /sq cm 
We now require an estimate of the average area over which rain was falling 
If the average velocity of the storm be taken os 25 kms per hour and the 
* Wilson, 4 Roy Soc Proa,’ A, voL 92, p. 606 (1916). 
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average duration of the rainfall at any point as 12 minutes, this area is about 
5 kms in diameter and amounts to about 20 sq kms The total convection 
current over this area is therefore 20 x 10 10 X I0~ n or U 02 ampere This 
current is quite negligible in comparison with the 2 l amperes earned upward 
from point-discharge 

This result can be seen m another way , the tree may bi taken to represent 
the main source of point-discharge withm an average area of 20 sq metres, so 
that the loss of positive electncity by pomt-dischargo from this area during 
the five storms of Table II was at least 0 013 coulomb Table III shows that 
the gam of positive electricity by the agency of charged ram during the same 
five storms was 1 84 X 10~ ,n (mill /sq em or 0 000037 coulomb ovr r the area 
of 20 sq metres The ratio of the loss to the gain is 350 to 1 

§ 7 The Total Current between Active Storms and the Earth 
The estimates of the. preceding sections may now be combined to hud the 
total current between an active thundercloud and the ground This current 
is made up as follows 

Point-discharge 2 1 ampere 

Lightning discharges 0 1 ampere (equivalent) 

Charged rain -0 02 ampere 

The total current may therefore be estimated as 2 2 amperes m such v 
direction as to convey a negative charge to the earth 

These observations confirm Wilson’s remark that of the three kuids of 
olectnc current which may accompany precipitation — the c-onvection current 
earned by rain, the momentary currents of lightning discharges, and continuous 
cumnts due to the intense* electric fields -it is quite possibly the last which 
contributes most to the interchange of electricity lietwceu thi earth and the 
atmosphere ”* 

The comparatively small value of the effect of lightning discharges is interest- 
ing It would seem probable that this effect is more important in Europe 
than in South Africa, but it is hardly likely to be an important factor wh< ti 
averaged over the surface of the earth Observations from as far north as 
Nyassaland (lat 14° S ) agree with those made in South Africa and in India 
as to the marked preponderance of discharges w ithin the cloud 
It is, however, to be expected that a thunderstorm occurring over a region 
which is not well covered with trees and other natural sources of point disc hargo 
* " Diet. App, Physios,” fee. at 
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will be more active electrically and give rise to more discharges to ground than 
one over what is ^otamcally termed “ park ” land, for the dissipation of the 
cloud charges by point-discharge currents will be much reduced This is 
probably the reason why the treeless regions of South Africa, such as the Orange 
Free State and the high-veld of the Transvaal, are noted for the powerful 
electrical display produced by thunderstorms It may be added, however, 
that a large proportion of Africa south of the Equator, perhaps more than 76 
per cent , is “ park ” land 

The small value found for the current due to charged rain must be associated 
with the fact that the rainfall during these two months was considerably below 
the usual value* and the district suffered severely from drought Two of the 
storms, as is shown in Table III, produced no rain at all and none gave as much 
as half an inch of rain It is possible, therefore, that the rain effect is abnormally 
low, but unlikely that it could ever seriously challenge that due to point 
discharge 

That these clouds are usually qmto capable of dealing with continuous dis- 
sipation currents of the order of several amperes can be shown from a Btudy of 
the “ recovery curves ” of the electric field changes caused by distant lightning 
discharges The recovery curves, as found by W llson m England, t are approxi- 
mately exponential and suggest a constant rate of regeneration of the cloud 
charges This rate may bo found from the initial linear portion of the curves, 
when the dissipation is absent A number of measurements have been made 
from the photographic records of the electric fields and they indicate that, m 
the absence of dissipation, tho cloud charges would recover their original 
strength in about 3 5 seconds This is the mean of some 80 observations If 
the average charge on a cloud pole be taken, as before, to bo 16 coulombs, 
regeneration must take place at an average rate of about 4 coulombs per second 
so that when the dissipation and regeneration currents ultimately balance each 
other, a dissipation of 2 or 3 amperes below the cloud is not at all beyond the 
capabilities of the generating process, even allowing for dissipation within tho 
cloud itself 

§ 8 The Replenishment of the Earth's Negative Charge 

It haB been shown in the preceding sections that the thunderstorms whioh 
passed over the station produced currents of the order of 2 amperes below them 
and m such a direction as to convey a negative charge to the earth Since point 
discharge was the mam factor in the c uusation of these currents, their direction 
* 2 02 mohes instead of 6 inches or more This is the rainy season, 
t Wilson, ‘ PhiL Trans,,’ loc. c U, 
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was set by the direction of tho electric fields of force below the clouds, and 
this was predominantly negative Up to the present 1 $ act i ve storms have been 
observed to pass over the station and occasions of strong positive fields beneath 
them have been extremely rare and fleeting 

Since the observations discussed in previous papers upon the electric fields 
of these storms and of others at greater distances can only be interpreted in 
terms of a thundercloud with a positive charge olovated above a negative one, 
there is good reason for believing that similar strong negative fields of force 
prevailed below those storms which did not pass over the station The con- 
clusions of other observers* are in agreement with this view, at any rate in 
respect of the majority of the thunderclouds examined by them It is there- 
fore not unlikely that the estimate givon for the cloud-earth current may 
apply to most of th< storms which occur over the surface of the earth 

It is unnecessary to stress the importance of this conclusion in connection 
with Wilson’s views on the replenishment of the earth’s negative charge, but it 
must be pointed out that furthor information is required lie fore it is possible 
to determine the full effect of these factors upon the electrical condition of the 
earth The currents so far considered have only been those between active 
thunderstorms and the ground, and these are practically always directed upwards 
There are, however, occasions when fairly strong eloctric fields exist below clouds 
which are not active m producing lightning, and these fields are sometimes 
positive in sign, giving rise to downwardly directed point-discharge currents 
Up to tho present the observations do not suggest that there is any predominance 
of these downward currents under shower-clouds In January and February, 
1927, the field below inactive clouds exceeded -j- 6000 v/m for 37 minutes and 
— 6000 v/m for 53 minutes, so that the effects of the larger currents below 
them practically balanced For an accurate estimate, however, it would be 
necessary to carry out experiments with integrating devices such as those 
recently described by Wormell (he cU) In the Somerset East district, oharged 
shower-clouds seem to occur only in tho wake of thunderstorms 

My indebtedness to he writings of Prof Wilson is apparent throughout 
this paper, and I have to thank him for his interest in these experiments, Prof 
A. Ogg for providing facilities for tho work, Mr J Linton for much help, and 
the South African Research Board for a grant m aid 

* Appleton, Watt and Herd, ‘Roy Soo. Proo A, rol 111, p. 616 (1926) , Wormell, 
loo. eU. 
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§9 Summary 

The paper describes observations made to examine the part played by (a) 
point-discharge currents, (i) lightning discharges between cloud and ground, 
and (c) charged rain, m the electrical mb rchunge bi tween an iu tive thunder- 
cloud and the earth From these observations, («) and (b) are estimated to 
produce continuous ( urrents of the order of 2 1 and 0 1 (equivalent) amperes 
respectively in an upward direction and (c) to produce a reverse downward 
current of the order of 0 02 ampere The resultant current is thus estimated 
at 2 2 amperes m mu h a dim tion as to c onvc y a negative c barge t o the earth 


Note on the Explanation of a so-called “ I nierh action " Phevonmion 

By N K Apam 

(Communicated bv U I Tavlor, F R S — Received November 8, 1927 ) 
[L*iatp (1 (Lower figure )1 

Sir Almroth Wnght* observed that a disc of filter paper soaked in coloured 
albumen solution, fixed to the under side of a c over-glass which was floated 
upon a salt solution, showed coloured streamers radiating out along the surface 
In seeking an explanation, I concluded} that the streamers were due to the upper 
layer of the salt liecoming lighter, owing to loss of salt to the filter paper by 
diffusion, and that this alteration of specific gravity caused currents outwards 
towards the surface of the solution beyond the cover-glass which is slightly 
higher than the under side of the coverglass, ami the only region to which upward 
streaming currents could go Tn confirmation of this view, T showed that if 
the cover-glass was tilted the streamers (which I assumed to indicate the 
direction of the currents) only went to the upper side of the cover-glass, and if 
the positions of salt and albumen were reversed, so that the upper layers of 
solution would become more dense by diffusion, the streamers indicated down- 
ward currents Sir A Wright} has criticised my explanation, and the 

* ‘ Roy Soo. Proc A, voL 112, p 213 (1926) 
t IbuL, A, vol 113, p 478 (1026) 
t Ibid., A, vol 114, p 579 (1927) 
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criticism which seems to have most weight is that the upward currents would 
be expected to produce a uniform spreading cloud of colour, not a system of 
radial streamers 1 have therefore tested directly whether a hIow upward 
current of water, impinging on a disc of filter paper soaked m dye solution, 
drive® out the colour in a uniform cloud or in streamers The photograph* 
shows that fine streamers are actually produced The disc was supported in 
the surface of water, about *1 mm above a tube l cm in diameter delivering 
water at a rate of about 30 cc per minute V mat ions of the rati of flow 
slightly altered the appearanc c of the streamers but a uniform c loud was never 
produced 

A slow current of coloured liquid, impinging on a plate in the surface, does 
not produce streamers , the streamers are therefore to be ascribed to the 
manner m which the colour washes out from the filter paper Very probably 
the colour leaves mainly at certain irregularities on the upper side, or the edge 
of the paper Glared and waxed paper also caused streamers, though these 
were less definite in the case of the waxed paper Drops of coloured liquid 
emerging from a hole m a glass plate did not produce fine streamers , but a 
few rather coarse streamers appeared when rolourod liquid was placed m a tin 
with a number of small holes m the bottom The streamers in the case of the 
filter paper seem possibly due to the fibres of the paper 


* Sn Plato 0, ffle ing p 250 
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Example* of the Zeeman Effect at Intermediate Strengths of 
Magnetic Field 
By K Dabwin 

(Communicated by Prof C C Datum, F R 8 — Received December 8, 1927 ) 
Introduction 

In a recent paper* called “ The Zeeman Eflect and Spherical Harmonica,” 
Prof Darwin gives a set of formul® from which can be determined the fre- 
quencies and intensities of the lines m the standard Zeeman Effect Except 
for 8 — p doublets these quantities could previously only be calculated for 
strong or weak magnetic fields, and the interest of the new formul® lies in the 
fact that from them we can also calcidate the frequency and intensity at any 
intermediate field Approximate algebraic solutions are available for strong 
or weak fields, but the new method makes numerical solutions for all strengths 
easily practicable The present work gives the application of the new formul® 
to threo cases which involve simple but lengthy calculation These are the 
t — p and p — d doublets and the s — p triplets, but we describe first the case 
of the s — p triplets as this illustrates most fully the method under considera- 
tion As these cases involve respectively 10, 34 and 19 lmes, it will be readily 
seen that the discussion of any more complicated systems would lead to a 
largo amount of work The simplest case of all, that of the a — p doublets, 
is already known from the work of Voigt (by entirely different methods) As, 
however, so much of the material for working out the a — p doublets by the 
new method is the same as we require for the p — d doublets, we have included 
in a brief form the results for the simpler case The theory and procedure is, 
of course, similar for all the three examples considered, so we now give an out- 
line of the calculations and results before entering into the detail for the several 
cases separately 

Referring to § 5 of the previous paper, we find the following rules for forming 
the “ chains of equations ” on which the whole calculation is based 
Take 

k — 0, 1, 2, . . for a, p, d terms 
r = 0, J, 1, for singlets, doublets, triplets 

* 'Roy Soo Proo,’ A, vol 115, page 1 (1927) Equivalent formula are given by 
Heisenberg and Jordan ('Z f Phyaik,’ vol 37, p 263(1926)) 
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Let u be any integer between k and — k inclusive, and let » be any multiple of 
i such that (r + «) is an integer, and also -f<i<r <•> is the Larmor fre- 
quency and (3 is the constant of multiplet separation in energy units The a’s 
are numerical coefficients in the characteristic functions of the atom, but for 
their precise interpretation reference must be made to the previous paper With 
any of the permitted values of u and s write down the equation 

— Ou-i .u £(* — « + l)(r-f » + l) + « B ,.[W — (J 2ns- io(u + 2«)l 

— «*+i «-i P(fcH-u + l)(r — «-fl) = 0, (1) 
m which all the coefficients arc integers whatever r may be Set down the 
corresponding equations in a u i, t , t and a u , j ,_i, and carry on in both direc- 
tions until stopped by the condition | u | ;£ k or | a I iS r The determinant of this 
system of equations will give a set of values for W (corresponding to m -= « -f s) 
where each value represents the separation of a level from the mean centre of 
the multiplet We distinguish the different roots of the determinant by the 
value of j, the greatest havingj = k -(- r and the rest being numbered by units 
downwards m order of decreasing magnitude 

Having formed the chains of equations and chosen a valuo for to, which 
measures the strength of the magnetic field, we have to solve for W the deter- 
minant arising from the cham of equations corresponding to each value of m 
In the three cases we shall deal with, the determinant is never of higher order 
than the third A cham of equations gives us only ratios betw een the a’s, so 
to obtain numerical values wo have to introduce a normalising equation In 
the previous paper the formula) for intensities (4 4, 4 5 and 4 6) have as 
denominators factors such as 

S W {)* (r+»)'(r- •)!(* + ti)!(i- «) (2) 

where £ means the summation over all values of u and s such that w + s — m 
This quantity we shall call We might have taken — 1 as a 

normalising equation to simplify the calculation of intensities, but since a 
common numerical factor often runs right through N* ( ' it was found more 
convenient to omit this factor in normalising The numerical coefficients are 
consequently different for each case, and so a list of normalising equations will be 
given for each system of levels as we deal with it For the purpose of numerical 
solution it was natural to fix the scale of the multiplets by choosing p as a 
simple number m each case The values chosen (for reasons given below) 
were J for the p-triplet, 1 for the p-doublet, and $ for the d-doublet levels , 
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in the 4-levels {1 does not oooor The values adopted for u were in all cases 
in the respective scales 1, 2, 5 

Having normalised according to the appropriate equation we have obtained 
numerical values for each W and its a’s, and the next step is to combine the 
levels by taking the differences between the values of W for values of k differing 
by unity, for all values of j, and all permissible values of m We thus obtain 
the frequency of a line m energy units, or rather the difference between its 
frequency and that of the mean centre of the multiplet The general expressions 
for intensities (4 4, 4 6 and 4 b of the previous paper) consist of three formula 

(r h 4) * (r - 4)" (k 1 «) ' (k - «) » tyNLX V 
for the perpendicular components m - m 1 

rs«j Wu | i (r f s) ' (r - 4 ) ' (I f a) I (/ - «) N^ 1 , J 

- > ( 3 ) 

for the other perp< ndicular components m -*• m -f- 1, and 
4 LS a* { a*-.' J (r + 4) ' (r - 4 ) » (jfe + n) ■ (k - v) » F/N * J 1 Nj, 1 J 
for the parallel components m _> m 

These appear rather formidable but in practice they simplify somewhat because 
many of the factorials reduce to 0 1 or 1 1 Also our choice of normalising 
equations makes most of the denominator disappear, and the remainder is 
incorporated m a numerical factor m which a factor from the numerator ib also 
included Finally the whole system of intensities is multiplied by a numerical 
coefficient such that in weak fields all the intensities are integers These 
numbers were 3/2 for the 8 — p doublots and triplets, and 16/2 for the p — d 
doublets The intensity formulae aB given below have already been treated in 
this way 

We thus calculate the frequency v (more strictly the difference of the fre- 
quency from that of the mean centre of the multiplet), and the intensity I, for 
all lines at any strength of field, and the complete results appear in Tables I 
to VI In addttion we give the results of approximate algebraic solutions for 
very large and very small values of w These “ strong field ” and “ weak field ” 
solutions were obtained on exactly the same principles as the numerical solutions 
for intermediate fields, so need no preliminary discussion The numerical 
work was done with a 10-inch slide rule throughout, and the results are accurate 
to that degree 

For each of the three oases we have drawn a graph which shows dearly 
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the general features of the transition from the anomalous Zeeman Effect to the 
Paschen Back Effect For this wo should naturally plot v against <■>, hut 
the divergence of the lines for large values of to is so great that in order to 
show more detail we have distorted both co-ordmates in the ratio l/(co + 1) 
This reduces the divtrgeiue of the hues and makes the chosen values of 
co ( co = J, J, 1 2, 6) occur at even distances along the axis The parallel 
components, m > in, are drawn as continuous lines, mid lioth si ts of perpen- 
dicular components m - m ± 1 as broken lines, since there is no difficulty in 
distinguishing the two latter types The intensities ere roughlj indicated by the 
thickness of the lines, the exact values 1 h mg given in the tables Tn the p — d 
doublet graph howevtr, we wished to include lines whose intensities art exceed- 
ingly small compared to the important lines, namely, the “ forbidden lines ” 
where j = } -*j — J so that in this one graph the width of the lines < nnnot be 
made to correspond proportionally to the intensities 
Before proceeding further I wish to express my obligation to my huslnnd, 
Prof Darwin I owe to him the original suggestion and plan of the work 
and should have been quite unable to carry it out without his guidance and 
criticism at every stage 


« — p Triplet* 

We have to construct the ‘ chains of equations ” for the particular case, 
first of the s-terms, then of the p terms The notation which has been found 
convenient to distinguish the different values of W anil the o’s ib W „ 1 und 
a u i Since however k has one value throughout for the s-terms, and another 
value throughout for the p-terms, the index k is omitted until we come to com- 
bine the two sets of terms The index j is also omitted until it is necessary to 
distinguish between different roots m the equations for W arising from each 
chain 

For the s-terms we have, by the foregoing rules, l = 0 and r -= 1 , whence 
u = 0 since |u| :S k, and* = -f 1, 0, or — 1 since |*| £ r, so that m = + 1, 
0, or — 1 

The chains of equations then degenerate to 

a o,i fW» — 2<o] = 0 which gives W x -* 2o> 

»o.o[WJ =0 W 0 =0 

«o-i [W-! + 2«] = 0 W„ x = —2 m 

Thus an exact solution for W is effected at once for any given value of to Here 
we normalise all three o’s as unity 
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For the p-terms we have it = 1 and r — l whence u = 1, 0, or — 1 and 
a = ] , 0, or — 1 so that m = 2, 1, 0, — 1 or — 2 We take {J = J rather than 
1, because this makes the lines for no field have frequencies of 1, — 1, — 2, 
instead of 2, — 2, — 4 , and thus the chains of equations are 

m = 2 a, t (W - 1 - 3o>) = 0 

m = 1 o 0 t (W — 2w) — a, o =0 

— « 0 i -f a, 0 (W — m) = 0 

m = 0 , (W + 1 - m) - Re =0 

— 2a_j l + «oo(W) - 2o, _ t = 0 

— 4«oo + Oj .j(W + l + m) = 0 

m = — 1 o-j o (W + m) — a 0 _! =0 

-0_1 0 -f a 0 _J (W 4- 2m) = 0 

m ~ - 2 a_! _ x (W - 1 f 3 m) ^ 0 

The normalising equations are as follows — 

m = 2 (oj {)* — l 

m = 1 K ()* + (oj >)* 1 

m — 0 4 (o 1 \ X Y f (o* J 0 ) s + 4 (oj '_,)*= 1 

» = -1 (o 1, j „)» 1- «*'_,)« = 1 

m = -2 (*'-{, -y) a - 1 

To illustrate the procedure let us now take m = 1, the middle value of the 
five numerical values of m for which the calculations have been made, and work 
with that throughout As before we have to solve for W the determinants 
formed from each chain The several values of W in the quadratic and cubic 
equations bo formed are distinguished by the index j, the roots being numbered 
from the highest (j = k + r = 2) downwards From the first and last chains 
(of one member) we have at once 



We may observe that chains of one member, unlike longer ones, have a con- 
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sfcant value of unity for a for all values of co From the second chain (m — 1) 
we have 

(W - 2(d) (W - td) = 1 

Solving the quadratic numerically by the usual method of completing the 
square wo get 

W; 2 = 2 617 and Wj 1 = 0 383 

From either of the equations we can now determine the ratio of the a’s 
corresponding to either value of W, for we have 

*i o l a t> i = W — 2 m, 

«o j/o, 0 = W - <d, 

and these form in practice a useful check on one another and on the solution 
for W * With this ratio and the appropriate normalising equation 
(°o i)* + ( a i o) 2 = 1 W(> can now get numerical values for the o’s corresponding 
to the two roots, and those are 

oj “ = 0 851 , a' t) |= 0 526, 

«J * = 0 526, «} J = -0 851 

An exactly similar treatment of the other quadratic (arising from the chain 
m — — 1) gives the following results — 

W 1 “ = -0 383, W 1 } = -2 017, 

a' \ 0 = 0 851, a l _\ u - 0 526, 

= 0 526, a, 1 , 1 t = -0 851 

It will be noticed that a numerical equality appears between the roots of tho 
quadratics, and also among the values of a derived from the different roots of 
each It can be seen from the form of the equations for any value of td that 
this will be so , but it is just an occidental property and can be proved to be 
due to the fact that k and r are both equal to 1, and to occur in no other case 
It will be readily seen, however, that this symmetry caused a welcome economy 
of labour m dealing with the pairs of quadratics ! 

The cubic (for m = 0) was solved by Newton’s method, 1 1 , if is an 

* In the case when a> in large, one of the two ratios gives a uuu h more preciso value 
than tho other, and w< must c hoose Ihe ratio whu h givts the more accurate result with 
the particular value ot W wi arc using Similar discrimination is needed for the mbic 
equation when « is largo. 
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approximation to one of the roots of the equation f(t) = 0, then a better 
approximation is Xj — Our equation when to — 1 is 

/(W) = W» + 2W»-2W-2~0 

and so 

/' (W) = 3W* + 4W - 2 

T aking a few values of W, the following solutions were guessed 
W»= + ll. W 1 = —0 7, W° = —2*5 

Two further approximations, and sometimes only one, then suffice to give 
three decimal places correctly In the present case the solutions were 
W 4 - 1 169 


The third root can, of course, be obtained by considering the sum or products 
of the roots, or if they have been found independently (as here) we have a chock 
on their accuracy, the sum being — 2 002 To determine the a’s we have the 
three relations 

a .rJal _ l 

o 0 o 2 (W + 1 - a>) 

«i.-i = 1 

*0.0 2(W-f-l-fo>) 

from the original equations, and the normalising equation 


From these we get 


4 (a-! .)*+(«.>. <>)* + *(«, -,)*=! 


oil , = - 0 378 


oi -I = 0 1986 


<0 = 0 428 


and these values can be checked on tho middle equation of the chain which 
contains all three a’s 

The above example shows the process of the work for to = 1 The values 
of W for all tii’s are to be found in Table I To save space the values of the a’s 
(133 in number) have not been tabulated as they are only subsidiary quantities 
necessary to calculate intensities The first and last columns give the results 
of the approximate algebraic solutions for weak and strong fields to three 
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powers of w The work was, of course, on exactly the same principles as that 
for the numerical solutions but the following alight variations in method ware 
found convenient Consider the quadratic (m = 1) for weak fields We write 
the equation 

(W - 2to) (W — te) = 1 


Substituting for W in the small term, this gives 


s second approximation and substituting again we get 

*iir 3 oi (1 4~ 3(o/2) — 2 to a 

W 2 + 3o>/2 

= 1 + 3co/2 + o>*/8 


The second root is obtamed at once from the fact that the sum of the roots is 
3o) The solution of the cubic by the same method is even simpler, because <o 
only occurs in the equation as a square Thus from 

(W-l)(W + l)(W + 2) = o*W 

we get as first root 1 -f ei 1 / 6 The determination of the o’s is by the same 
process as in the numerical solutions and so need not be given here For strong 
fields the results are developed m powers of l/o> by a similar method 
The approximations can bo checked by substituting to = 1/5 and w *= 5 
respectively 

We have now to combine the s and p terms and obtain the frequencies of the 
lines by taking the differences between the W’s for all permissible transitions. 
To determine the combinations we have k = 1 -► 0 and the three types 
— l,m->»n-fl, and m-> m This gives seven lines with «i -*■ m, and 
six each with — 1 and wi-+ m + 1 We will give as example the 

process for the algebraic solution m weak fiolds, for m -*■ »n — 1 and ) (2 -*• 1) 

W^-W? 1 wl^-w? 1 wj^-wil 

— (1 -f- 3o) — 2 m =(l + 3to/2 + co*/8)-0 = (1 + co*/6) - ( - 2w) 

= 1 ■+■ « =* X + 8w/2 + oi*/8 *= 1 + 2(i> + w*/S 
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The numerical solutions and the algebraic approximations are given m Table 
II, the frequencies occupying the first half of each column and the intensities 
the seoond In writing the frequencies for strong fields terms inl/u have 
been omitted to save space but these terms appear in Table I which showB 
the levels and so are available if required In cases where the larger terms 
are absent the leading term is given The development of a line arising from 
any particular values of j and m for increasing strength of field can be seen 
at once by reading downwards the appropriate column m Table II 
The general expressions for intensities (3) reduce in the present case to the 
following simple forms the denominators being always unity owing to the form 
chosen for the nonnahsmg equations combined with the adjustment of the 

numerical coefficients The notation for the intensities is -* * ~~J 3 J 



Wherever the a s have a constant value of unity for all us they are omitted 
and this is so for all the a terms and for the end chains of the p-tertna 
vox. cornu —a t 
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Fio. 1. l -p tnpUi. The co-ordinates are distorted so as to include the strong flolds 
while showing detail for the weak The absolssa runs from sero field to infinite 
field in the soale 1) The ordmste measures »/(• -f 1), where • is the 

difference of the frequencies of the lines from that of the mean Oentre of the 
multiplot The intensities are roughly shown by the breadth of <he lines, the 
continuous lines being the parallel components and the broken lines the perpen 
dioular components. 


As an example we will determme the intensities at the field « =*=* 1 of the 
three lrnea due to m-*m — 1 and j «■ 2 -*■ j =* 1 



6 

6 (0 526)* = 1 661 


t 2 


24 (0-1176)* = 0 332 
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Those and all similar results appear in the oohunns headed I m Table II. On 
the extreme right oi Table II u a column giving the sum of the intensities of 
all the lines for each strength of field This sum should have a constant value 
of 18 for each set of the perpendicular components, and of 36 for the parallel 
components , and the deviations from these figures (the greatest being of the 
order 1/300) measure the accuracy of the numerical work Another check on 
the values of the intensities consists in applying the summation rules [see 
Kromg (‘ Z f Physik,’ vol 31, p 885 (1926) ) and Fowler (' Phil Mag vol 1, 
p 1079 (1925) )] This we did satisfactorily for a few cases, but it seemed an 
unnecessary labour to do so throughout 


t — p and p — d Doublets 

Before beginning the numerical work, we may note that in the case of the 
doublets, unlike that of the triplets, a complete algebraic solution would be 
possible as it involves quadratic equations only For the examples we are 
discussing, the s — p and p — d doublets, we have to obtain the levels for the 
s-terms, the p- terms, and the d-terms, and then combine them appropriately 
We begin therefore with a short account of the work leading to Table III, whioh 
gives the three sets of levels, before considering the resulting lines We use 
throughout the previous notation W and o* {, and the same values of 
co as were used in the case of the triplets, namely, co = |, 1, 2, 5, “ weak ” 

and “ strong ” For the p- terms we take p = 1, but for reasons which will 
appear shortly we choose p = 1/5 for the d-terms The approximate solution 
for weak and strong fields, is not earned to as high a degree of accuracy as was 
done for the triplets, and is therefore not in any way novel The work required 
in this case to obtain the third term throughout ib considerably longer, and the 
results seem scarcely of sufficient interest to justify it As the approximate 
solutions for the tnplets were given in some detail we shall not oomment 
further on the corresponding work in this case, but shall merely include the 
results in the tables As before, the values of a (224 in ’number) have not 
been tabulated. 

For the s-terms, which are the simplest, we have k =* 0, r = $ (for doublets), 
and the chains of equations give 

= ", 

The a’l are taken as unity 
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For the p- terms we have k **= 1, r = and we take (J = 1 The chains of 


equations then are 

oi.i/i (W 3 ,2 — ‘2<o -1) =0 

ao i/» (W,„ — to) — Ol, - 1 /* (2) — 0 

— flo.i/2 (1) + (Wl/2 + 1) =0 

0-1, 1/8 (W-l/2 + 1) — a 0 — 1/2 (1) = 0 


— 0 - 1 , 1/2 ( 2 ) + flo , - 1/2 ( W - l /2 + < 1 >) =0 


0-1, -1/2 (W— S/2 + ib> — 1) =0 
In this case we normalise according to the following equations — 


m = 

3/2 

II 

V 1 

m = 

1/2 

KW + 2 W - 1 

m = ■ 

-1/2 

2 («’-{„)■+ =1 

m = ■ 

-3/2 

(<•-’ - 1 


We will work out the results for w = 1 as in illustration, as we did for the 
triplets From the first and last ohains we have 

Ws/s /8 — 3 and W-jj? = - 1, 

1,3/2 . 1,2'S . 

<*i, 1/2 = 1, a_i -i/s = 1 

The first quadratic (which arises from the chain for tn — is 
(W — co) (W + 1) — 2 = 0, 

which gives the solutions 

W}/ S 3/i = + 1 732 and Wl /2 1/2 = - 1 732 
As before the roots are distinguished by tho value of j decreasing by units, the 
highest root having j = k -f r = 3/2 
From the two equations we have the ratio given by 
Ol, -1/2 _ W — (i) 

00, 1/2 2 

and 

^SlIIL = w + 1, 

01, -1/2 

and combining this with the normalising equation we get 
Oo, i/s * 0*888, aii i/I = 0 468, 
o}; •_/*„ - 0*326, oi; = -0 628 
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The solution of the aeoond quadratic (« = — }) is on exactly the same lines 
and need not be given. 


Considering now the d-terms we have to form the chains of equations when 
k s=b 2 and r =• | In most spectra the d levels of the more important lrnee are 
muoh closer together than the p levels In order to represent this fact, but to 
avoid the d levels exhibiting nothing but a Faschen Back Effect, we have 
arbitrarily chosen (S as 1 /5, 1 being the value we used for the p levels We thus 
get the following ohains 

at, lit (W 6/ * - $ - 3w) 

= 0 

®i i/s (W*/i — 1 — 2w) 

— O*,-!/* 4 = 0 

— <*i i/i i 

+ 02 , -1/2 (Wa/2 + 4 — e>) =0 

Oo,i/t (Vfyt — <*>) 

- Oj, i/8 4 =0 

— Ou,l/l 4 

4 «1 -1/2 (Wi/8 + 4) =0 

« i,Vi (W-VS + 4) 

—o-i,i/* 4 

- Oo, - 1/2 1 =0 

4 Oo - 1/2 (W - 1/2 4 «) =0 

O-*,!/. (W- S/1 4 f 4 W) 

— o-l, -1/2 4 =0 

—0-2, 1/2 f 

4 0-1, _l/2 (W— 3/2 — 4 + 2(i>) = 0 


0-2, -1/8 (W— j/f — | 4 8ti>) sb 0 

The quadratics were dealt with exactly as before, the normalising equations 
being in this case as follows — 

m = 8/2 

Of.,!/*)* =1, 

si = 3/2 

(«1, 1/*)* 4 ^(08, -1/8)*= 1, 

m = 1/2 

2(00,1/8)* 4 3 («1, -1/*)* -1, 

si = -1/2 

3 (a- i, i/i)* 4 2 (oo, -l/t)* =* 1. 

si = -3/2 

4 (o-g, i /*)• 4 (o_i, -i/t) 1 = 1, 

si = -6/2 

(0-8, -1/8)* -1 


We now we these data to obtain the frequencies and intensities of the * — p 
and p — 4 doublet lines 



Zeeman Effect at Intermediate Strength of Magnetic Field. 279 


$5 

1 

* 

f : : : t : l 

* +iil | 


9 

* 

J M - a < « + 

f T 7 7 7 f «* 


:? 

\ 

r 1 S3 1 5 "I* 

" *i 7 7 7 ? i 


55 

<41 

► 

-la 

f iit n „u 

T T 7 7 7 ? | 






•|i 


55 ; 

ji 

k 

i S i 5 1 S V 


55 

•f i 

> 

i. s 5 2 S a + 



280 


K. Darwin. 


» — p Doublet*. 

For the frequencies we have to take the differences of theW’s for the 8-terms 
and the p-terms for all possible transitions of j and m , bub as the process was 
given in detail for the triplets we do not describe it hare It is sufficient to say 
that the results are arranged in Table IV on exac^ the same plan as the 


Table IV s — p Doublets 



corresponding ones m Table II, the frequencies appearing in the first half of 
each oofomn and the intensities in the second half The expressions for 
intensities take the following very simple form. As before, the denominators 
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Fn. S. « — • doubltU. The curvee «e plotted in the hum way as in fig 1, and 
the intense* are again shown fey the breadth of the mea 
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The expressions hold for all values of j, and the straightforward calculation 
they involve needs no further comment 

p — d Doublets 

We have here to take the differences of the W’s for the p- terms and d- terms 
for all possible transitions Again we will merely indicate the arrangement 
of the results Table V gives all the lines arising from the transitions 
j — 5/2 -* ) — 3/2 and j = 5/2 * j = 1/2 the frequencies being placed in the 
first half of each column as before, and Table Vi on an exactly similar plan 
gives the lines for j = 3/2 -*■ j = 3/2 and j = 3/2 -* j = 1/2 The calculation 
of intensities is considerably more laborious for the p — d doublets than for the 
other two oases, as the general expressions do not reduoe to such simple forms 
We can give them, however, with their denominators omitted throughout, 
and with a omitted wherever it has the constant value unity for all strengths 
of field. 

— -i - tf] — 

[s/2 'i/a] ” 45 K «• °!: - ui < w f 

[?)/ " = 

f 2, J -*• 1 =s 30 la ,,} 1* 

L— 1/2 — 3/2 J 

m ^ tn + l [J» ^ 3/2'h 30 ^^ 

\_—lJ 2 1/2] = 15 i/*°o;i/s+ 2 °o,-i/i a i, -!/«)* 

[—3/2 — 1/2 ] “ 45 W*®-! i/i+ a -l -i/s°o -l/*)* 

1,/ 1 * 

L— 6/2 -3/2J 

[s/2 - 

[1/2 1/2 J = 60 i / 8 < 1/.+ 3 ®?; - 1 /* a l: - 1 /*)* 

[-V /2 - 1^] = 60 ( 3 °- j. 1/* a -i! ut+K’-ti* <: 
[-V- 
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The remits appear in Table V and VI, and it will be noticed that the intensities 
of the “ forbidden lines ” (j =■ 5/2 -*j = l/2)are zero at strong and weak fields, 
and rise to a small value (in no case above 15) at intermediate fields 
It may be remembered that m Table II we checked the intensities of the 
triplets by taking their sum at each strength of field We^have’not recorded 
this detail for the doublets, but when a similar summation is camed_out in this 
case we find that the total intensity for either Bet of the perpendicular com- 
ponents comes to 300, and that for the parallel components to 600~with a 
maximum error of 1 in 300 




Table V p — d Doublets 
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l The Analysis of the Absorption Spectrum of Cobalt Chloride t n 
Concentrated Hydrochloric Actd 

By Wallace R Brode, Ph D , Fellow of the John Simon Guggenheim 
Memorial Foundation, Liverpool University 

(Communicated by E C C Baly, F R S — Reoeived 16th Deoember, 1927 ) 
[Plats 7 ] 

This paper presents the absorption spectrum of cobalt chloride in concentrated 
hydrochloric acid as a solvent, and a discussion of the data obtained with regard 
to certain theoretical possibilities of its complex structure No .attempt has 
been made to present or discuss theories concerning the nature of the cobalt 
ions or complexes m various solutions and compounds 

The absorption spectrum of cobalt chloride in hydrochloric acid has been 
observed and studied by a number of investigators * In many of the earher 
papers the work was qualitative m character and the complexity of the absorp- 
tion band was undetected In the first of these investigations the band was 
recorded as a smooth curve with but two or three apparent maxima With an 
increase m the accuracy of the methods and apparatus for absorption spectra 
measurement, recent observers have resolved this complex band into four 
bands 

Because of the apparent complexity of the absorption band and the possi- 
bilities of the application of these component parts to absorption spectra theories 
as well as to the determination of the nature of the cobalt ion m the solution, 
it was felt desirable to make a detailed study of the absorption spectrum of 
this coloured solution The observations were, for the most part, made on a 
new model of the Hilger-Nuttmg spectrophotometer Seven bands of rather 
hi gh intensity, as well as two weak bands, were observed in this investigation 
It has been possible to analyse this complex band into components by a 
mathematical procedure, and it has been further shown that a definite mathe- 
matical relation exists between these analysed component bands 


* Rowell, * Roy Soc Proo ,’ vol 82, p 258 (1881) , Hartley, < Trans Roy Soo Dublin/ 
(8) toL 7, p 853 (1900), ‘ J Ohem. Soo ,’ vol 83, p 401 (1903) , Jones and <x>- workers, 
* Am. Ghent J / vol 87, p. 128 (1907) , Publications of (be Carnegie Institution ot Washing- 
ton, Nos 60, 110, 180, and 160 , Hill and Howell, ‘ Phil Hag./ vol 48, p 833 (1984). 
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Apparatus and Solutions 

The apparatus used in this investigation was a new model of the Hilger- 
Nutting* spectrophotometer In this instrument the essential parts, t e , 
light source, light deflectors, photometer, and spectrometer, are all mounted 
on a single rigid metal base, and other improvements have been made which 
have increased the accuracy and general scope of the apparatus The cells 
used consisted of glass tubes and end plates which could fit in an adjustable 
holder for various lengths of tubing In general 0 5 cm cells were used, but 
for observations on extremely dilute and concentrated solutions, cells varying 
from 0 08 to 10 0 cm were used The solutions wero prepared from a reagent 
quality of nickel free cobalt chloride (CoClj 6H a O) which had been recrystal - 
lized from distilled water The hydrochloric acid used as the solvent was 
the synthetic material containing quality of approximately 37 per cent HC1 
Measurements made on the same solution at various times over a period of 
several days gave no indication of any change in the intensity of the absorption 
bands 

Method of Observation 

Each indicated observation point m the data herewith presented represents 
the average of not less than ten separate photometer readings at the selected 
wave-length Observations were made at every 2 mp from 715 to 575 mp, 
and at every 5 mp from 575 to 440 mp The data are presented graphically 
m fig 1, and the average values, together with the average deviations, are 
recorded in Table I Although in previous papersf the method of setting 
the transmission at definite extinction coefficient values and coming to a 
match by adjustment of the wave-length has been recommended, in the 
case of these oobalt chlonde solutions this procedure would have failed to 
give the accuracy necessary for the resolution of the general absorption 
band into its components This earlier suggested method of observation 
is intended for the study of bands which are quite sharp and pointed 
The absorption spectrum of cobalt chlonde m hydrochlonc acid presents a 
rather flat band, so that the setting of the wave-length to definite values and 
tiis adjustment of the extinction coefficient by means of the photometer yield 
more accurate and consistent results 

A study of Table I will give a definite idea of the accuracy of the data 
presented. It will be notioed that in general the average deviation is less 
* Adam HSlger, Ltd., London, 
t Breda, ' J. Am. Cham Soo.,’ rol 4A, p 5S1 (1984) 
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than 0 025 units in the extinction coefficient and that the error of observation 
m most cases is less than the size of the circle used to indicate the observed 
points in fig 1. 


Table I — Absorption Spectrum Data for Cobalt Chloride m a concentrated 
Hydrochloric Acid Solution between Wave-length values of 720 and 
595 mp Concentration — 0 10 g CoCl, 6H,0 per 100 c c of solution. 
Cell thickness = 0 5 cm 


Way* Length 
( m f») 

Frequenoy 

(/) 

No of 

ObeerretioM 

Extinction Coefficient 


Ar Deviation 
from the mean 

720 

416 6 

6 

0 420 

0 048 

718 

418 9 

8 


0 062 

711 

421 9 

10 

0 903 

0 038 

709 

423 1 

10 

1 022 

0 032 

707 

424 3 

10 

1 082 

0 027 

708 

426 6 

10 

1 207 

0 013 

708 

426 7 

10 

1 267 

0 028 

701 

427 9 

11 

1 334 

0 018 

099 

429 1 

12 

1 868 

0 038 

097 

430 4 

12 

1 413 

0 030 

096 

431 7 

18 

1 460 

0 088 

093 

432 9 

10 

1 467 

0 019 

691 

434 1 

IS 

1 404 

0 088 

689 

486 3 

10 

1 364 

0 088 

687 

436 8 

10 

1 330 

0 080 

688 

488 0 

14 

1 312 

0 032 

688 

439 2 

IS 

1 302 

0 029 

681 

440 4 

10 

1 323 

0 019 

079 

441 9 

10 

1 840 

0 028 

077 

443 1 

11 

1 331 

0 034 

678 

444 4 

10 

1 314 

0 019 

078 

448 7 

10 

1 363 

0 028 

071 

447 1 

10 

1 396 

0 088 

009 

448 4 

14 

1 392 

0 019 

667 

449 7 

18 

1 384 

0 030 

668 

481 1 

12 

1 367 

0 014 

663 

488 5 

10 

I’m 

0 081 

661 

488 8 

10 

1 906 

OOU 

689 

468 2 

10 

1 269 

0083 

687 

466 6 

13 

1 176 

0 087 

688 

468 0 

10 

1 067 

0 011 

683 

4694 

13 

0 993 

0013 

661 

460 8 

10 

1 003 

0 083 

649 

468 1 

10 

0 961 

OOU 

647 

463 7 

14 

0 974 

0 080 

648 

466 1 

10 

0 963 

0 049 

643 

466 6 

10 

0 913 

OOU 

641 

466 0 

10 

9 696 

0 083 
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Table I — (continued) 



Ware Length-tip 


Vto 1. — The Absorption Spectrum of Cobalt Chloride in oonoentrated Hydrochloric Add. 
(a) 670 to 740 mu j concentration — 1 00 g of Cod, 6H,0 per litre of eolation , oell 
thiokneee — 0 6 cm (b) 485 to 886 mp ; oonoentratlon — 12 0 g. of Cod, 8H,0 
per litre of eolation , oell thldmese — 06 om, 
vol. axvm— a u 
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To check the dote obtained by the Hilger-Nutting spectrophotometer 
method and to remove the possibility of personal or instrumental error, photo- 
graphs were made with Ilford panchromatic plates on a Judd-Lewis photo- 
meter and a Littrow spectrograph These plates were read by means of a 
Moll recording microphotometer The spectrum between 600 and 700 mp 
(1 0 cm. on the {date) was magnified to 15 cm by the recording microphoto- 
meter. Plate 7 shows a portion of one of these plates and an “ exhibition ” 
set of photometer readings In this set of photographs, as was true with all 
other observations given in this paper, a comparison cell of the same length 
containing the solvent was used These comparison photographs are the 
upper spectrum in the upper half of the plate and the lower spectrum m the 
lower half, the cells being reversed in the photometer to correct slight instru- 
mental deviations Because of the rather small slit used, 0 10 mm , a number 
of slit lines appear m the photograph, but these did not interfere with the 
photometer observations which measured the photographic density of the 
entire width of the spectrum photograph The photometer record under 
the photograph in Plate 7 Was prepared from the plate above it for illustrative 
purposes. In making the actual measurements on this and other plates only 
one absorption spectrum, together with its corresponding comparison spectrum 
and reference line for wave-length calibration were recorded on a photometer 
strip. Only three comparison spectra photographs (c) are recorded on the 
photometer strip in Hate 7 These show the steep falling off on the left or 
red side of the plate caused by the decrease in the sensitivity of the plate and 
a more gradual falling off of the plate density on the right, caused by an amber 
screen which was plaoed in front of the two photometer beams so as to cut off 
the unwanted blue portion of the spectrum and prevent to some extent fogging 
of the plate by stray light From the date thus obtained (Table II) and as 
can also be seen in the photographs and photometer curves, the existence and 
position of tiie absorption bands observed by the Hilger-Nutting spectro- 
photometer method have been confirmed 

Diseumon of Data 

A study of fig 1 will show the presence of seven bands m the intense portion 
of the spectrum and two or more in the weak portion (575 to 440 m|x) Since 
the absorption band at 528 has a molecular extinction, coefficient of less than 
1/900 that of the first (a) intense band, it becomes negligible when recorded 
on the same scale of concentration and thiokneee as the intense bands. For 
the present this band will be left out of the discussion although it will be 
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referred to again in later papers. These seven bands appear on first observa- 
tion to be at wave-length values of 695, 679, 666, 648, 626, 610, and 595 mp. 
In the study of the relations between bands in absorption spectra, as well 
as series phenomena in other branches of spectroscopy, it is more convenient 
to reoord or {dot the data on a frequency scale instead of a wave-length scale 
When plotted on a frequency scale, constant frequency differences and other 
similar effects can be readily observed The apparent maxima positions of 
the seven bands, as shown in fig 2, occur at the following frequency values 
482, 442, 450, 466, 478, 491 and 505 f (f = fresnel = vibrations -+- seconds 
X 10“) Far convenience in the discussion of these bands they maybe designated 
as o, 6, e, d, «,/, and g, commencing with the band of lowest frequency (429 f ) 



rhiquoncy^fnumla 

Fm f,— The Absorption Speotmm cl Cobalt Chloride in oonoeotrated Hydrochloric Acid 
and its Analysis into Component Bands 

It will be noticed (Table II) that the differences between these frequency 
values are not constant, but a oompanson of these values with the graph 
(fig 2) will to a considerable extent explain these differences For example, 
when two nearly equal similar bands or curves add together to produce a oo'm- 
po und curve, the resulting mariwt of the oompound curve will be ne a r er 
together than the maxima of the two components. (For a more extended 
discussion of this effect, with practical examples, referenoe may be made to 
a forthcoming article* by the author, on the effect of position isomerism on 
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tho absorption spectra of simple azo dyes ) This reasoning may also be applied 
to the two outer members of a three component compound curve, and m oases 
where the resulting maxima of the compound curve are approximately the 
same intensity, the frequency of the centre component may bo assumed to be 
approximately at its true frequency A further study of the addition effects 
of three similar curves to produce a compound curve will show that whore 
the bands are intense, the apparent maxima of the compound curve will be 
nearer together than the apparent maxima of a less intense similar compound 
curve 

From the above generalizations we may take (6) and (e) as being at frequencies 
442 and 478 f respectively Tho differences between (a) and (6), and between 
(b) and (c) should be less than the differences between (d) and (e) and between 
(e) and (/), and this is confirmed in Tabic II An examination of a very con- 
centrated solution failed to reveal any band near 400 f , so it may be assumed 
that the low frequency side of component (a) is, for a considerable distance 
along the curve, tho same as the observed compound curve 

Further advance in the resolution or analysis of this complex band into its 
components may now be made in two different directions, both of which in 
the end give the same results and thereby lend additional weight to the veracity 
of the necessary assumptions The first method requires the assumption 
that these component bands be of the same general shape The term “ same 
general shape ” means that tho extinction coefficient at any point on the curve 
is to the extinction coefficient of a point at equal frequency distance from the 
maximum of any other curve of the series as the respective extinction co- 
efficients of their maxima are to each other A consideration of this assump- 
tion will show that, for a given compound curve, only one set of such bands of 
a definite number can be constructed, and also that all compound curves are 
not capable of being so resolved into such a series of bands The fact that 
this curve is capable of being bo resolved is in itself an argument for the treat- 
ment of the observed curve or absorption band as a senes of compounded 
curves Additional argument is found in the facts that these constructed 
curves of similar shape are equally spaced, and also that the frequencies of 
these constructed curves are integral multiples of this constant frequency 
difference 
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Table II — Tho Positrons of the Maxima of the component Bands 



Observed Hilgor-Nutting Mothod 

Jndd-Lewis- 
Littrow Method 
("»/*) 


Wave-Length 

(m/i) 

Frequency 

if) 

Diff 

a 

695 

432 

10 

(607) 

b 

679 

442 

(680) 

6 

666 

450 

15 

07j? 

i 

648 

465 

13 

649 

« 

626 

478 

13 

020 

/ 

610 

491 

14 

on 

0 

(595) 

(505) 

Av Diff 

12 2 

(595) 


Values In parentheses are not as accurate as the other obsonations 


Calculated 


Method 1 

Method 2 

Multiple relations 

Band No 





if) 

Diff 

if) 

Diff 



426 

13 

429 80 

12 28 

12 28 X 35 « 429 80 

35 

442 

12 

442 08 

12 28 

12 28 X 36 =- 442 08 

36 

454 

12 

454 36 

12 28 

12 28 X 37 =* 454 36 j 

37 

466 

12 

466 61 

12 28 

12 28 X 38 « 466 64 

38 

478 

12 

478 92 

12 28 

12 28 X 39 - 478 92 

39 

490 

14 

491 20 

12 28 

12 28 X 40 - 491 20 

40 

504 


503 48 


12 28 X 41 - 503 48 

41 

Av Diff 

12 5 

Av Diff 

12 28 




The second method of attack is to assume that these bands are symmetrical, 
although not necessarily similar m shape, and that a constant frequency 
difference, which may be approximately determined from column four of 
Table II, exists between the bands The assumption of a constant frequency 
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difference has some basis in the fact that with the exception of certain Bmall 
variations which can be explained, the apparent maxima have approximately 
the same frequency differences From these assumptions, the known positions 
of bands (6) and (e) and the shape of the low frequency side of bond (a) it is 
possible to construct a senes of curves which will add together to produce 
the observed compound curve This second method of analysis is not as 
applicable as the first, except in the case of compound curves consisting of 
but two components, when certain restrictions with regard to the symmetry 
may be modified In the analysed curves of cobalt chloride, the curves were 
approximately symmetrical and this method could be applied with success 

In fig 2 the x values are those obtained by the addition of the constructed 
curves The curves obtained by both methods of analysis were identical in 
shape and frequency position From these curves the constant frequency 
difference was determined as 12 28 f and the multiple values of this funda- 
mental value represented by the component bands are respectively (a) = 36, 
(b) = 36, (c) = 37, etc , to (g) = 41 

With regard to the intensities of the various components, it should be noted 
that the odd and even numbered bands, calling (a) 35, (6) 36, etc , form separate 
series, and that in this particular case the intensities of the odd numbered bands 
are greater than the next higher oven numbered band ThiB effect will be 
discussed m greater detad in further papers on this subject 

A similar method of analysis has been applied to the bands observed m 
potassium permanganate* which have been shown to exist as similar com- 
ponents at constant frequency differences These observations were again 
checked and this relation confirmed before starting on the study of the cobalt 
ohlonde absorption band m hydrochloric acid Chromic anhydride} presents 
an absorption spectrum with marked inflections, which has recently been 
resolved into a senes of integral bands with equal frequency differences Other 
inorganic materials whose absorption bands have been shown to consist of 
integrally related bands with constant frequency differences include uranyl 
salts} and certain nitrates § 


* Hagenbaoh and Percy, ' Heiv Chem Aota,’ vol 5, p 454 (1922) 
t Viterbl and Kiaust, 1 Gass. China It&l vol, 57, p 690 (1927) 

{ Jones, ‘ Publication o! the Carnegie Institution of Washington,' No 160 (1911) 
| Morton and Ridmg, 1 Roy Soc Proo ,’ A, vol 113, p 717 (1927). 
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Summary 

1 The absorption spectrum of cobalt t blonde in concentrated hydrochloru 
acid as a solvent has l>ccu determined between wave-length values of 750 and 
440 m|i 

2 The pnncipal absorption band has been shown to consist of at least sevi n 
component bands 

1 The observed absorption curve i an bo resolved into seven similarly shaped 
bands of different intensities, which can be added together to produce the 
observed curve 

4 A constant frequency difference exists between adjacent bands 

5 The frequencies of these component bands are integral multiples of this 
constant frequency difference 

6 There appears to be a relation between the odd and even numbered 
multiples and their relative intensities of absorption 

Acknowledgment is made to I)r K A Morton who suggested thiB problem 
and has materially assisted in the carrying out of the work The author also 
wishes to thank Prof E C C Baly, F R S , for his helpful suggestions and 
permission to use certain apparatus m the carrying out of this work, and 
the John Simon Guggenheim Memorial Foundation for financial assistance 

DESCRIPTION OF PLATE 7 

Photographic measurement* on the absorption spectrum of Cobalt Chloride in oonoentrated 
Hydroohlono Aoid made on a Littrow Spectrograph with Judd-Lewia Photometer, 
and measurements of the photographic density of the plate as recorded by a Moll 
recording Mierophotometer 
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The Distribution of Intensity m the Band Spettrum oj Jfeltum 
the Band at X 4650. 

By W H J Childs, B Sc , Demonstrator in Physics, King’s College, 
London 

(Communicated by 0 W Richardson, P R S — Received Deu mber 15, 1927 ) 
Introduction 

A recent development* of the analysis of the band spectrum of helium, by 
which the absence of certain lines in the various branches is explained and the 
quarter quantum numbers are replaced by half integers, makes it appear 
probable that alternate lines are entirely missing, t e , a set of rotation states 
is completely suppressed Valuable information regarding this phenomenon 
(of which few examples are as yet known) may be expected from a study of the 
intensity relations in this spectrum Such intensity relations can be predicted 
by expressions which have been developed of late with the aid of the corre- 
spondence principle and summation rules, but which by reason of the lack of 
sufficiently accurate quantitative intensity measurements have so f ar been little 
tested It is thought that the measurements described in this paper, whilst 
not yet entirely free from photographic peculiarities are a sufficient improve- 
ment on those previously available, which have been obtained by eye cstimationt 
or by microphotometer, J to warrant their use in a comparison with the predicted 
values. 


Experimental Details 

(a) Apparatus — The tubes used were three in number The first was of the 
ordinary Pliicker form, with narrow capillary, the bands being well developed 
in the bulbs when excited by the condensed discharge with a small spark gap 
The pressure of the contained helium was of the order of 1 cm and a small 
amount of hydrogen was present The second tube was T-shaped and was 
constructed of 15 mm bore tubing, except for the upper half of the stem, which 
was made of 6 mm bore tube The electrodes were of copper strip sealed 
directly into the glass The third tube was the usual straight pattern, but m 
this case the bulbs were made of 25 mm bore tube with a connecting piece of 

* R S MuUiken, • Phy* Rev ,’ vol 28, p 1202 (1926) 
t Ourtai and Long, ‘ Roy Soc Proo ,’ A, vol 108, p. 618 (1926) 
t McLennan, Smith and Lea, ‘ Roy Soc Proo ,' A, vol. 118, p 188 (1920) 
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elliptical cross section The electrodes wore again of copper Btrip but in thiB 
case covered with a layer of electrolytically deposited silver 
The tubes were excited either by means of an induction coil and mercury 
break, or by a transformer The details of the discharge circuit are given in the 
accompanying diagram No 1 K is an adjustable parallel plate condenser of 



a few millnmcrofarads capacity and 8 represents a multiplate quenched spark 
gap The two larger tubes when excited by means of the transformer furnished 
sources of band spectra of considerable intrinsic brilliancy 

Most of the plates were obtained with the Hilger constant deviation spectro- 
meter with camera attachment but m ono case a large quartz spectrograph 
(Hilger E I ) was used 

Three types of photographic plate were employed, namclj, Ilford special 
rapid panchromatic, Imperial Ecbpse, and Ilford Empress 

(b) Method - The method finally adopted after a senes of trials may be out- 
lined as follows -- 

The spectrum is photographed m the ordinary way, but each plate is cali- 
brated by exposing it (with the same exposure time as was necessary for the 
band spectrum) to a number of sources whoso relative intensities arc known 
The plate is then developed and the densities of both the lines and calibration 
marks obtained by means of devices which will be described m another paper 
From the measurements on the calibration marks a curve connecting light 
intensity with photographic density can bo drawn, and this can then be used to 
translate the densities of the band lme images into relative intensities 
The calibration marks wore obtained by means of a stepped aperture, which was 
illuminated by a tungsten filament lamp, and a cylindrical lers In this way 
there were projected on to the skt of the spectroscope live strips of increasing 
intensity A plate exposed to these showed on development five images (of 
continuous spectra) of progressively increasing density 
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The intensity scale was examined in the following manner Two sets, say, 
A and B, of mtenmty marks were obtained on a plate, the intensities in Bet A 
being approximately 4/3 those m set B The densities of each set of images 
were then measured and plotted against intensity mark number, and in each 
case a smooth curve drawn through the points so obtained Tt w now necessary 
to search for points in A and B which have the same density Suppose mark 
No 1 m set A has the same donsitv as that of 1 5 (obtained by interpolation) 
m set B, and also that 1 5 m set A has the same density as that of 2 m set B 
From this information it is deduced that intensity mark 1 5 has 4/3 the intensity 
of mark 1, and that mark 2 has 4/3 the intensity of mark 1 5 Proceeding in 
this manner the relative intensities over the whole scale can be determined 
Since the band urnlci discussion is at X 4650 A, it is not to be expected that the 
result will be seriously affected by variations of plate sensitivity The sensi- 
tivity curve of the plates was roughly estimated by making use of the assumption 
that the calibration lamp gave the black body distribution of intensity corre- 
sponding to its “ colour temperature ”* The temperature of the filament, 
under the conditions of use, was obtained from the resistances at room and 
working temperatures and was found to be 2300° A, m close agreement with a 
check value obtained with a pyrometer The corresponding colour temperature 
is 2350° A Making use of the relation 

= aX" 6 where a = 1 445 cm degree, 
the following values of spec tral distribution are obtained — 


J* 

X 

1 00 

4625 A 

1 10 

4685 A 

1*18 

4730 A 


The dispersion of the prism did not need to be taken into account since over 
this narrow range it was found to be linear 
Measurements of the calibration marks on the plates were made for four wave- 
lengths XX 4626, 4656, 4087, 4719, and the results showed that over the region 
occupied by the X 4650 A band the plate sensitivity was oonstant 


* Hyde, Cady and Forsythe, ‘ Phya Rev ,’ vol 10, p 401 (1917) , also “ Report on 
Properties of Tungsten, ” Worthing and Forsythe, ‘ Intern Comm, Slum ’ 
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Methods used for Measuring Densities 

Densities were obtained from the photographic platen by four methods, as 
shown in the table of results These methods will be described more fully 
elsewhere , a summary only is given here 

Selenium Cell used as a Photometer —Method of Fournier tVAlbe * 

An enlarged image of the photographic plate, formed by a suitable projection 
device, is thrown on to a linear selenium cell By an occulting mechanism 
this cell is illuminated and darkened for equal periods of time, the amplitude of 
the resulting galvanometer deflection being taken as a measure of the intensity 
of the light falling on the cell If it is required the cell can be calibrated so that 
true photographic densities may bo obtained, but such a proceeding is un- 
necessary when calibration marks are present on a plate Variations in the 
cell constants and the candle power of the projection lamp will affect the 
measurements, so that the next method is to be preferred 

Selenium Cell used as a Photometei —Method of Toy and Rawluuj t 
A modification of this method was used An auxiliary lamp in the same 
circuit as the projection lamp is used, with a shutter device to vary the intensity, 
to illuminate the cell A suitable switching arrangement enables either lamp to 
be used , the shutter is adjusted until on changing over from one lamp to the 
other there is no variation in the resistance of the selenium The reading of the 
shutter is then taken as a measure of the light transmitted by the photographic 
plate Again it ib unnecessary to calibrate the shutter if calibration marks 
are on each plate 

Optical Photometer J 

This was available through the courtesy of Dr L C Martin The plate is 
examined by means of a microscope with a field of view consisting of two parts 
One of these is illuminated by light transmitted by a small portion of the plate, 
the other by light which has traversed an absorbing wedge The wedge is 
adjusted until the two parts of the field have equal intensities, when the position 
of the wedge is taken as a measure of the intensity of the light transmitted by 
the plate 


* ‘ Roy 800 Proo ,' A, vol 89, p 75 (1913) 
f ‘Proc Phya 80 c vol 38, p 432 (1924) 

{ * Tran* Opt. Boo >ol 26, p 109 (1924) 
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Moll Recording Apparatus * ( and laboratory model) 

The principle of this type of densitometer is well known. Unfortunately 
only low resolving power apparatus was available The record with the Moll 
apparatus was obtained by Messrs Adam Hilger 

Results of Measurements 

Pour plates were suitable for measurement These will be referred to as 
A, B, G and D Particulars of them are given in the accompanying table 

Plate Type ot Plate | Discharge Tube No Spectrograph Remarks 

A I8R.P Coil 2 CD Calibrated 

B IE Transformer 3 CD „ 

0 I S R P Transformer 3 CD „ 

D ISRP Coil I El UnoaUbrated 


L8 R P => Ilford special rapid panohroraatio 
IE > Ilford Empress 

Most attention was given to A and B , C and D were regarded as supplying 
checking results The details are given m the following tables Nos I, II and 
III , the weighted means of the measurements of plates A and B have also 
been plotted and are shown in figs 2, 3, 4 The intensities m these diagrams 
have been multipbed by a factor such that in each case the strongest line has 
intensity 100 

Results for Plate A 
Table I 

The intensities are given in the arbitrary units as obtained from the intensity 
scale supplied by the calibration marks 


tight 

P2 

P3 

P4 

PS 

P 8 

P7 

P 8 j 

Method of density measurement 
used 

3 

10 5 

32 

33 

30 

25 5 

10 5 

11 5 

Selenium oell used as a photometer 
by method of Fournier dAlbe 

3 

18 

33 

33 5 

30 

24 

16 5 

8 

2 

18 

33 

38 

32 

28 

20 

13 



6 

28 

34 

35 

31 

25 

10 


Selenium oell used as a photometer 
by method of Toy end Rawlings 

3 

24 

33 

35 

31 

27 

22 


Optical miorophoto meter of Dr Mar 
tin 

5 

20 

33 

38 

31 

24 

17 

— 

Method of Toy and Rawlings 


* ‘ Proa Phys 800 vol 38, p 207 (1921) 
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Table I -(continued) 


Qi 

Q3 

Q3 

Q4 

Q6 

Q6 

Q7 

Q8 

R'l 

R'2 

R'3 

R'4 

R'6 R'6 + R'7 

SO 

41 

46 6 

43 

37 

31 

27 6 

18 5 

33 

32 

32 

31 

28 6 

27 

SO 5 

48 

47 8 

46 

89 6 

36 

26 

15 6 

32 

31 

31 6 

30 6 

24 

27 

31 

46 

63 

48 

44 

38 

29 

23 

49 

49 

40 

45 

41 

40 

3S 

46 

61 

47 5 

42 

37 

28 

22 

32 

32 

34 

32 

29 

29 

— 

48 

64 

61 

43 

37 

28 

- 

33 

36 

33 

21 

28 

28 

34 

44 

40 

46 

42 

37 

28 

18 

34 

33 

34 

32 

20 

30 


The weights assigned and methods used are the same .is given in the tabic of P 
lines 

Weighted Means — 


PI 

P2 

P3 

P4 

P5 

Pa 

P7 

P8 

— 

20 5 

33 

35 

31 

25 

19 

11 

Ql 

Q2 

Q3 

Q4 

Q5 


Q7 

Q8 

32 

44 5 

50 

47 

41 

sa 

27 5 

19 6 

rT~ 

R'2 

R'3 

~ R/4 

R'6 

R'8 ! 

R'7 


34 6 

34 

34 6 

33 

29 

29 5 



Results for Plate B 
Table II 

The intensities are given in the arbitrary units as obtained from the intensity 
scale supplied by the calibration marks 
Owing to the poor results obtained from the recording densitometers these 
were not included when taking the weighted mean 


Weight 

P2 

P3 

P4 

P5 

P0 

P7 

P8 

Method of density measurement 
used 

3 

36 

46 

46 

41 

27 

10 

- 

Selenium oell used as a photometer 
by method of Fournier d ; Albe 

8 

36 

49 

47 

43 

30 

21 

— 

6 

37 

49 

47 

44 

30 

22 




6 

37 

61 

60 

40 

29 

19 

- 

Selenium oell Method of Toy and 
Rawling 

Optical miorophotometer of Dr Mar 

4 

36 

61 

60 

43 

31 

- 

- 

- 

- 

80 

39 

27 

19 

16 

- 

Moll aelf reoording densitometer 

— 

30 

38 

38 

36 

24 

~ 

“ 

Laboratory self reoording dennto 
meter 
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Table II- (continued) 

Q1 Q2 Q8 Q4 Q5 Qfl Q7 Q8 | R'l R'2 R'3 R'4 R'S R'fl+R"? 

47 86 70 68 14 44 27 7 54 49 47 40 29 27 

61 1)7 72 64 63 46 29 18 64 61 49 44 33 33 

63 66 69 62 66 47 30 16 67 64 62 46 34 38 

S3 67 71 66 68 48 29 15 69 67 64 47 36 36 

62 6 06 6 71 66 6 66 6 43 31 — 66 5 66 49 46 31 36 

43 42 37 31 29 18 36 33 30 26 22 22 

— — 60 64 46 39 23 — 48 47 43 38 30 29 

The weights assigned and methods used are the same as given in the table of P 
hoes 

Weighted Mmm — 


P2 

P3 

P4 

P6 

P6 

P7 

P8 


36 6 

49 6 

48 

42 

29 6 

20 8 — 


Q1 

Q2 

Q3 

Q4 


Q6 

Q7 

Q8 

81 6 

66 5 

70 5 

64 

88 8 

46 

29 5 

14 

R'l 

R'2 

R'S 

R'4 

R'B 

R'6+R'7 


66 6 

84 

61 

44 6 

32 8 

33 6 



Results for Plate (7 
Table III 


The intensities are given in arbitrary units as obtained from the intensity 
scale supplied by the calibration marks 


P2 

P3 

P4 

P5 

P8 

P7 

P8 

Mothod of donnty rooworement used 

83 

70 

70 

64 

46 

31 

- 

Selenium cell Method of Fournier d’Albe 

84 

70 

69 

68 

44 

30 

- 

Method of Toy and Bawling 














Q1 and Q2 

Q3 

<44 

Q6 

Q6 

Q7 

R'l 

R'2 

R'3 

R'4 

R'6 

R'6+R'7 

04 

100 

89 

76 

70 

48 

77 

74 

08 

61 

47 

46 

94 

100 

88 

77 

69 

44 

86 

78 

78 

66 

61 

51 


The methods used are the same as given in the table of P lines 
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FlO 2 — The Distribution cl Intensity m the P Brunch 



Fig 3 —The Distnbution of Intensity in the Q Branch 


It will be notioed that in each cue the intensity of Qti risen above t be smooth curve This 
is believed to be real since it is shown in so many of the reoonls, but whether it is s genuine 
case of anomalous intensity of a band line, or merely the coincidence of some foreign 
line with Q8 remains uncertain 



Fra 4 —The Distnbution of Intensity in the R' Branob 



304 


WHJ Childs 


Results for Plate D 


« - 1 2 3 

4 

S 

6 7 8 

P 

— 46 69 

69* 

67 

61 39* — 

Q 

97 f 100* 

96 

86 

69 68 44 

R' 

86 81 78 

76 

67 

67 1 - 


* These values wore assumed See text below 
t and Q2, R 6 and K7 were blends 


Assume with Sampson* the expression connecting density with intensity 
D — A/D = y {log I — log »} 

where D == density of photographic image, I = intensity of light which caused 
the image A, y, t are constants 

The densities on plate D were measured The values for Q3, P4, P7 were 
then assumed from the results of Plato A and the constants A, y, t obtained 
The expression was then used to obtain the intensities of the remaining lines 

Remarks on the Measurements 

It will bo noted that there are sometimes systematic differences between Bets 
of measurements on the same branch This is due to the fact that a slight 
error of focussing in the projection device docs not appreciably affect the 
calibration mark readings, whilst the narrow spectral lines are somewhat 
sensitive to Buch faults If, however, two sets of readings which do not agree 
are converted so that in each case the intensities are expressed relatively to that 
of the strongest line the agreement is much better ifiven the measurements 
obtained with the recording thermopile densitometers are m fair agreement 
when so treated It is clear from this that the final error will be small when the 
weighted means are taken. 

It is believed that chance errors, such as those due to faulty setting of the cell 
on a spectral line, variations in intensity of the projection lamp or specks of 
dust on the plate have boon to a large extent eliminated by the policy of obtain- 
ing several records by entirely different methods and taking weighted means 
The manner m which the points fall with relation to the smooth curves shown 
m the figures seems to suggest that no senous experimental errors are present 

The conclusion that the plate sensitivity is constant over the region occupied 
by the band depends on the assumption that the intensity distribution in the 
* R A Sampson, ‘ Monthly Notices, RAJS ,’ vol 83, p 174 (1923) 
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spectrum of the calibration lamp is the same as that of a black body at 2350 A 
If this assumption is not approximately correct the intensities will only be 
correct for lines in the neighbourhood of Ql, t e , X 4650 A Elsewhere the 
values will be in error by an amount depending on the wave-length difference 
from X 4650 , this error will be quite regular, however, and easily corrected 
for if future measurements show that such is necessary The effect of selective 
absorption m the prism may be combined with the change of sensitivity of the 
plate with wave-length to give what might be called the “ apparent sensitivity ” , 
strictly speaking it is this sensitivity which was found to be constant over the 
range XX 4626-4730 

An error is likely to arise from the following circumstances It is known that 
a plate does not integrate correctly a senes of short exposures Now the 
calibration marks are obtained from a steady source whilst the source of the 
band lines is only approximately steady, so that the band line intensities 
obtained by interpolation of the calibration curve may be a little distorted 
It is to be expected that the weaker lines would be relatively strengthened 

Since the effect increases with the ratio { — r ^ 8t - time — l it is also to bo expected 
[exposure timej 

that the results obtained from the coil discharge will be more affected than those 
from the transformer discharge It was hoped that information on this point 
would be obtained from a comparison of plates A and B, but an unexpected 
excitation effect has prevented this It will be seen, however, that the ratio of 
the maximum intensity in the P branch to the maximum intensity m the Q 
branch is very nearly the same m all plates, a result which would hardly be 
expected if a serious mtermittenoy effect was present That the plates of the 
transformer discharge were not seriously affected can be seen from the follow- 
ing considerations Supposing the effect to exist, it is not to be expected that 
the results obtained from a plate m which only the initial half of the cahbra- 
tion curve is used would agree with those gamed from a plate requiring the 
use of the whole calibration curve Such a test is provided by plates B and C, 
which are m fair agreement with one another 

Discussion of the Results 

The first step m the development of the theory of the distribution of energy 
among the lines of a band was the explanation of the distribution in oscillation- 
rotation bands The expression for this, as derived by R. H. Fowler, Dieke and 
Kemble is of the form 

Intensity J » » e ~ n 

Here t is a term which involves both a probability of transition and the a pnon 

TOL. CXVW. — A X 
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probability of an initial state, whilst e"*r is the Boltzman factor, E representing 
the energy of the initial states as derived from frequency data The inclusion 
of this factor implicitly assumes a thermal equilibrium In the expression as 
originally derived » appears to be equal to a p, whore a is approximately a 
constant* and p is the mean of the a pnorx probabilities of the initial and final 
states In order to obtain agreement with observation it is necessary to place 


J> = 2j 


where j — rotational quantum number 
Information regarding electronic bands with a zero branch cannot be obtained 
unless some molecular model is assumed It has lately been shown, by Birge 
and others, that the electronic levels of molecules are closely similar to those 
of “ corresponding ” atoms, t e , atoms with the same number of outer electrons 
Extending this hypothesis still further Mulhken, with the aid of the atomic 
analogy, has assigned inner quantum numbers j, to these levels The assumed 
values of j, are identical with the Sommer feld j values of corresponding atomic 
states This inner quantum number j, is related to the fine structure of the 
bands in that the a and p of the Kramers-Pauli expression 




are to be interpreted as its components , p is the component parallel to the 
vector of the nuclear angular momentum, whilst cr is the component parallel 
to the nuclear axis This assumption of the mner quantum numbers analogous 
to those of corresponding atoms supplies the model necessary for the applica- 
tion of the correspondence principle or summation rule to the calculation of 
the distribution of energy in the branches of electronic bands Using the close 
analogy of Ay = 0, ± 1 in bne spectra to A? = 0, ± 1 (Q, P, R branches) m 
band spectra, and of M = 0, ± 1, in bne spectra to Ac = 0, ± 1 in band 
spectra, Honl and Londonf have applied summation rule methods to the 
problem Assuming that p — 2? (as in the oscillation-rotation bands) the 
expressions}: applicable to the X 4660 A He, band are 


* If vibrations an present the value of a is not quite tbe same in the P and R branches, 
and differ* more and mom as j increases, 
t HOnl and London, ' Z f Physik,’ rob 33, p 808 (1925) 

t These expressions an given as modified by Mulliken in a rnoent paper, ' Phyi Rev ,' 
vol. 29, p 391 (1987), when many known case* of intensity distribution an rev ie wed and 
used, not only to provide evidence for the predicted intensity relations but also to justify 
the author's attempt (by means of the introduction of tbe presumed inner quantum number) 
to correlate all known band-spectra 
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(7) »p =* a (/— <t) (/— ® + 1)/J . + + 

*u = « 0 + ®) 0 + « - 1)/; 

The appropnate value of a in this case is unity This value is not directly 
obtained, but only from a consideration of missing first lines 
A consequence of the adoption of the inner quantum number in the case of 
the hebum bands is that the rotational energy terms assume the form B (j 1 — a*) 
instead of the form B ( j - e) 1 used in the analysis of Curtis and Long It should 
be pointed out that two disturbing factors are present in the He, bands for which 
no explanation is provided by the theoretical considerations given above and 
for which, consequently, no allowance is made in the calculation of intensities 
The first is that there are two rotation states, named A and B mibstates by Mulli- 
ken, to each value of j Such doubling must not be confused with that which 
occurs in the violet C N bands In the case of the doublet senes of helium bands 
it is supposed that the P and R branches result from B — > B transitions, 
whilst A — *> B are the transitions for the Q branch In order to reconcile this 
arrangement with the observed spectrum the further assumption is required 
that alternate levels are suppressed The resulting system of levels with the 
revised numeration is shown in fig 5 

The following general conclusions with regard to the intensities m the X 4650 
band have been arrived at by Mulliken 
(1) The Q branch is the strongest, and its maximum intensity should be a 
little more than twice that of the P branch 
The fact that the Q branch is the strongest can be gathered at once from a 
glance at a reproduction of the spectrum The prediction that at its greatest 
it should be twice as strong as the maximum intensity of the P branch is not 
fulfilled, figs 2 and 3 showing that the ratio is more nearly 10 7 There is 
other evidence m support of a lower ratio than 2 1 In the first place neither 
eye estimation or microphotometer favour such a ratio Secondly, Enksson 
and Hulthen have published* a photogram of the A1 H band at X 4354 A which 
is classified by Mulliken with He, X 4650 A and for which similar intensity 
relations should hold This record shows that Q 10 and P n are the strongest 
lines of their respective branches, and that their intensities as measured from 
the ordinates of the recording densitometer curve are as 100 75 It is true 
that this is not the ratio of the intensities, but from the writer’s experience he 


‘ Z t Phyiik,’ vol 34, p 775 (1935) 
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Fro 6 — Tho System of Levels for the \ 4660 Baud The lower part of the diagram shows 
the general appearance of this band, intensities being indicated by the lengths of the 
lines 

would say that it is not likely to be in error by the amount necessary to make 
the ratio 100 BO, 

(2) Following from the scheme of rotation states adopted, the positions of 
mATunnm intensity should be such that if P4 is tho strongest line of the P 
branch, then R'3 should be strongest m the R' branch The maximum of the 
Q branch should occur between Q3 and Q4 

This is borne out well by the results The positions of the maxima are in the 
nght order* (P > Q > R') and differ by the oorrect amounts 

(3) The R' branch should initially be stronger than the P branch whilst for 

* It should perhaps be mentioned that the intensity of R'l (and to a lesser extent that 

of R^) is likely to be given a little too great by reason of some faint adjaoent lines which are 
shown in grating plates, but which the constant deviation spectrometer was unable fully 
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larger,; values the two should become asymptotically equal This also is borne 
out by the observations 

Effective Temperatures of the Sources 

Whilst the inclusion of the Boltzman factor ma) be justified in the case of 
absorption bands such as those of HC1, it is by no means certain that a distribu- 
tion such as it connotes is to be expected when a gas is subjected to an electric 
discharge , in fact, it would be a surprising circumstance if such a distribution 
were found to exist Adopting this distribution, the position of the line of 
maximum intensity enables an estimate of the temperature of the source to be 
made In many cases the “ effective ” temperature thus obtained is much 
higher than the true temperature A high value for this “ effective ” temperature 
in the case of the helium bands is perhaps to be expected when it is considered 
that the emitting molecule, presumably formed from excited atoms and con- 
taining the energy which these atoms have gamed in the electric field of the 
tube, is an unstablo one, and may not exist long enough to come into equilibrium 
with the surrounding gas 

A point of general interest shown by the results is the shift of the intensity 
maximum to lower rotation states in the case of the transformer discharge, m 
spite of the fact that the true temperature of the gas m such a discharge is 
greater than when a cod is used Some information as to the “ effective ” 
temperatures m these cases may be obtained in the following manner 
If it be assumed that the distribution of intensity is of the type indicated by 
theory, a straight line of slope T should result if values of log J/t are plotted 

_h 

against log t~ * Such ourves, shown in fig 7, have been drawn for the P, Q and 
R' branches of plates A and B, with values of * P , » Q and i E taken from Mulliken’s 
paper In each case the curves are distorted for low rotation states , either the 
x values are too low or the J values are too high 
It is of importance to ascertain whether or no this distortion can be removed 
by adjusting the t numbers without departing from an arithmetic progression 
The success of such an attempt would show, of course, the possibility of attribut- 
ing the intensity distribution to a linear i factor, but, of equal importance, it 
would demonstrate that so far as the thermal distribution factor was concerned, 
nothing more complex than the Boltzman factor need be used It may be 
stated at onoe that adjustment is possible , the necessary sequences and the 
results of the adjustment are shown in the accompanying table 
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Plate 

Branoh j 

t Sequence 
(MuHiken) 

i Sequence* 
(Adjusted) 

Temperature 

A 

P 

2,4,6 -- 

1 

3,5,7,-- 

°A 

925 

A 

Q 

3, 7,11,-- 

11,15,19,-- 

1200 

A 

R' 

3, 8, 7, - - 

4, 8, 8, - - 

1060 

B 

P 

2, 4, 6, - - 

3, 5, 7, - - 

730 

B 

Q 

R' 

3. 7, 11, - - 

11, 15, 19,-- 

1050 

B 

3,5.7,-- 

4, 8, 8, - - 

760 


• The unit of the sequence is not determined here, and is not necessarily the same foe 
each branch. In order to obtain agreement with the observed intensities the unite, for the 
P, Q and R branches respectively, must have magnitudes 1 0 41 0 91 


It will be noticed at once that the temperatures obtained from the Q branches 
are much higher than those obtained from the P or R' branches, a result which 
is suggestive when it is remembered that the initial states of the Q branch have 
been assumed by Mulbken to be A sub-states, whilst those of the P and R' 
branches are B sub-states It is hoped that further information regarding this 
effect will be gamed from investigations now id progress on other bands of this 
spectrum 

Fortunately information regarding the temperature of the emitting molecules 
is available from another source From the expression obtained by Lord 
Rayleigh for the half width of a spectral line of wave-length X emitted by a 
particle of mass m (compared with the hydrogen atom) at a temperature T 

*X = 3 57 X 10" 7 X X X Vf/»» 

it is found that the width of a band line when the temperature is 1000° A should 
be approximately 0 038 A The width corresponding to a temperature of 
400° A la approximately 0 024 A During a previous investigation the writer 
had obtained photographs of the band Imes (coil excitation) as examined by 
a Fabry and Perot 4talon of gap 1 cm With this gap and m thiB region of the 
spectrum a change of unit order represents 0 108 A 
The photographs showed the rings quite sharply defined The fringe width 
natural to the 4talon (supposing perfect adjustment and truly monochromatic 
light) may be obtained from a knowledge of the reflecting power of the films , 
for this instrument a value of 0 2 of an order was obtained The fringe width 
calculated for a temperature of 400° A is thus approximately 0 35 order, whilst 
that corresponding to a temperature of 1000° A is approximately 0 55 order 
The width obtained from the photograph was approximately 0 30 order,* 
* This does not agree with the value 0 08 A found by Leo, ‘ Ann d Phyeik,’ voi 81, 
p 707 (19M), from Lummer plate photographs 
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indicating that the distribution of translational velocities among the emitting 
molecules is that whioh corresponds to the true temperature of the gas in the 
tube 


Rigorous Test of the 1 Values 

Reference to the diagram of rotation states shows that R1 and P2, R2 and 
P3 have the same initial states, so that m each case the ratio of the intensi- 
ties should give the ratio tjt e , quite independently of any assumptions as to the 
temperature or the type of distribution. In this way a strict test of the theory 
may be made The observed and calculated values are shown in fig 6a The 
observed values are of the correct magnitude, but except for the first (for which 
as already stated R1 is likely to be too strong) they are somewhat low In 
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view, however, of the assumptions made with regard to the distribution of 
intensity m the spectrum of the calibration lamp it would be unwise to attach 
much significance to this 

Unfortunately it is not possible to test the Q branch m so rigorous a manner, 
for the initial states of this branch are not common to the P or R branches It 
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follows that the values of t P /* Q , for example, cannot be obtained without some 
knowledge of the temperature and without making some assumptions as to the 
type of distribution If two lines having the same end-states arc taken, however, 
these assumptions control the values through an expression of the form 
exp — (E' q — E' p )/£T which, at least near the band ongin, will not ddler 
much from unity The values of t P /r Q and i K /t Q) adopting the values of the 
temperatures given in the previous section, are shown m figs 6, b, c, in compari- 
son with the theoretical values It is to be emphasised that this is a test for 
the scheme of t numbers which is almost independent of assumptions, and as 
such the results from it must have some importance They indicate that, in 
general, the theory is not far from accounting for the intensity distribution, but 
that, on tho other hand, the actual numerical i values* will need revision, if 
they are to agree with observation 

It is evident from a consideration of fig 6 that it should be possible 



* It must be remembered that the theory assumes a thermal equilibrium for its cal 
eolation of these numbers , if there is evidence to show the existence of a non thermal 
distribution then it must not be expected to obtain agreement 
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to obtain values of t P> t Q . i, lP which are almost entirely independent of assump- 
tions of temperature and distribution 
For the ratios »r,/*p, , ir./kj, , *vjh), are known so that *pJ*q, X 
t e , »p ( /»e, may be found Accordingly ipji», X » e , i&Jir, is known 
By a similar process we can obtain values for , *k,/»k. If now we 
assume that ♦*, — 1 the remaining values i Rt , * tt> may be found 
Using the values we can then obtain ip, , t Ql Unfortunately the 

errors, when determining the in values, arc cumulative Nevertheless, the 
results are interesting as being possibly a more direct route to the » values than 
that given in the preceding section The results of this treatment are shown m 
fig 8 If the smoothed values of fig 6 are used the results are more regular, 
the *Q values in this case lying practically upon a straight line 


Comparison of Observed with Predicted Values 

Adopting a temperature of 980° A for the coil discharge and 760° A for the 
transformer discharge, with the i r , i Q , t K values given by Mulliken, enables the 
predicted energy distribution to be calculated The results of such calculation 
are given in figs 9a and 9b It will be seen that the observed intensity curves 
are of the predicted type but that quantitatively the agreement is not good 
As suggested by fig 7 the measurements are in better accord with the following 
expressions — 

Plate A - 

J F = (» F + 1) e“* *«* , J Q . 0 41 (» a + 8) , 

J K = 0 91 (i a + 1) e-®** 

Plate B~ 

J P = (i P + 1) e- , Jq = 0 41 (t Q + 8) «-*/*"• , 

J R = 0 91 (t B + l)<r K *“* 

A comparison of these expressions with the experimental results is made in 
figs 9 a and 9b It would be premature to say that the predictions are not 
confirmed , decision must be reserved until the other bands of this spectrum 
have been examined. 
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T~080° A T - 980° A (P and K branches) 

T *= 1250° A (Q branch) 



T-750°A T - 760° A (P and R branches) 

T- 1080° A (Q branch) 

The Bearing of Intensity Measurements on the Question of Numeration 
The results of intensity measurements in the case of helium have an immediate 
application to the question of numeration, about which some uncertainties have 
lately arisen. That adopted in this paper is the one reoently put forward by 
Mulliken, for whioh there is much external evidenoe Too much space would 
be required to give this m detail,* but the essential point lies in the existence 
of oertain structural similarities between the helium bands and those of other 
symmetrical molecules (the negative bands of nitrogen are referred to m 
particular) which suggest that for the sake of consistency the same quantum 
numeration should be employed for all 

* Reference ahould be made to Krateer, ‘ Z f Pbyuk,’ vol 16, p 363 (1933), Curtis 
and Long, ‘ Roy 8oo Proc ,’ voL 108, p 583 (1925) , and “ Report on Band Spectra,’’ 
pp. 204-209 , R S Mulliken, ‘Phya Rev,’ vol 28, p 1202 (1926) 
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For nitrogen, so far as structure is concerned, cither the half- or quarter- 
integral numerations may be used, although each leads to difficulties when other 
properties of the bands are considered If half-integral numbere are employed 
for the successive states it is difficult to explain the alternating intensities which 
exist m these bands, for there is no obvious reason why the levels should be 
split into two groups having different a prion probabibtios If, on the other 
hand, the quarter-integral numeration is adopted, * e , if the states are associated 
with rotational quantum numbers m — j — t where c has the values \- } , 
-f | then with each value of e is associated one of the groups of alternate lines 
It is then natural to attribute different a pnon probabilities to the two values 
of « The latter interpretation unfortunately leads to an improbable value of 
moment of inertia which is correctly given only if the former numeration is 
employed 

With the helium bands, if tho assumption is made that the missing lines near 
the origin are due to the prohibition of the state for which;' = 0, the quarter- 
integral numeration seems inevitable This numeration suffers from two 
defects Firstly, the selection principles involvod are purely arbitrary, and 
secondly, it offers no explanation for tho absence of two lines which are observed 
to be missing m the band at X 5730 Mulliken has recently considered this 
question of missing first lines m some detail, and, pointing out that the prohibition 
of the / = 0 state may not always be correctly assumed, has in the case of 
helium obtained some very strong evidence pointing to the suppression of 
alternate rotation states The scheme thus built up not only accounts for tho 
observed branches in a natural manner but also gives an explanation of the 
missing lmes of the band X5730 Accordingly the present tendency is to 
adopt a half-integral numeration for both the negative nitrogen and helium 
bands, thereby securing a gam in consistency without sacrificing accuracy of 
representation The alternate lmes in the case of helium are assumed to be so 
faint as to escape detection the cause of the alternation of intensity is left 
unexplained An examination of the X 4650 band shows that, if present, these 
lines cannot have intensities greater than one-tenth of normal 

Since the discrepancies between the observed and calculated intensity values 
of thiB paper may be attributed to a number of causes it is somewhat difficult 
to decide the degree to which thoy confirm the adoption of the scheme of levels 
of diagram No 5 For underlying the method by which the values of the cal- 
culated intensity were obtained is the assumption of thermal equilibrium , it 
is improbable that this assumption is strictly justified m the case of emission 
bands The fact that the Q branch is less intense than the theory demands 
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may perhaps be connected m some way with the assumption that this branch 
originates from a set of states (A states) entirely different from those involved 
m the P and R branches These two types of state are possibly affected 
differently by any cause, such as onsetting instability or a departure from 
thermal equihbnum, which tends to distort the Maxwellian distribution The 
only strict test of the theory is a comparison (such as that made in diagram 
No 6) of the intensities of lines which have their origin in the same state It 
was from a consideration of these points that the conclusion was drawn that 
the measurements, m general, do not clash with theory, t e , that the bands 
are of the predicted type If this bo admitted, it is direct evidence in favour of 
Mulliken’s scheme of numeration, for, as he points out,* the agreement would not 
exist if the,; values had not been assigned on the assumption of alternate missing 
lrnes 

Summary 

Some measurements of the intensity distribution in the helium band X 4650 A 
(first of the mam senes) are given enabling the predictions of the summation 
rule to be tested The predicted distribution is of the correct typo, but agree- 
ment with observation is by no means complete Notably the P and R' 
branches are much stronger, relative to the Q branch, than the theory indicates 
It ib found that an expression of the form w" B/iT where i is a linear function 
of f is adequate to desenbe the observed distribution 

As with many other bands the temperature obtained by assuming that the 
distribution of angular momentum is governed by the Boltzman factor is much 
higher than the true temperature of the gas In this case effective temperatures 
of approximately 750° A and 1000° A are found, depending on the conditions 
of excitation A higher temperature is obtained from the Q branch than from 
the P and R branches Examination of the Doppler width of the band lines 
shows, however, that there is a distribution of translational velocities corre- 
sponding to the true temperature 

The work on these bands is being continued with improvements both to 
densitometry and general technique 

In conclusion the writer wishes to acknowledge his indebtedness to Prof 
W E Curtis for advice and criticism throughout the work 
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The Heating Effects of Thorium and Radium Products . 

By S W Watson, M A (1861 Exhibition Scholar, University of South Africa), 
and M C Henderson, Ph B 

(Communicated by Prof Sir E Rutherford, P R S —Received December 21, 1927 ) 
1 Introduction 

The heating effect of radium and its decay products has been studied by many 
experimenters, and the observed heatings compared with those calculated from 
the energy of the alpha, beta and gamma radiations The most important of 
these measurements, as far as the a-rays are concerned, are those of Meyer and 
Hess,* Rutherford and Robinson, f and Hess % (Sec Meyer and Schweidler, 
‘ Radioactivit&t,’ 2nd edn , 1927, p 225, et seq , for a complete list of refer- 
ences) 

From the measurements of these authors it appeared that practically the 
whole of the observed heating could be accounted for by the absorption of the 
p- and y-rays Fresh determinations of the quantities involved in the 
theoretical heating have, however, thrown doubt upon this conclusion. The 
chief source of uncertainty to-day in this respect is the value of the number 
(Z) of alpha particles emitted per second by a gram of radium The most 
recent determinations of this quantity are those of Hess and Lawson, § and 
Geiger and Werner, || who obtained the values 3 72 X 10 10 and 3 40 X 10 10 
respectively^ The former value leads to a calculated heating which agrees 
within 1 or 2 per cent with the observed emission, some uncertainty arising 
here through the difficulty of accurately estimating the fraction of the energy 
of the beta and gamma rays which is absorbed in any given experimental 
arrangement If, on the other hand, Geiger and Werner’s value be correct, it 
follows that about 10 per cent of the observed heating must arise through some 
activity other than that of the known a-, (3-, and y-rays 

It was felt that a measurement of the relative amounts of heat emitted by 
several radioactive substances might throw light on the above problem If the 

* * Wien. Ber ,’ vol Ml, IU, p 603 (1912) 

t ‘ Wien. Ber ,’ vol 121, IU, p 1491 (1912) , ' Phil Mag ,’ voL 25, p 312 (1913) 

$ ‘ Wien. Ber ,' vol 121, Ha, p 1419 (1912) 

i 1 Wien Ber vol 127, IU, p 406 (1918) , ‘ Phil Mag ,’ vol 48, p 200 (1924) 

|| * Z f Phyaik,' vol 21, p 187 (1924) 

I A reoent preliminary announcement by Jedrsejowiki Oompt. Rend,,’ voL 184, 
p. 1851 (1927) ) give* 3 00 X 10*». 
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amounts should prove to be m proportion to the calculated emissions, the 
result would strengthen the evidence m favour of the view that the heat develop- 
ment is due almost entirely to the absorption of the a-, (3- and y-rayB , and 
would consequently give a fairly rcbablc estimate of the number of alpha 
particles emitted per second by a gram of radium The substances the heat 
emissions of which have been measured by the authors are radon (radium emana 
tion) m equilibrium with its products of short life, radium (B -[ C), radium C, 
thorium (B -f C), and thorium C 

The comparison of the calculated heatings of thorium and radium products 
was made possible by the results described in a separate paper* by the writers, 
which gives the ratio between the numbers of alpha particles expelled per 
second by Ra C and by Th C of equivalent gamma-ray activities The results 
agree well with the experiments of Shonstono and Schlundt.f who used a 
different method These comparisons should be free from many of the sources 
of uncertainty which enter into an absolute determination of the rate of emission 
of a-particles by either body separately 

The comparison of the heating effects of several products has already been 
made in the case of radium and its products of rapid decay by Rutherford and 
RobinsOn (foo at ), who give the following percentage distribution — 


Product 

Theoretical 

Observed 

Rn 

27 7 

29 

Ra A 

29 7 

31 

Ra(B + q 

42 6 

40 


(The theoretical percentages based on the data used m Section 5 of the 
present paper, including 90 per cent of the (3-ray energy, would be 27 1, 29 7 
and 43 2 respectively ) The results indicated an agreement to about 5 per 
oent between the observed and calculated distribution of heating among the 
various products The method was, however, a differential one, and by 
measuring the heating of Ra (B -f C) and Ra C separately a more definite 
result might be expected This has now been done and the comparison extended 
to the thorium products It will be seen that the results indicate m each case 
an agreement between the observed and calculated heatings to within 2 per 
oent and that the absolute values correspond very closely to the value of 
Z = 3 72 X 10“ 


• ’ Proc Cwnb Phil, Soo ,’ vol 24, p 133 (1928) 
t ‘Phil Msg ,’ vol 43, p 1038 (1922) 
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2 The Apparatus 

The method used was similar in principle to that employed by Rutherford 
and Robinson * It consisted in measuring the change of balance of a Wheat- 
stono bndge when two opposite arms were heated by the radioactive substance 
The bndge was standardised by a heating coil, made as similar as possible to- 
the radioactive source 

The arms of the bndge were four coils of number 47 8 W G silk-covered 
copper wire, each coil containing G metres of wire and having very nearly 42 
ohms resistance Two coils, forming two opposite arms of the bndge, were 
wound upon an aluminium tube (A) m two layers, each layer forming one of the 
coils The other two coils were wound ujion a similar tube (B) In this way a 
double sensitivity was obtained Each aluminium tube was 6 1 cm in length, 
3 6 mm in external diameter, and 0 135 mm in wall thickness The windings- 



occupied a length of 4 9 cm on each tube A small platform (C) of copper 
wire formed a seating for the glass tube (E) containing the radioactive material 
or the heating coil, and was supported in a small cork which closed the lower 


Lot at 
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end of the tube Each aluminium tube was supported inside a 1-rnch test-tube 
by a piece of thm-walled glass tubing (G) and a piece of thin paper tubing (P), 
introduced to improve the thermal insulation During an experiment the 
second aluminium tube held an empty “ dummy ” source The two test-tubes 
were suspended in a large beaker filled with paraffin oil, and the latter was 
surrounded by about 10 inches of cotton wool and wood turnings Two paper 
tubes led vertically from the tops of the glass tubes (G) and formed the entrances 
through which the source of heat and the dummy were lowered 
A thermo-junction immersed m the oil between the test-tubes indicated that 
the temperature of the oil did not change by more than a degree in the course 
of a day, and usually by only a few tenths of a degree 
The bridge could be exactly balanced at any time by adjusting an external 
resistance of approximately 7000 ohms in parallel with one of the bridge 
coils The galvanometer used was a moving coil instrument of 24 ohms resis- 
tance and gave a deflection of 200 mm per microampere at 1 metre scale 
distance 

The sources were sealed into glass tubes about 2 cm m length, 1 9 mm in 
diameter and 0 2 mm in wall thickness The dummy was an empty glass- 
tube of the same dimensions The heating coil was made of 42 8 W G. 
Eureka wire, resistance 34 80 ohms, and was sealed into another similar tube 
In order to eliminate the heating effect of the current in the leads of the 
heating coil and errors due to conduction of heat along them, the dummy was 
provided with a pair of leads of the same copper wire (47 8 W G ) as those of 
the heating coil and connected m senes with them The tubes containing the 
sources were also provided with similar compensating leads, and during an 
expenment these leads (agam in senes with those of the dummy) earned a 
current which would have given approximately the observed heating if the coil 
had been in place instead of the radioactive source 
The sensitivity of the bndge for a total current through it of 4 nulliamperes 
was about 235 mm for a heat emission of 1 cal /hour, or about 24 mm per milli- 
cune of radon. It was found that a change of 1 ohm out of about 7000 m the 
shunt box produced a change of balance of 0 2 mm From this it was 
calculated that a 2 -cm deflection corresponded to a difference of temperature 
between the two arms of the bndge of about 0 01° C , so that by reading to 
0 2 mm a difference of 10~ 4 degrees could be detected 
The sources were measured against the laboratory radium standard (6 38 mg 
radium element) by a gamma-ray electroscope covered with lead and aluminium 
equivalent to 18 mm of lead The electroscope arrangement was identical 
vol cxvm —A Y 
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with that used in finding the number of alpha particles emitted by Th C * 
The radium standard has recently been checked at the National Physical 
Laboratory It is probably accurate to one-half per cent 

3 Procedure 

In pach day’s work the bridge current was allowed to run continuously 
The bridge was balanced and the small regular change of balance followed 
throughout the day and corrected for The change m balance was found to be 
roughly proportional to the difference m temperature between the oil bath and 
the room, and was caused by differences of conduction along the supports of 
the two tubes, together with the fact that a small general change of temperature 
of the copper coils would not be accompanied by a corresponding change of 
resistance of the large manganin shunt resistance After the source and 
dummy had been lowered into their respective tubes, the galvanometer deflection 
reached its equilibrium value in about 18 minutes Readings were taken 
alternately with the bridge current direct and reversed to eliminate any thermo- 
electric effects and a small zero creep At least six were taken at intervals of 
1} minutes after the deflection had become steady In the case of a rapidly 
decaying source a much larger number was taken, the decay being followed for 
over half an hour after the maximum deflection had been reached The source 
and dummy were then removed and the balance change observed after con- 
ditions had again become steady Experiments were made alternately with the 
radioactive source and heating coil, as many times as the decaying strength of 
the source permitted 

Tho observed deflection, in the case of a rapidly decaying source, has to be 
oorrected for a lag of the apparatus The correction was obtained m two ways 
Tho simpler method depended on the determination of the cooling curve of the 
apparatus after a slightly warmed dummy source had been inserted When 
the initial disturbances had died away, the deflection diminished exponentially 
to zero with a definite half-value period (T,) The mean of several deter- 
minations, lying between 1 1 and 1 3 minutes, was 1 2 minutes It can readily 
be shown that the observed deflection at any instant, when a decaying source 
of heat (half-value period T,) is in place, must be multiplied by the factor 

to give the deflection corresponding to a steady rate of heat supply 
equal to the instantaneous value for the decaying source (This calculation is 


* Lot. eU 
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exactly analogous to that used in correcting radioactive sources for transient 
equilibrium ) 

The second method was a direct one, m which the heating coil was inserted 
and tho current through it reduced in such a way that tho heat evolution 
decreased exponentially with a given period The two methods gave results in 
excellent agreement except m the case corresponding to Ra C (see Section ^ (c) ) 
The heating produced in the coil was calculated from its resistance and the 
current passing through it, the latter being found from the voltage of the cell 
and the total resistance of the circuit The voltage was measured on an 
accurate Weston voltmeter, which was standardised from time to time against 
a cadmium cell 

4 Experimental Results 

In the following tables the strength of the source is givon in “ milligrams,” 
by which is meant the number of milligrams of radium which would produce 
the same gamma-ray ionisation when measured through 18 mm of lead The 
values have been corrected m every case for absorption of the y-rays from the 
source in the walls of the containing tube and in the wire on which the source 
was deposited This correction lay between 0 2 and 1 2 per cent 
(a) Radon --Thirty experiments m all were made with this product, extending 
over a period of several months The mean value of the heating was 101 7 
oal /hour per gram, and in only one case did an individual result differ from 
this by more than 1 3 per cent The probable error as given by the formula 
2/3V2d*/«(n— 1) ib less than 0 2 per cent 
Table I gives the result of the last eight experiments m which the largest 
sources were used, so that these results should be the most reliable 

Table I — Radon 


Strength of loaroe 


38*86 

33 30 
28 16 
23 60 
23 U 

34 S3 
90 73 
17 72 


oal, /hour 
3 437 
3 304 
2 873 
2 403 
2 330 
2 600 
2 000 
1 704 


101 6 
101 0 
102 0 
101 8 

100 7 
102 3 

101 2 
101 3 


101 6 
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Taking account of possible sources of systematic error, vu , the radium 
standard used, the standard cells, and possible inequality in the heat losses, it 
is felt that this result can be relied upon to within about 1 per cent It will be 
seen in Section 5 (a) that the theoretical value is 102 4 cal /gram-hour 
(b) Rad%um ( B -f C) — The ordinary method of preparation of this kind of 
source on a wire, vis , by exposure to radon for two hours in an electric field, was 
found to give too irregular a decay for accurate work Such irregularities fre- 
quently occur with sources prepared by this method Therefore a quantity 
of radon was introduced into the tube itself and allowed to Btand overnight 
with only a very small mercury surface exposed m a constriction in the tube 
The radon was then pumped off and the tube cut off, washed out with aloohol, 
baked and sealed. The resulting source followed very closely the normal decay 
as given by Bracehn’s* corrections to the tables published by Lawson and 
Hess-t 

The results are shown in Table II, where the strength of the source given in 
column 2 represents the amount of Ba C present as given by the y-ray measure- 
ments A small correction is applied in section 5 (b) for the y-ray effect due to 

Ba B The lag correction is given by =—3 5 per oent , 34 minutes 

84 min. 

being the time in whioh the observed heating would have fallen to half value at 
its actual rate of decay 


Table II -Ba (B + C) 



(o) Radium C —This source was prepared by rotating a 1/5 mm nickel wire 
m a solution of Ba (B + C) in hot hydrochloric acid. The active deposit was 

*'Proo Cunb PhlL Soc.,’ vol 28, p 100(1929) 
t ‘Wien Bar,’ vci 127, Hi, pp 626-7 (1918) 
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allowed to stand for 26 minutes before dissolving in order to allow the Ra A 
to decay to a negligible value After 1 5 minutes’ rotation the wire was washed, 
dried, and sealed into its glass tube The source decayed normally with a 
period of 19 7 minutes, which is the period given by Bracelm * 


Table III — Ra C 


Tims after removal 

Mg 

CaL/hour | 

Cal /gram hour 

min 




41 

8 72 

0 402 ! 

46 1 

00 

6 37 

0 290, 

40 4 

so 

4 62 

0 216 

46 6 

68 

3 38 

0 167 

46 6 

Mean 



46 4 

Correction for lag «■ — 7 4 per rent - 


3 6 

Observed heating 

42 9 


The calculated lag correction in this case was 1 2/19 7 = 6 1 per cent , 
while an expen mental determination with a heating coil gave 8 7 per cent 
The mean of these two values was used in the above calculation The dis- 
crepancy was perhaps due to difficulty m diminishing the heating current with 
sufficient regularity at so rapid a rate 

(d) Thonum (B -f- C) —The deposits of this product were obtained on 
platinum wires l mm m diameter by electrolysis of a solution of radiothonum 
in weak hydrochloric acid The first decayed at the normal rate for a source 
obtained by long exposure to the emanation The results are shown m Table 
IV (a) 

The second source consisted initially of Th B and Th Cm transient equilibrium 
proportion together with a large exoeas of Th C The results are shown in Table 
IV (b), a correction being applied to the first two readings for the heat which 
would have been emitted if this excess Th C had been accompanied by the 
corresponding quantity of Th B The correction is based on the difference 
between the mean observed heatings of Th (B + C) and Th C, vis., 2 8 cal /hour 
per gram of Th B (It will be seen m Section 5 (d) and (e) that this large differ- 
ence is the result of two effects the beta rays of Th B and the transient 
equilibrium between Th C and Th C" ) 


* Loe e u 
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Table IV — Th (B + C). 



in diameter for 2 hours in a hot solution of radiothonum in weak hydrochloric 
acid The wire was then washed and dried and sealed into its glass tube The 
gamma-ray decay was slightly too slow, giving a half-value period of 62 4 
minutes for the first 4 hours Measurements on the next day by both {J- and 
y-rays showed it to be decaying with the period of Th B It was estimated 
from the decay curve that the source contained initially about 0 7 per cent of 
Th B, and that during the heating measurements, an hour after separation, the 
amount present was 1 4 per cent of the equilibrium proportions It will be 
seen from the results for Th (B -f C) and for Th C that the heating due to this 
amount of ThB is quite negligible 

Table V Th C 


Time after removal 

Mg 

Cal /hour 

Cal /gram-hour 

min 




48 

4 47 

0 2206 

40 8 

51 

4 83 

0 2111 

48 0 

54 

4 10 

0 2037 

48 0 

57 

4 05 

0 1088 

40 1 

90 

3 01 

0 1021 

40 1 

98 

3 80 

0 1842 

48 5 

09 

3 06 

0 1785 

48 8 

Mean 



48 0 

Correction for lag ■» _ — — 1 9 per oent. •» 

1 0 

Observed heating 

47 9 
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5 Calculated Rate of Heat Production 

(a) Radon — The energy of the alpha particles per gram per second is given 
by JLnmc*, where n is the number expelled per gram per seoond, wt the mtum 
of a particle, and v its velocity, the summation including the alpha particles 
from the radon, Ra A, and Ra C A small factor (1 4- $(5* -(- ) amounting 

on the average to 1 002 may be applied for the relativity increase of energy 
In the case of Ra C, n is equal to Z, the number of alpha particles ejected per 
second by a gram of radium, but for the radon and Ra A the number is 0 9 per 
cent lower on account of the transient equilibrium For the present we shall 
assume Hess and Lawson’s* value for Z, viz , 3 72 X 10 10 Using the velocity 
of the Ra C alpha particle as given by Rutherford and Robinson, f and those 
of the other products as deduced from Geiger’s rule t>* — ifeR (confirmed by 
BriggsJ), we have 

Rn v = 1 613 X 10* cm /sec = 2 W)2 x 10 1 * 

Ra A 1 688 2 849 

RaC 1 922 3 694 

Taking m 0 as 6 59B X 10 -S4 gm , 

_ Lip x 6 595 X lO' 24 X 3 72 X 10 10 
X f ~ ^ — + 3 694) X 10 18 = 1 118 X 10« ergs/gm -sec 

Multiplying by 3600/4 1 86 X 10 7 we obtain 96 1 cal /gram-hour 

The energy of the recoil atoms is on the average 4/218 of this figure, or 1 8 
cal /gram-hour 

The energy of the (J-rays has been determined experimentally by Gurney, § 
who gives the distribution in the fl-ray spectra of Ra B, Ra C, Th B and Th C 
The mass per unit area of absorbing material m our apparatus was 0 193 
gm /cm * It appears from measurements by Madgwiokjl that in our apparatus 
rays up to Hp 4000 would be almost entirely stopped , these alone possess about 
40 per cent, of the total p-ray energy For rays above Hp 4000 the energy 
absorbed was calculated, m groups covering small ranges of velocity, from 
data given by Rawlinson, DanyBZ, Varder, Madgwick and others It was 

* hoc cit. 

t ‘PhiLMag vol 28, p M2 (1914) 

X ‘ Roy Soc Proo ,’ A, vol 114, p 844(1947) 

| 1 Boy Soo Proc A, vol 109, p. 540 (1925) j vol 112, p 380(1926) 

|i ‘ Proo C*mb Phil 8oc ,’ vol 28, p 970 (1927) 
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estimated that about 80 per cent of the [3-ray energy would be absorbed in 
the case of both Ra (B + C) and Th (B + C), while the rays of Ra B and Th B 
would be entirely absorbed 

The estimated contributions of the (3-rays to the heating are given m Table 
VI In the worst case, that of Ra (B + C), an error of 10 per cent in the 
estimate would only affect the total theoretical heating by 1 per cent , while 
m the case of radon the percentage effect would be only half as great 


Table VI 


i 

| Total energy of 
beta ray* (Gurney) 

ahmrhcd 

RaC 

cal la ram honr 

4 3 

cal /gram hour 
3 2 

Ra B 

l 3 

1 3 

Ra(B + t’) 

5 0 

4 5 

ThC 

4 1 

1 1, 

Th B 

0 0, 

0 «, 

Th (B + O 

1 4 7, 

1 H 


The beating effect of the gamma rays under our conditions was estimated 
from the results of Ellis and Wooster* to be less than 0 1 per cent of the whole 
beating and can be neglected 

The calculated heating of radon in our apparatus is therefore 

Alpha rays 96 1 

Recoil atoms 1 8 

Beta rays 4 5 


Total 


102 4 cal /gram-hour 


(b) Ra(B + C) —For the alpha rays we have — 
1 002 x Ww* — 

4 

For the recoil atoms— x 39 1 = 

For the beta rays (see following paragraph) 


39 1 cal /gram-hour 
0 7 
3 7 


Total 


43 5 cal /gram-hour 


Gurney’s data were obtained with sources of radon, in which equal numbers 
of Ra B and RaC atoms break up per second. In an active deposit source 
• ‘ Phil Msg yoI 60, p 521 (1925) 
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this is very far from being the case, and a calculation shows that at the time the 
heating measurements were made (68 to 90 minutes after removal) approxi- 
mately two-fifths as many atoms of Ra B break up as of Ra C in unit time 
Therefore the contribution of the Ra B beta rays to the heating is only 0 5 
calone instead of 1 3 This gives a figure of 3 7 instead of 4 5 cal /gram-hour 
for the (1-ray heating under the experimental conditions 
A further small correction has been applied to the theoretical heatings based 
on the result given by Slater,* that in an electroscope covered with 18 mm of 
lead 1 per cent of the ionisation is caused by Ra B, when equal numbers of 
Ra B and Ra 0 atoms are disintegrating per second We are assuming that 
the ionisation in the electroscope is a measure of the activity of the Ra C The 
effect to be corrected for is the difference between the ionisations caused by the 
Ra B in the radium standardf and that in the source of heat In the case of 
radon the two effects are equal and opposite, so that no correction is required 


In the experiment with Ra (B + C) the average value of the correction over 

the period of the electroscope readings is 1 — 

0 4, or 0 6 per cent In the 

case of Ra C the full correction of 1 per cent applies 

The correction for the y-rays of Th B has been estimated to be also about 1 
per cent at 18 mm of lead The corresponding correction for the radium 
standard in the Th (B + C) and Th C heatings has been taken into account in 
the determination of the relative number of K-particles, and need not be applied 

here 

The final theoretical figure for Ra (B + C) is 
43 8 cal /gram-hour 

i then 43 5 -f- 0 6 per cent = 

(c) RaC 


Alpha rays 

39 l (as for Ra (B f (’)) 

Recoil atoms 

0 7 

Beta rays 

3 2 

Total 

43 0 

Correction for y-rays of Ra B in radium 


standard = -f 1 per cent 

0 4 

Theoretical heating 

43 4 cal /gram-hour 


* ‘ Phil Mag vol 44, p 302 (1022) 

t The effects at the y rays of the radium iteelf and ot the R» I) in the standard probably 
do not exceed 0 2 per cent 
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{d) Thorium (B + C) — In a previous paper* it was found that 4 03 X 10 10 
alpha particles are emitted per second by a source of Th C corresponding in 
gamma-ray activity to a gram of radium, when measured through 18 mm of 
lead This result can be employed directly to calculate the theoretical develop- 
ment of heat by Th C (as is done m the following section) , but in applying it 
to a source controlled by the decay of Th B, several transient equilibrium factors 
must be taken into account The distmtegration scheme is shown below, 
the y-rays arise from Th C",f while the a-rays come from Th C and C' 

tub — ThC 

IV 6 hr 60-emln 



The period of Th O' is so short that Th C and Th C ' are always present m a 
fixed ratio In a source of Th C a disintegration of one atom of Th C" per 

second is accompanied by ^ or 0 947 atom per second of Th 0 and 
*o- 

hence by 0 947 alpha particle of 4 8 cm range In a source of Th (B + C), 

corresponding to one atom of Th C " per second we have ^ hll i huL — 

or 0 900 atom of Th B per second, henoe 0 900 x - ■ or 0 996 atom per 

*o — *B 

second of Th C, and thus 0 995 4 8 cm alpha particle Therefore for the 
Bame y-ray activity there are times as many a-particles of either range 


emitted per second from Th (B -f C) as from Th C For a y-ray effect equal to 
that of a gram of radium through 18 mm of lead the number of particles expelled 

per second from Th(B-fC) will be 403x 10 10 x , or 4 24 X 10 10 
(assuming the value 3 72 x 10 10 for radium) 

If we take the branching ratio as 35 65, the heat production of Th (B + C) 
can be calculated as follows — ■ 


Th C a v = 1 696 x 10* cm /sec 

ThC'* v = 2 063 x 10* cm /sec 


* Watson and Hendenon, loc. at 
t Hahn and Meitner, ‘ Phvi Zeit voi 13, p 390 (1912) 
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The energy of the alpha rays and recoil atoms is 


1 003 (l + “)ergs/gm -sec 

46 4 cal /gram-hour 

Beta rays 

3 8 


50 2 

(Section 5 (6) ) Correction for y-rays of Th B 


= — 1 per cent = 

0 5 

Theoretical heating 

49 7 cal /gram-hour 


(«) Thorium C —As mentioned m the preceding paragraph, the number of 
alpha particles per second per equivalent gram of Th G is 4 03 X 1() 10 , bo that 
the theoretical heating is— 

Alpha rays and rocoil atoms X 46 4 44 1 cal /gram-hour 

Beta rays 3 1 B 

Theoretical heating 47 2 S cal /gram-hour 


6 Comparison of Observed and Calculated Results, and Discussion 
The results may be tabulated as follows — 

Table VII 


Product 


g. + o 
JB + 0, 


Observed 

heating 

Theoretical 
heating j 

100 X 

Theoretical 

Relative 
to Rn 

101 « 

102 4 

00 2 

100 0 

43 1 

43 8 

08 4 

00 2 

42 0 

48 4 

08 0 

00 7 

80 7 

40 7 

102 0 

102 8 

47 0 

47 2, 

101 4 

102 2 


The relative results given in the last oolumn are independent of the assumed 
rate of emission of alpha particles by radium, the value of the radium standard 
used, and any systematic errors in the heat measurements 
The agreement in the case of the thorium products is not as good as in that of 
the radium products, but the discrepancy lies within the probable errors in the 
determination of the relative numbers and velocities of the alpha particles, 
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the branching ratio, the estimated heating from the beta particles, and the 
heat measurements themselves The good general agreement of the results 
is consistent with the supposition that no considerable amount of heat is 
radiated from the atom in forms which we have not taken into account, such as 
electromagnetic radiation soft enough to be absorbed m the type of calorimeter 
used 

It is interesting to note that the (3-ray emitters Ra B and Th B show no 
abnormal effects Herszfinkiel and Wertenstein* found that the (3-ray heating 
of Ra B did not exceed 2 per cent of the heating caused by the a- and (3-rays 
of RaC 

If Qeiger and Werner’s value of 3 4 X 10 10 a-particles per second per gram of 
radium is correct, it follows that from 10 to 12 per cent of the heating must be 
caused by easily absorbed radiation not included in the above calculations. 
This would require about 40, 70 and 80 quanta per atom, for instance, for radium, 
Ra C and Th C respectively, if the radiation were of a wave-length of 1 A U , 
and correspondingly more quanta for softer radiation There is at present 
no evidence for the existence of soft radiation m such quantity If such an 
additional emission of energy does occur, the proportion which it bears t* the 
total energy must be very nearly the same for a large number of radioactive 
bodies , this is seen from Table VIII, where the results of various observers 
are compared with the corresponding theoretical heatings calculated on 
the basis of 3 72 X 10 w a-particlcs per second The table includes the mem- 
bers of the radium family alone, since the comparison for Th B and Th C 
involved additional sources of uncertainty, as mentioned above The theoretical 
values have been recalculated from the same data as have been used earlier in 
this paper, including the fractions indicated of the values given by Gurney and 
by Ellis and Wooster (loc ott ) for the heating effects of the (3- and y-rays respec- 
tively In the case of the y-rays of radium, calculated by LawBonf to give 
0 9 cal /gram-hour, it is assumed that 0 5 cal /gram-hour will represent the 
heating due to the amount absorbed in the calorimeter used by Meyer and Hess, 
and by Hess 

The high degree of uniformity of these results seems to be consistent with 
the view that the rate of emission of alpha particles can be calculated from the 
heating effects, which, as far as they go, support Hess and Lawson’s result 


* • Jour d* Phyi ,’ vol 1, p 143 (1920) 
t ‘ Nature,’ vol 116, p S07 (1926) 
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Table VIII 


Observer* 

Product 

Observed 
cal / gm hr 

Theoretical 
cal /gra hr 

lm . Observed 
Theoretical 

Meyer and Hem* 

Ra + Rn H A | R i (’ in 

132 3 

130 8 

101 

eluding all p rays and IS per 
oent of the y rays 





Hen* 

Ra alone 

25 2 

25 1 

loo 

Rutherford and 

Rn + A + B + C including IK) 

103 3 

103 1 

100 

Robuuon* 

per oent of the p ray energy 




Pwent expen 

Rn H A + B + C 

101 0 

102 4 

»» 

men ten 
Present expert 

Ra C and Ra (B + C) (mean) 



W) 


* IjOC ctt 


Meitner,* estimating the energy of the (J- and y-rays on a somewhat hypo- 
thetical basis, found the total observed heating of radium to agree with a value 
3 0 X 10 10 a-partioles per second per gram of radium , this, however, was 
before the experimental determinations were made by Gurney and by Ellis 
and Wooster Thibaudf calculated the energy of the y-rays from his estimates 
of )fce intensities of the lines in the y-ray spectra His value for the y-rays of 
Ra (B -f C) is 6 3 cal /gram-hour, which is considerably lower than Ellis and 
Wooster’s result (8 6 cal /gram-hour), but his y-ray intensities are probably 
inaccurate (cf intensities given by Ellis and Wooster, ‘ Proc Camb Phil 
8oc ,’ vol 23 (VI), p 717 (1927) ) 


7 Summary 

The rates of heat evolution by five combinations of radioactive bodies, vis , 
Rn + Ra (A + B + C), Ra (B + C), RaC, Th (B + C), Th C, have been 
measured by a resistance thermometer method The results obtained agree 
within 2 per oent with the theoretical values based on Hess and Lawson’s 
data for the rate of emission of alpha particles by radium (3 72 x 10 10 per 
gram per second) If there is any evolution of heat other than that pro- 
duced by the known radiations (as is required by Geiger and Werner’s value for 
the rate of emission of alpha particles) it must be in nearly the same proportion 
in a large number of radioactive products, and must occur in an easily absorbed 
■form in a quantity corresponding, if electromagnetic, to a large number of 
quanta per atom disintegrating 

* 1 Naturwiaa,’ vd 12, p 1140(1924) 
t * Oompt. Rend voL 180 (1), p. 1166 (1926) 



384 


R W James, I Waller and D R. Hartree. 


The authors wish to express their thanks to Sir Ernest Rutherford for his 
interest and advice , to Dr J Chadwick, who suggested the work and was a 
oonstant source of assistance and valuable criticism, and who also prepared 
several of the radioactive sources , and to Mr G R Crowe, who prepared the 
remaining sources 


An Investigation into the Existence of Zero-Point Energy in the Rock- 
Salt Lattice by an X-Ray Diffraction Method 
By R W James, M A , I Waller, Ph D , and D R Hartree, Ph D 
(Communicated by W L Bragg, FHS —Received December 22, 1927 ) 


1 Introduction 

In the present paper we shall attempt to collate the results of four separate 
lines of research which, taken together, appear to provide some interesting 
checks between theory and experiment The investigations to be oonaidfcrod 
are (1) the discussion by Waller* and by Wentrel.f on the basis of the quantum 
(wave) mechanics, of the scattering of radiation by an atom , (2) the calculation 
by Hartree of the Schxodinger distribution of charge in the atoms of chlorine 
and sodium , (3) the measurements of James and Miss FirthJ of the scattering 
power of the sodium and chlorine atoms in the rock-salt crystal for X-rays at a 
senes of temperatures extending as low as the temperature of liquid air , and 
(4) the theoretical discussion of the temperature factor of X-ray reflexion by 
Debyef and by Waller || Application of the laws of scattering to the distribu- 
tion of charge calculated for the sodium and chlorine atoms, enables us to 
calculate the coherent atomic scattering for X-radiation, as a function of the 
angle of scattering and of the wave-length, for these atoms in a state of rest, 
assuming that the frequency of the X-radiation is higher than, and not too near 
the frequency of the K-absorption edge for the atom From the observed 

* ‘ PUL Mag ,’ vol 4, p 1228 (1927) , ‘ Nature,’ July 30. 1927 
t ‘ Z f Phytik,’ vol 43, pp 1, 779 (1927) 
t ‘ Roy. Soo. Proo ,’ A, vol 117, p. 02 (1927) 

| ‘ Ann. d. Physik,’ vol 48, p 49 (1914) 

II ' Z f Physik,’ vol 17, p 398 (1928) , ‘ Upeala Dissertation,’ 1926 
! TUs condition is fulfilled with sufficient aocuraoy m all the applications of the scatter- 
ing laws mads here If the frequency of the X-radiation approaches the K absorption 
limit, anomalous scattering will ooour 
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scattering power at the temperature of liquid air, and from the measured value 
of the temperature factor, we can, by applying the theory of the temperature 
effect, calculate the scattering power at the absolute zero, or rather for the 
atom reduced to a state of rest The extrapolation to a state of rest will differ 
according to whether we assume the existence or absence of zero point energy 
in the crystal lattice Hence we may hope, in the first place to test the agree- 
ment between the observed scattering power and that calculated from the 
atomic model, and m the second place to see whether tho experimental results 
indicate the presence of zero-point energy or no 

2 The Scattering of Radiation by Bound Electrons 
In the previous work in which attempts have been made to determmo the 
distribution of charge within the atom from the observed scattering curves 
or F-ourves, for the atoms,* or to test atomic models by comparing the F-curves 
calculated from them with the observed curves the classical law of scattering 
due to J J Thomson has always been employed, and it has been assumed that 
all the radiation scattered from the atoms m the crystal lattice is coherent 
N#w since the discovery of the Compton effect it has been evident that these 
assumptions are not justifiable A certain fraction of the incident radiation is 
scattered with a change of wave-length, and srnoe no diffraction maxima corre- 
sponding to radiation with a modified wave-length can bo detected, this radia- 
tion may be presumed to be incoherent, so that no definite phase relationship 
exists between the incident radiation and this part of the scattered radiation 
Owing to the existence of this incoherent radiation it appeared that serious 
errors might have been introduced into the older calculations of F-curves and 
attempts were made by Williamaf and by Jaunceyf to recalculate some of the 
F-curves which had been deduced from theoretical atomic models so ps to make 
allowance for this 

The advent of the quantum mechanics, however, has made it necessary to 
reconsider the whole question of scattering, and we shall outline briefly some of 
Hie results so far obtained, which appear to be of considerable importance 

• In this paper F will always denote the ratio of the amplitude of the coherent radiation 
Mattered from an atom in a state of reet to the amplitude scattered from a free electron 
aooocding to the classical theory of J J Thomson Corresponding to the application* 
made here, we shall assume F to depend only on (sin 8)/X, a being the wave-length of the 
radiation employed and 2« the angle of scattering The F curves give F as a funotion of 
(sin S)[X 

t ‘ Phil Mag ,’ vol 2, p 867 (1926) 
t’Riys Rev,’ vol 29, p 606(1927) 
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What follows refers m the first instance to scattering by an electron moving 
in a stationary atomic field We shall neglect relativity corrections, whieh 
cannot introduce an error greater than a few per cent in the applications 
made here 

We may consider what happens as the radiation falling upon the electron 
gradually decreases in wave-length As the wave-length diminishes, so that the 
frequency of the incident radiation becomes large compared with the character- 
istic absorption-frequencies associated with the electron, the dispersion formula 
which holds for optical frequencies gradually transforms into the classical 
scattering formula for a free electron, due to J J Thomson, and this remains 
true until the wave-length approaches the linear dimensions of the initial 
" orbits ” of the electron As the wave-length becomes shorter, the scattering 
of coherent radiation diminishes and becomes more concentrated in the forward 
direction of the incident light We could picture the effect by supposing the 
electron to consist of a spatial distribution of charge each element of which 
scatters according to the classical law For such a distribution the resultant 
scattering m directions other than the forward direction will be diminished by 
interference The distribution of charge which would actually give the aqgular 
distribution of coherent scattered radiation calculated by the wave mechanics 
is precisely the Schrodinger distribution of charge for the scattering electron 
in the particular stationary state concerned (m practice the normal state) 
The electron will in fact have an F curve which can be calculated from its 
Schrddinger distribution of charge 

As the coherent scattering diminishes, incoherent scattering will occur which, 
as the wave-length decreases, approximates more and more closely m intensity 
and distribution to the Compton effect, and practically merges into it when the 
momentum of the incident quantum is large compared with that corresponding 
to electronic motions m the atom The sum of the intensities of the coherent 
and incoherent radiation during this whole process is given by the Thomson 
formula* 

For an atom containing more than one electron, the total Schrodinger density 
of charge may be found by taking the sum of the densities corresponding to the 
separate electrons. If the frequency of the incident radiation is higher than, 
and not too near, the frequency of the K-absorption edge of the atom, we 
may therefore expect, and this is the point of importance for our present 
purpose, that the ooherent part of the scattered radiation may be directly 

* H the frequency of the Incident radiation is so high that relativity corrections smt 
be taken into aooonnt, this remit is no longer true 
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calculated by applying the classical Thomson formula for the amplitude of the 
scattered radiation to each element of that distribution of electricity which is 
defined by the Schrodinger density distribution for the initial state of the 
scattering atom (in practice the normal state)* In this case it is no 
longer true that the intensity of the radiation scattered in any direction is 
given by the Thomson formula, although we may expect to obtain some degree 
of approximation to the intensity by applying the results given for one electron 
to each electron of an atom containing several electrons t 
The importance of these results in oompanng theory and experiment is at 
once evident Distributions of charge deduced from observed F curves will 
be the Schrodinger density distributions, and conversely, if the Schrodinger 
distribution for any atom can be calculated, the scattering curve to be expected 
with X-rays whose frequencies lie within the limits already defined can at 
once be calculated according to the classical laws given above 

3 Calculation of the Schrodinger Distribution of Charge for Sodium and Chlorine 
In order to calculate accurately the Schrodinger density of charge for an 
atom containing N electrons, it is first necessary to find the characteristic 
values and functions for a Schrodinger wave equation in 3 N variables How- 
ever, a simpler method which appears to give a good approximation to the 
distribution of charge of the core electrons of an atom on the wave* mechanics 
is available , it has already been given m some detail by one of us (D R H ) 
in two papers]; and will here be described only briefly 
An approximation to the interactions of the various electrons m an atom is 
made by supposing that a central field of force acts on each one As the 
Schrodinger charge distribution for a oomplete n* group is spherically sym- 
metrical, this is probably a cloee approximation for expressing the interactions 
of any electron with a closed group , and for the interactions of the electrons 
within a single closed group it is the simplest approximation which can be 

* C/ a note by one of us (I W ) in' Naturwisaeasohaften,’ Decembers, 1937 Ifthestom 
contains N electrons, the Sofarddlnger characteristic functions (Eigenfunktdooen) <K are 
functions of the 5N oo-oidinates of the electrons The density distribution for one 
electron in the state a is found by integrating — « | <£, | ‘ with respect to the oo-onUnates 
of all the other electrons, where — e is the charge on one electron It should be pointed 
oat that in this treatment the “ retardation ” of the forces between the electrons has 
not been strictly taken into aooount this point will be discussed in another paper 
t Of Williams. ' Mem. Proc Manchester lit. Phil Soo ,’ voL 71, p. 38 (1987) 

X • CJamb. PhiL 8oc Proc / vol U, pp 80, 111 (1988) 

vol dxvm — a z 
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made to avoid the detailed solution of the many-electrou problem, and seems 
justified by results given in the papers already mentioned 

For any atom or ion all of whose n* groups are complete, a field which may 
be called the “ self-consistent field ” may be found as follows Consider first 
a given field which can be thought of as the sum of contributions from the 
nucleus and from the various groups of core electrons , it may be called the 
“ initial field ” For each fit corresponding to a group of core electrons the field 
is corrected approximately for the fact that the distributed charge of any one 
electron of this group does not contribute to the field acting on that electron , 
the solution of the wave equation for one of the coro electrons m the field so 
modified oan be evaluated, and from it the distribution of charge for the group 
can be found (it is centrally symmetrical as the group is assumed to be com- 
plete) , finally the field of the nucleus and distribution of charge of all the 
core electrons can be calculated, and may be called the 11 final field ” If this 
is the same as the initial field used to calculate it, it is called the “ self-consistent 
field” 

The process of determinating the self-consistent field of a given atom is 
one of successive approximation , the numerical work involved m finding a 
close approximation to it is by no means prohibitive, and it seems probable 
that the distribution of charge m such a field is a good approximation to the 
actual distribution in the atom (so far as it can be thought of as m ordinary 
space at all), and very possibly the best that can be obtained without much 
more elaborate theoretical and numerical work 

Details of the methods used for solving the wave equation numerically, and 
for working out the successive approximations to the self-consistent field of 
an'atom are given in the papers already referred to Tables of the distribution 
of charge for the final stage of the successive approximation to the self-con- 
sistent fields of Na + and Cl" are also given in the second paper, these tables 
give the radial charge density U (r)* m electrons per unit radius as a function of 
the radius, the unit of length being the “atomic unit ” o*, = A*/47i*me* = 0 532 
A U , in the present paper the Angstrom unit will be used as the unit of 
length. Curves of U (r) as a function of r for Na + and Cl - are given here m 
figs 1 and 2 For comparison, the distributions given earlier by Pauhngf are 
also shown , these are calculated by a method which takes the radial distnbu- 

* Ia., U(r) is the oharge co n tai ned in a spherical shell between radii r sad r + dr j in 
the pspen re f er r ed to U (r) is oalled — Ofdr For an ion consisting of oktssd groups, this 
charge is distributed uniformly over the sphere. 

t ' Roy Soc. Proc A, vol 114, p. 181 (1SS7). 
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tion for any electron as being that given by the wave mechanics foe an electron 
in the Coulomb field of a point charge, the appropriate value of the charge 



Full carve — calculated by method at adf-cooeictent field 
Broken ourve - calculated by Pauling’s method 


bang given by an empirical table For the distribution in a Coulomb field, 
the peaks of the radial density curve are sharper and narrower than for the 
distribution in the non-Coulomb field of an actual atom , also Pauling’s “ sue 
screening constants ” give too large a scale for the distribution, especially for 
the outermost core electrons. The oombued result of these two differences 
is that the maxima and minima of Pauling's radial density carve are too 

s 3 
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pronounced, and this u particularly the case for the outermoet minimum, and 
mote so for the heavier than for the lighter elements 

4 The Observed P Curvet and their Correction for Temperature 
The experimental values of F which will be compared with theory were 
obtained in the course of an investigation of the temperature factor of X-ray 
reflexion from rook salt * Previous comparisons of F with atomic models have 
been based on the work of Bragg, James, and Bosanquet f Later work by 
Havighur«t,| Hams, Bates and Maclnnes,§ and Bearden) | has confirmed the 
general accuracy of the earlier experiments In all cases the observations 
were made at room temperature, and to correct them, so as to correspond to 
the atom in a state of rest, a temperature factor of X-ray reflexion now known 
to be considerably too small was used The absolute values of the intensity 
of reflexion from rock salt have now been measured at the temperature of 
liquid air Under these conditions the intensities of the spectra of high order 
are greatly increased, and it is possible to follow the scattering curve to angles 
of scattering considerably greater than a right angle In fact, spectra have 
recently been measured at an angle of scattering as large as 130° The results 
of these observations make it quite evident that the F-ourves hitherto deduced 
from experiment fall away far too rapidly as the angle of scattering increases 
This is of especial importance in connection with the Fourier analyses of electron 
distribution which have been based on these curves, and we shall return to this 
point later 

The values of F as deduced directly foom the experimental results will be a 
function of the temperature, since the atoms in the crystals are m a state of 
thermal vibration which will affect the average distribution of charge density 
To obtain the true F as defined m § 2, which refers to the atom m a state of rest, 
it is neoessary to study the manner in which the intensity of X-ray reflexion by 
crystals depends on the temperature The theory of the decrease of intensity 
of reflexion of X-rays with temperature Was first discussed by Debye, who 
concluded that for a simple cubic lattice, consisting of atoms of one kind only, 

* James and Firth, loo. eil 

t ‘ Phil. Mh t°! 41, p 800 (1981) , voL 48, p 1(1981), vol 44, p 438(1018) 

} ‘Phys Rev.,’ voL 28, pp. 5, 809, 882 (1986) 
f'Phy* Rev vol 28, p. 885 (1986) 

H Phya. Rev vol 29, p 20(1987) 
f!oe.efc 
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the intensity of an interference maximum formed at a glancing angle 6 with 
wave-length X should be multiplied by a factor e - *, where 


V. 6 h* sin* Q 

(iJk^ x X* 


(D 


Here h is Planck’s constant, p the mass of an atom of the crystal, £ Boltzmann’s 
gas constant, 6 the characteristic temperature of the crystal, x = 9/T, and 
<f> (*) is a function of x, which approaches unity as * approaches aero, and zero 
for large values of x, and which is evaluated and tabulated by Debye in his 
paper A later treatment by one of us (I W ),* baaed on a different method of 
connecting the amplitudes of the atomic vibrations with the normal vibrations 
of the crystal, showed that the factor should really be e"** for the intensity, 
and consequently e~ M for the amplitude of the spectrum It was also shown 
that for a crystal unit composed of more than one kind of atom, the structure- 
amplitude for spectra in which the contributions from all the atoms are in 
phase should be of tbe form £ Yjr** where F, is the F factor for an atom of 
type «r, supposed at rest, and M, is the value of M appropriate to that atom, 
and m general differs for different atoms, the summation being taken over all 
the atoms in the crystal unit Formulie expressing M„ as a function of the 
forces between the atoms were also given 

The experiments of James and Miss Firth showed that, for rook-salt, the 
observed temperature factor agreed quantitatively with the amended Debye 
theory from 86° absolute up to about 600° absolute, for spectra whose structure 
amplitudes were of the type (FiH^ + (Fa-*)*, But it was also found 
that for spectra of the type the decrease m intensity with 

temperature was considerably smaller than for those of the other type This 
can only occur if M is different for ohlonne and sodium From these results 
Waller and Jamesf deduced the ratios of the values of Fe~* at room tempera- 
ture, and at the temperature of liquid air, for the ohlonne and for the sodium 
atoms separately Thu does not suffice to determine the M’s, smoe all we are 
able to obtain from the ratio of Fe~ K at two temperatures u the value AM, or 
the difference between the values of M for those temperatures By adding to 
M any constant quantity, independent of the temperature, we should not altei 
AM, and thus the exutenoe of such a oonstant oould not be inferred from the 
ratio of Fe~ x at two temperatures. 

Now M u, for atoms of one land, proportional to the energy of vibration of 


* ' Umsla Dissertation.’ IMS. 
t ‘ Roy 8oc Proo.,’ A voL 117, p 214 (1«7) 
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these atoms M may be regarded as composed of two parts M' and B. If no 
zero-point energy exists, B is zero and M is identical with M', vanishing at 
absolute zero The quantity B, which is independent of temperature, repre- 
sents the constant contribution to the energy of vibration due to zero-point 
energy We therefore have the equation 

M = M' + B, (2) 

B being proportional to the zero-point energy 
What we can determine, by supposing our measurements earned out at 
temperatures as low as we please, isM' We cannot determine M experimentally 
If, however, we can obtain a theoretical estimate of B, we can calculate F, 
using measured values of M', either on the assumption that there is zero-point 
energy or that there is not Thus two separate F curves may be obtained for 
each atom, which may be compared with that calculated for the atomic model 
Assuming each atom to be bound m a cubically symmetneal way, the theory 
of the temperature factor shows that if w*. is the mean-square amplitude of 
vibration parallel to any direction r, 

M=^^=^(. + p T + r/ T -M/ I *+ ) <» 

the expansion being oonvergent for temperatures higher than about 60° aba 
for rock-salt In this formula, y can easily be calculated, while « and p, which 
depend on the interatomic forces, cannot be calculated directly For S, a rough 
estimate, which can readily be obtained, is enough If we assume the zero- 
point energy to have the value proposed by Planck, half a quantum per degree 
of freedom, then a is equal to zero, and p can be determined from the experi- 
mental results in the manner described by Waller and James* On this 
assumption therefore, we may obtain M, and hence F, for the atoms of chlorine 
and sodium M was found to be greater for sodium than for chlorine, indicating 
that the average amplitude of vibration of the sodium atoms is greater than that 
of the chlorine atoms 

It is not easy to calculate accurately the theoretical values of a for absence 
of zero-point energy The F-curvea given by James and Miss Firth correspond 
approximately to this state of affairs, although the separate values of M for the 
two atoms were not taken into account, and the formula used to extrapolate 
to absolute zero is really valid only for a simple cubic lattice 
The curves calculated on the two assumptions are given in fig 3, and it will 


* Loe at 
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Fro 3 — Comparison of F values deduced from observation with those calculated from 
theory F plotted as a function of sin 0[k for Na+ and Cl - ions , 6 »* glancing angle, 
\ — wave-length in A U Full curves show values of F for distribution of charge 
calculated by wave mechanics , broken curve shows values of F for distribution of 
charge for orbital atomio model Crosse* show values of F deduced from observation, 
assuming aero point energy , oirck* show values of F deduoed from observation, assuming 
no aero point energy 

The values of F for Cl" and Na + calculated from the Schrodinger densities, 
and the observed values corrected to correspond to the ions m a state of rest 
on the assumption that zero-point energy exists are also given in Table I 
Table I 



F (Na + ) 

F(Cl-) 


F (Na+) 

F(Cl-) 

<«n 9)1 K 

| Calc | 

Obs* 

Cali 

o 

r 

(8m 9)j X 

Calc 

Obe* 

(Talc 

Obs* 

0 00 

10 00 


18 00 


0 60 

3 22 

3 00 

6 40 

6 03 

0 05 

9 87 


17 11 


0 70 

2 63 

2 40 

5 77 

5 45 

0 10 

9 50 


15 23 


0 80 

2 23 

2 12 

5 06 

4 89 

0 15 ' 

8 92 


13 10 


0 00 

1 96 

1 03 

4 41 

4 45 

0 SO 

8 21 

8 30 

11 50 

11 70 

1 00 

1 75 

1 79 

3 84 

3 06 

0 25 

7 45 

7 30 

10 23 

10 15 

1 to 

l 50 

1 65 

; 3 33 

3 50 

0 SO 

0 68 

6 44 

0 30 

0 02 

1 20 

1 48 


2 80 


0 S5 

5 93 

5 70 

8 00 

8 32 

1 30 

1 40 


2 51 


0 40 

6 23 

5 07 

8 06 

7 70 

1 40 

1 34 


! 2 21 


0 45 

0 so 

4 01 

4 07 

4 45 

3 94 

7 62 

7 23 

7 20 

6 78 

1 50 

1 29 


1 00 



* The observed values in this table were read from curves plotted from the ooneoted values of 
F given by Waller and James (tee eit) 
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B Oo mp aruo n «f the Corrected F curvet « nth time calculated from tie Atomic 
Models 

From the Schrodroger distribution of density for the ions of sodium and 
chlorine, obtained in the manner described in section 3, we have calculated the 
F-curves, assuming that every element of charge scatters according to the 
classical laws, and that the contributions from the chargee m different parts 
of the atom can be combined using the ordinary rules of interference The 
radial distributions plotted in figs 1 and 2 give the radial density U (r) in 
electrons per A U radius as ordinates and r in A II as absciss®, U (r) being the 
amount of charge lying between distances r and r + dr from the centre of the 
atom The contribution dF to the F-curve from such a shell, for a spectrum 
formed at a glancing angle 0, and hence for an angle of scattering 20, ib given 
by 

(ZF — U (r)^dr, 

where ^ = (4rc r sin 8 )/X, and hence, for the whole atom, F for this spectrum 
is given by 

K = jb'<r)“^r (4) 

An interpretation of this formula is that F is the number of electrons m the atom 
multiplied by the mean value of (sin ^)/^, weighted according to the radial 
density of charge This integral is evaluated graphically or numerically for 
a senes of values of (sm 8)/X dose enough to allow interpolation to the accuracy 
required 

Some curves of U (r) sin are given in fig 4, to illustrate the way in which, 
as (sm 0)/X increases, the outer parts of the atom rapidly become of small 
importance, and how at large angles of scattering the form of the F curve 
depends almost entirely on the two K electrons 
The values of F calculated in this way are tabulated in Table I and are plotted 
in fig 3 where they may be compared with the values obtained from the expen- 
mental results It will be seen that for both chlonne and sodium there is a 
very dose agreement between the calculated values of F and the observed values 
corrected, assuming the existence of zero-point energy The calculated curve 
for each ion is shown as a full line, the crosses show the values obtained from 
experiment assuming Planck’s value of the zero- point energy, and the circles 
the approximate values assuming absence of zero-point energy * 

• For dearness, the remits of experiment are shown by points rsthw than by ourvss. 
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Fwr both ohlorme and sodium, the observed curve is higher than the calcu- 
lated out for small values of 6 This is probably due to an incorrect allowance 



Fig 4 — Showing contribution* from different parts of the atomic distribution of charge 
to F at various glancing angles U (r) (sin In electrons per A U radius 
[<J> — 4wr (sin fl)/X] plotted against r In A.U for 

(sin fl)/X = 0, thus (sin fl)/X = 0 fl, thus 

(sin fl)/X - 0 S - — — (sin fl)/* = 12 

for extinction, which ib difficult to measure and which chiefly affects the intense 
spectra For somewhat higher angles the observed ourve falls below the calcu- 
lated one, but crosses it again and lies slightly above it for values of (sm 0)/X 
greater than about 0 0 

It is a little difficult to be sure to what extent these deviations are real The 
calculated distribution of charge for the outermost electrons of Cl” is slightly 
uncertain, on account of difficulties m the calculation due to the negative charge 
on the ion , the consequent error in F might amount to 0 2 and would probably 
be greatest just about where the difference between the observed and calculated 
curves is greatest, but this is not enough to explain the whole difference , other- 
wise the precision of the numerical work should be adequate to give values of 
F to 0 03 Whether the simplifying assumptions made m calculating the 
distribution of charge would introduce appreciable error in 7 cannot at present 
be determined 

The observed curves are obtained by taking half the sum and half the difference 

of the smoothed curves for (Fs~“)oi -f and (Fs“ M )a — (Fe -1 *)*,, 
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and it is possible that some of the deviations are introduced in this process 
On the difference curve for example, no points between (am 0)/X =0*154, 
corresponding to the (111) Bpectrum, and (am 0)/X = 0 295, corresponding 
to tile (113) spectrum, can be obtained by observation Between these 
two points the curve is falling rapidly and its subsequent course for 
higher values of (sm 8 )/X makes interpolation between (111) and (113) very 
doubtful To obtain a more direct comparison of theory and experiment, we 
have calculated from the theoretical density distributions the curves for 
(Fe"“)u ± (F« -M )x* at 86° absolute, using the values of M deduced from the 
experimental results These curves are given in fig 5 The circles m the 
same figure give the observed values for a senes of spectra at the temperature 
of liquid air In obtaining the values of M it was, of course, neoessary to use 



the observed values at the temperature of liquid air (86° abe ) 
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the separate F- curves for the two atoms, so that the results are not entirely 
free from uncertainty dae to lack of knowledge of the exact form of the curve 
for the different spectra The uncertainty, however, is now only in a correction, 
and the comparison between theory and experiment is more direct The agree- 
ment between calculation and observation is surprisingly good, but there seems 
still to be a systematic deviation of the experimental points from the theoretical 
curve The values for high angles of scattering are, of course, difficult to 
measure accurately, since the intensities of the spectra concerned are very small 
But there can be no reasonable doubt that the difference between the F curves 
with and without zero- point energy are well beyond the limits of experimental 
error If the theoretical model w accurate, the experimental results teem to indionlr 
very definitely the existence of zero-point energy 

Now for high angles of scattering the form of the F curve, as we have seen, 
depends almost entirely on the K electrons, and it is very unlikely that the 
atomic model can be much in error so far as these are concerned, since tht 
proportional deviation from a Coulomb field is so small over the mam part of 
the range for which the radial density is appreciable The mean amplitude of 
vibration of the atoms corresponding to zero-point energy is of the same order 
as the radius of the K electron region From the ratios of the values of F with 
and without zero-point energy, we have calculated approximately the root- 
mean square amplitudes of vibration at absolute zero We find 0 12 A for 
sodium and 0 11 A for chlorine Now the K maximum in the density distri- 
bution occurs at 0 038 A from the nucleus for chlorine and 0 052 A for sodium 
The F curve due to the K electrons will thus depend greatly upon whether 
there is or is not zero-point energy, and since it is practically this curve that we 
measure at high angles of scattering, conditions are favourable for distinguishing 
between the two cases, and the discrimination depends much less on the exact 
theory used to obtain the atomic model than might have been expected 

It may be pointed out here that, since on the wave mechanics the charge- 
distnbution of an atom or ion, all of whose electrons are in closed n k groups, 
is centrally symmetrical, the value of F given by equation (4) holds for a single 
atom, whereas on the orbit model it only holds for reflection from a crystal m 
the direction of a spectrum so that we can average the radial distribution of 
scattering electrons over a large number of atoms 

For comparison, the F curve for Cl - calculated for the orbital atomic model 
by an approximate mothod given by one of us m an earlier paper* is also shown 

♦DR Hartree, 4 Phil Mag.,’ vol 50, p 389 (1936) Integer values at the azimuthal 
quantum number i are assumed in the numerical data from whioh these ourves were cal 
oulated, the use of half integer values of t would have only a email effect on the F ourves 
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m fig 3 Ita moat striking difference from the F ourve deduced from tha wave 
mechanics is a pronounoed “ bump ” m the curve for the orbit model * The 
existence of this bump for the orbit model and its absenoe for the wave theory 
model can easily be explained On the orbit model, near the outer apse of an 
orbit, radius r 0 , the radial density (averaged over a large number of atoms at 
an instant of tune, or over a long time for one atom) tends to infinity as r — r 0 
from below, and is sero for r > r 0 . This strong concentration of charge just 
inside the outer apee weights very heavily the value of (sin f)/4 there in the 
integration of (4) for F , as the glancing angle increases, the value of 4 = 
(4r sm 6)/X for a value of r ]ust less than the outer apsidal distanoe of the outer- 
most groups of orbits passes through successive maxima and minima of (sin ^)/^, 
and on account of the heavy local weighting of the value of (sm *t this 
radius, these maxima and minima appear quite noticeably as the bumpe on the 
F-curve The same applies to the contributions to F from the inner groups of 
orbits On the wave mechanics, the charge density remains always finite and 
continuous, and although it has maxima and minima, there is nothing like the 
heavy weighting of the values of (sm $)!$ over a small range which occurs 
with the orbital model, bo that the maxima and minima of this quantity do 
not now have such a noticeable effect on the F-curve Their effect does not, 
however, disappear entirely , for Cl - the F-curve has a portion almost straight 
at about (sm 0 )/X = 0 6, between two portions concave upwards This 
straight pieoe corresponds to the bump on the curve calculated on the orbit 
mode] 


fl On the Fourier Method of obtaining Charge Dutnbutions 

In this paper, we have preferred to calculate the F-curves from the theoretical 
atomic models, and to compare them with the curves obtained from the experi- 
mental results, rather than to employ the apparently much more direct method 
of deducing a distribution of charge from the F-curves and comparing this with 
the atomic models The method of Fourier analysis due to Duane,t which was 
used m this way by HavighurstJ and by Compton,! will, of course, give the 
Hchrddmger charge densities By its means we may determine a “sheet- 

* For Ns, the F curve for the orbital model has a similar though lew pronounoed hump 
This curve also lie* above the ourve calculated from the distribution of charge aoeording 
to the wav* mech a ni cs 

t'Proc Nat Acad 8ci ,* voL 11, p 489 (1926) 

X ‘ Proo. Nat Acad, 8d voi 11, p 003 (1930) 
f “ X-ray* and Electrons,” p, 101 
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density,” in planes parallel to a set of reflecting planes of the crystal, in which 
case the coefficients of the terms of the Fourier senes arc proportional to the 
values of F for the successive spectra from these planes, or we may, when the 
F-curve for one kind of atom can be obtAmed, deduce the radial denstt) U (r), 
the coefficients then being proportional to »F a , where F» is the value of F for 
the nth order spectrum In either case, the senes must l>o continued until tho 
coefficients become so small that the contributions of all further terms to the 
density distribution arc negligible Now at the highest angle of soattenng at 
which F lias been determined it is still far from negligible 
To employ a Founer senes with a limited number of terms is simply to intro- 
duce false detail into the atomic model deduced from it , on the other hand, 
to extrapolate the F-curves is to assume much of what we are attempting to 
determine These objections apply particularly to the radial Analysis, for here 
the terms of the senes converge very slowly, since each F is multiplied by its 
order They apply with somewhat less force to the sheet analysis, but this, on 
the other hand, is not sensitive to the details of the radial distribution for large 
values of r, while it is inconveniently sensitive for very small values 
If we apply Founer analyses to results obtained with long wave-lengths we 
shall obtain detail far beyond the resolving power of our apparatus, but it will 
be false detail, and will correspond to nothing in the atomic structure The 
method which wo have employed, of comparing tho F-curves deduced from the 
atomic models with the experimental F-curves, cannot, of course, give fine 
detail either vanous atomic models differing m their fine structure, would give 
practically indistinguishable F-curves It has the ment, however, of involving 

no extrapolations and does compare theory directly with experiment Tho 
difference between the F-curves deduced with and without zero point energy is 
quite definite and allows a decision between the two cases to be made by experi- 
ment Using tho Founer method we should have had to distinguish between 
two different radial densities, and the occurrence of false detail in the calculated 
distributions, due to lack of knowledge of the higher coefficients, would have 
made the decision difficult To employ the Founer method with advantage, 
it would be necessary to obtain F-curves with much shorter wave-lengths than 
have hitherto been used, which would, of course, enable higher orders of 
spectra to be observed This is strictly analogous to increasing the resolving 
power of an optical apparatus by using ultra-violet light as an illummant 
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Summary 

It can be shown that within certain limits of frequency, the F-curve, or 
atomic scattering curve, of an atom for X-radiation can be calculated by appl) - 
mg the classical law of scattering to the Schrodinger distribution of charge 
This result is used to compare the F -curves calculated from the Schrodinger 
distributions for the ions Na h and Cl“, obtained theoretically by an approxi- 
mate method, with those obtained experimentally from observations on the 
rock-salt crystal at different temperatures 
It w found that the F-curves 90 calculated agree very closely with the experi- 
mental curves on the assumption that the crystal possesses zero-point energy of 
amount half a quantum per degree of freedom, as proposed by Planck The 
difference between the F-curves with and without this energy is consiclerable, 
since the amplitudes of vibration of the atoms at the absolute zero are somewhat 
greater than the radu of the regions within which the density distributions of 
the K electrons are concentrated, and it is upon these electrons that the F-curves 
at high angles of scattering mainly depend 

In conclusion we wish to express our indebtedness to Prof W L Bragg, 
F R S , for his constant help and advice at every stage of this work 



351 


The Quantum Theory of the Electron Part 11 
By P A M Dibac, St John’s College, Cambridge 
(Communicated by R H Fowler, F R 8 — Received February 2, 1928 ) 

Id a previous paper by the author* it is shown that the general theory of 
quantum mechanics together with relativity require the wave equation for an 
electron moving in an arbitrary electromagnetic field of potentials, A,,, A„ 
A* A, to be of the form 

Fi|» = [p 0 + Z A 0 + ai (pi + - c Aij + ** (P* + - A.) 

+ ** (pi + “ A ») + “a*” 0 ] + = 0 (1) 

The a’s are new dynamical variables which it is neoessary to mtrdBuce in order 
to satisfy the conditions of the problem They may be regarded as describing 
some internal motion of the electron, which for most purposes may be taken 
to be the spin of the electron postulated m previous theories We shall call 
them the spin variables 
The a’s must satisfy the conditions 

= 1, a*a„ + <*■&* = 0 (p. 1* v ) 

They may conveniently be expressed in terms of six variables p v p„ p p a v 
<j v o, that satisfy 

Pr* = 1, Ot % - 1, ?#, = ®«Pr» (r, » = 1, 2, 3) T 

and k (2) 

PiP* = *Ps = - PiPi. °i®« = to, = - J 

together with the relations obtained from these by cyclic permutation of the 
suffixes, by means of the equations 

®i — Pi°i- *i — Pi«*. *» = Pi^n *4 — Pr 

The variables c„ <t„ a, now form the three components of a vector, which 
corresponds (apart from a constant factor) to the spm angular momentum vector 
that appears m Pauli’s theory of tile spinning electron. The p’s and o’s vary 
with the tune, like other dynamical variables. Their equations of motion, 
written m the Poisson Bracket notation [ ], are 

p, =* 0 [pr, P], Or * C [a„ F]. 

* ' Rpy Soc Proo ,’ A, vol 117, p. 610 (1028) Hu* is referred to later by ho. eU. 
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It should be observed that these equations of motion are consistent with tile 
conditions (2), so that if the conditions are satisfied initially they always remain 
satisfied For example, we have 

th/o a t — o,F — Fo,^= •iipiCTj (p t + e/e A,) — 2»p,<T, (p, + e/e A,) 
Thus <Tj anticommutes with a v so that 

dof/dt — a l a 1 + (TjCJj = 0 

The p’s and a’s, and therefore also any function of them, can be represented 
by matrices with four rows and columns A possible representation, in which 
p s and a, are diagonal matrices, is given in (foe cU ) § 2 Such a representation 
can apply only to a single instant of time, since the p’s and a’s vary with the 
time To get a scheme of representation which holds for all times, so that the 
equations of motidn are valid in it, we should have to have only constants of 
the motion as diagonal matrices It is, however, quite correct for the purpose 
of solving the wave equation (1) to take a matrix representation for the p’s 
and a’s which holds only for a single instant of time (as was done in loo at), 
since the wave function is then the transformation function connecting the 
p’s, a’s and x’s at this particular time with a set of variables that are constants 
of the motion, as is required for the general interpretation of quantum 

mechanics 

Before we proceed with the theory of atoms with single electrons that was 
begun in foe of , the proof will be given of the conservation theorem, which 
states that the change m the probability of the electron being m a given volume 
during a given tame is equal to the probability of its having crossed the boundary 
This proof is supplementary to the work of foe of § 3, and is necessary before 
one can infer that the theory will give consistent results that are invanant 
under a Lorentz transformation 

§ 1 The Conservation Theorem 

We shall first make a slight generalisation of the usual interpretation of wave 
mechanics to apply to cases when the Hamiltonian is not Hermtaan Let 
the wave equation, written in certain variables q, be 

(H — W) (Ji = 0 (i) 

Consider also the equation 

(H — W) = 0 

or 

(H + W)* = 0, (u) 
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where the symbol a denotes the matrix obtained from the matrix a by trans- 
posing rows and columns If ^ m , <f> n are suitably normalised solutions of (i) 
and (n) respectively, referring to ftie states m and n, we take to be the 
corresponding matrix clement of the probability of the q's having specified 
values If H is Hermitian, H is the conjugate imaginary of II (obtained by 
writing — t for t) and the solutions of (u) are just the conjugate unagmanes 
to the solutions of ( 1 ), so that in this case our probability becomes the 
usual one In the general case it is necessary to use the transposed 

Hamiltonian instead of the conjugate imaginary Hamiltonian m ( 11 ) in order 
to secure that if <f> % , are initially orthogonal or mutually normalised 

(te, = 1^, they always remam orthogonal or mutually normalised 

respectively 

Our wave equation for an electron m an electromagnetic field is 

[p 0 + e'A 0 + Pl (cr, p + e'A) + Ps mc] <J* = 0 (3) 

whero e' = e/c The Hamiltonian here will be Hermitian if a matrix si heme 
for the spin variables is chosen m which they are Hermitian However, if one 
now applies a Lorentx transformation to this wave equation and divides out 
by the coefficient of the new p 0 , the resulting new Hamiltonian will not, in 
general, be Hermitian, although, as shown in toe ett , § 3, it may be brought 
back to its original Hermitian form by a canonical transformation of the matrix 
scheme for the spin variables In the following work we require to havo # the 
same matrix representation of the spin variables for all frames of reference, 
so we cannot assume our Hamiltonian is Hermitian, and must use the above 
generalised interpretation. 

The equation obtained by transposing rows and columns in the operator of 

(3) is 

[— J>o + e>A i> + Pi ( » ' — P + e ' A ) + P*™®] <f>~0 (4) 

The probability per unit volume of the electron being in the neighbourhood of 
any point is given, according to the above assumption, by <fnp, where this 
product must now be understood to mean the sum of the products of each of the 
four components of <f> (referring respectively to the four rows or columns of the 
matrices p, a) into the corresponding component of We have to prove that 
this probability is the time component of a 4-vector, and that the divergence 
of this 4 -vector vanishes 

2 A 
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From (3) 

[Ps ( Po + e'Ao) + P,P. ( » , P + e'A) + nw] p s <l> = 0 
or 

[Yo (Po + e 'K) + lr-1 2 3 Tr (Pr + K) + Mx = °, (8) 

where 

Yo = Ps. Yr = PlPjSf. X = Ps+ 

Equation (5) is symmetrical between the four dimensions of space and time, 
and shows that y 0 . — Yi. — Y*. — Ys are the contra variant components of a 
4-vector If we multiply (4) by p, on the left-hand side, we get 

[~o ( — Po + e< A u ) + S, Yf (— p t + c'K) 1- = Oi (6) 

since 

Yo ~ Ps Yr == OrPsPi = Ps®if>f 

The operator in this equation is just tho transposed operator of (5) The 
probability per umt volume of the electron being m any place is now given by 

M to*X = ftfoX- (7) 

where fax denotes the sum of the products of each component of <f> mto the 
corresponding component of a*, a being any function of the spin variables, 
represented by a matrix with four towb and columns [Note that quite 
generally fax = x^ J Expression (7) is the time component of a 4-vector, 
whose spacial components, namely, 

- ^YiX- - ^YiX> - ^YsX> 

must give 1 jc times the probability per unit time of the electron crossing umt 
area perpendicular to each of the three axes respectively 
We must now show that the divergence of this 4-vector vanishes, » e , that 

<»> 

Multiplying (5) by tf> and (6) by x and subtracting, we get 

<f> lYoPo + 2,YrPr] X + X [YoPo + S r Yrpf] 4> = 0, 

which gives 

*[ T »s -s ' T '! r ] x+3t l>J; 

or 

“ ** U * + o % Y * X ** !£ Y ' X = < 0 

This gives immediately the conservation equation (8) as the y's are here 
constant matrices 
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§ 2 TAe Selection Pnnnple 

In loc at the quantum number j was introduced, which determine# the 
magnitude of the resultant angular momentum for an electron moving in a 
central field of force j can take both positive and negative integral values 
Again, the magnetic quantum number u = M S /A, say, that detcrmim# the 
component of the total angular momentum m some specified direction, was 
shown to take half odd integral values from Ij I + i to | j | — I The state 
) = 0 is thus excluded, and the weight of any state j is 2| j | The equation 
obtained to determine the energy levels, i e , equation (25) or (26), involves j 
only through the combination j (y + 1) except in the last term, which repre- 
sents the spm correction Thus two values oij which give the same value for 
] (j + 1) form a spm doublet, so that j =/ and j = -(]' d 1) form a spin 
doublet when/ > 0 The connection between j- values and the usual notation 
for alkali spectra is therefore given by the following scheme 

J = - l 1 -2 2 -3 3 -4 

S P D F 

There is no azimuthal quantum number k in the present theory, an orbit for 
an electron m an atom being defined by three quantum numbers », j, n only 
One might on this account expect the selection rules, the relative intensities of 
the lines of a multiplet, etc , m the usual derivation of which k plays an impor- 
tant part, to be different m the present theory, but it will be found that they 
do just happen to be the same 

We shall first determine the selection rule for j Wo use the following two 
theorems — 

(l) If a dynamical variable X anticommutes with j, its matrix dements all 
refer to transitions of the type; -> — j 
(n) If a dynamical variable Y satisfies 

[[Y (9) 

its matrix elements all refer to transitions of the type j - j ± 1 
To prove (i) we observe that the condition j X -f Xy = 0 gives 

y x(//') + x(//') /' = o 

0' +/') X(//') = o 
Hence X (//0 *= 0 unless/' =* — /. 
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A proof of (u) involving angle variables has been given m a previous paper * 
A simple proof analogous to the foregoing proof of ( 1 ) is as follows Equation 
(9) give* 

Yj* — 2j Y; + j*Y = Y 
or 


Y (J'f) r-V Y U'f) f + 3 * Y(3'3“)=Y{J'3") 

Hence Y (f 3 ") = 0 oxccpt when 

3 "* — 2/j" + /* = 1, 

te, when 

j"=/± 1 

We shall now cvuluuto L [x 3 , jh], jh] The dehmtion of 3 is 
3 h = p a {(», m) + A} 

Hence 

l/a.AI = P3 («1 [•*!. »»|1 + <Tg [x 3 , »i s ]} 

* P3(»l^S-at»l). ( 10 ) 


so that 

[ [a?j, jA], jh] = x, — OgX 1( ( er, m)J 


Now 

* A [<T„ ( o-, m)] = <Tj ( o-, m) — ( a , m) — 2* (ojWj — o a m B ) 


or 

and similarly 
Hence 


±h [o 1( ( o, m)J = CjWig - Ojms, 
\h [<t s , ( or, m)] = — a 8 mj 


1* [ [*3> M = (®a w * — ®*»»a) H + ®i (a*h ~ Oi*s) 

- (ffiw* - o 3 m,) x, — JA a % (ogXa “ <Va) 

= <r 8 (m, x) - m,( o , x) + \h { - <r 8 ( o, x) - Xa} 

= -M 8 (o, x)-JtAx 3) 

so that 

[ [*a. jh], jh] = - 2m ( a, x) - x„ 

Thus x 8 docs not quite satisfy the condition that Y satisfies m (9), owing to 
the extra term — 2u (o, x) This extra term, however, anticommutes with 3 
If we now form the expression x 8 — cu ( o , x), where c is some quantity that 
commutes with 3 , we can choose c so as to make this expression satisfy com- 
pletely the condition that Y satisfies in (9) We have, in fact, 

[[*,- 01 ( 0 , x), jh], jA] = — 2u ( o , x)-x a + cu ^(9, x) 

= -{* 8 -cu (o, x)} 


• Boy 80 c Proo A, vol 111, p 281 (1990), § A. 
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if o u chosen such that 
te, if 


- 2 + 4j*c = c, 


c = l/2 


Hence x 8 can be expressed as the sum of two terms, namely, 


2 (>“-*> 


(w, x) and x s — 




(», *), 


of which the first anticommutes with j, and therefore contains only matrix 
elements referring to transitions of the type —j, while the second satisfies 
the condition that Y satisfies in (9), and therefore contains only matnx elements 
referring to transitions of the type J± 1 A similar result holds for x, 
and x, Hence the selection rule for j is 


J - ~3 or 3~*3± 1 


Thus from states with j — 2 transitions can take place to states with j = 1, 
— 2 or 3 Comparing this selection rule with the above Bcheme connecting 
y-values with the S, P, D notation, we see that it is exactly equivalent to the 
two selection rules for j and k of the usual theory, and is therefore in agreement 
with experiment 


§ 3 The Relative Intensities of the Lines of a Mukiplet 
The relative intensities of the various components into which a line is split 
up in a weak magnetic field must be the same on the present theory as on 
previous theories, as they depend only on the Vertauschungs relations con- 
necting the co-ordinates x, with the components of total angular momentum 
M n which are taken over unchanged into the present theory It will therefore 
be sufficient, for determining the relative intensities of the hues of a multiplet, 
to consider only one Zeeman component of each line, say, the component for 
which Au = 0, * e , the component that comes from x a 
We shall determine the matrix elements of x 3 , when expressed as a matnx 
m a scheme in which r,j, u and p, are diagonal x a is diagonal in (» e , commutes 
with) all of these variables except j The part of x s refemng to transitions 
J -*■ — J we found to be 


20* -i) 


(o\x) = 


2(/-i) 


( 11 ) 


using the s introduced in toe oU $ 6 rpj anticommutes with j, so that it can 
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oontain only matrix elements of the type cpxO, — 3), and from the condition 
(*Pi)* = 1 we must have 

l«PiO> — J)l = 1 

Hence 


l*» ~ *>l = 2(7=1) ' l6pl ( h ~ 7)1 = 2(7= 

Again, we have from (10) 

{x, - t\x 3) jh}} {x 3 + *1*8. M = fra -- •Psta - <Vi)} i*3 -1 
= *** + (Oi-c* - Ojij)* = r», 

which gives 

(0 + !)*a - x 3 j) {*a 0 + 1) ~3* a} = * 


( 12 ) 


*Pa(°i J5 a t, r r i)} 


If we equate the {3, 3) matrix elements of each side of this equation, we get on 
the left-hand side the sum of three terms, namely, the (3, — j) matrix element 
of the first { } bracket timos the (—3, 3) clement of the second, the (3, 3 + 1) 
element of the first times the (j -f 1, 3) element of the second, and the (3, 3 — 1) 
element of the first times the {3 — 1 , 3 ) element of the second The second of 
these three terms vanishes, leaving 

(2 3 + l) a l*»0. ~3) I* + 4 1 - 1)1* = t % 

Hence 


- Di* = !>*{»- (jr^} - i' 1 < 13 > 

Writing —3 for j, we get 

|x,(- J. -1 - 1)1' - l>» k + " + tM^~ - + (14) 

The three matrix elements of x 3 given in (12), (13) and (14) are associated 
with the three components of the multiplet formed by the combination of two 
doublets Tho ratios of these matrix elements will, to a first approximation, 
remain unchanged when one makes a transformation from the matrix scheme 
in which r,3, u, p a are diagonal to a scheme m which the Hamiltonian is diagonal, 
and will therefore give the relative intensities of tho Zeeman components 
Am = 0 of the lines in a combination doublet These ratios are in agreement 
with those of previous theories based on the spinning electron model 


§ 4 The Zeeman Effect 

If there is a uniform magnetic field of intensity H m the direction of the x t 
axis, we can take the magnetic potentials to be 

Aj = — $H*„ A, = $H*x Aj =* 0 
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The additional terms appearing in the Hamiltonian F will now be 
AF = p/ ( c“, A) = — JHp'pi (ojXj — ojacj) 

From (10) it follows that p 3 — er^) or ( 1 X 1*2 — <Vj), like x 3 , contains 
only matrix elements of the type (j, —j) or (j,j ± 1) Now pj anticommutes 
withj, and therefore contains only matrix elements of the tvpe (j, —j) Hence 
AF contains only matrix elements of the type (j,j) or (j, — j ± 1) 

In loo cU , § 6, it was found [see equation (24)] that the Hamiltonian could 
be expressed as 

F = p 0 + V + tp r + tap 3 jhlr -f p a »»r (15) 


It follows from (10) that (ajX 9 — ajc x ) anticommutes with ( a, x), and therefore 
also with e Thus if we put 


so that 


AF = tAtpjYjr, 


tj = *H e/oh cp, (o^, - OjXjJ/r, 


7] commutes with c Further, rj commutes with p 3 , r and p r , so that it commutes 
with all the variables occurring m (15) except j li wo now express tj as a matrix 
in j, we shall have obtained an expression for AF in termB of the variables 
occurring m (15) We have from (10) and (13) 

I Pi (¥i ~ «r*i) 0. 3 ~ 1 ) 1 1 * = I *« 0> 3 ~ 1) I * “ i f * ^ + - 

and similarly 

P* Mi - ««*i) ( j, j + 1) I : * = l *a ( 3,3 + 1) l : 2 = b* (; + u + Ml . " 


We have seen that the matrix elements of ep t , all of which are of the type 
0» — i)> muflfc be of modulus unity Hence 

h ( 3> -3 — Ul* — (§ f )*l**Pi 0t -3) l*lpa(«i*« - <Vi) (-J. -3 - 1) I* 


-(5 £? (;+“ +M -“+ l ) 
W 0+*)* 

and similarly 




(16) 


Again, from (10) and (11) 
Pa(«i*a-®a*i) (-3.3) 35 
so that 


- 2y Xg (-;, j) = - • (*Pi) (~3> 3). 


1 (3,3) = 


He uj 
tohj'-l 


(17) 
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If we now write down in full, as in loc at , the wave equation corresponding 
to (16), and include the extra term AF, we shall have 

t(F + AF) H = <* + ▼) + v) % + **>+• - 0. 

[(F + AF) = (p 0 + V) + h £ - (J f ijr) % - roc+j = 0, 

where tj is now an operator, operating on and that commutes with every- 
thing exoept j On eliminating this gives, corresponding to (2B) of loc 


-y,+T + *^l if + i + “ " 

We can neglect the tjV term, which is proportional to the square of the field 
strength, and also the j jr term m the last bracket, which is of the order of 
magnitude of field strength tunes spin correction The only first order effect 
of the field is the insertion of the terms vj — >j J —p\ m the first bracket 
This bracket may now he written as 

|_^ + fj + M v + S -M + , m 


where E is the energy level, equal to jiff — me 2 
If the held is weak compared with the doublet separation, we can obtain a 
first approximation to the change in the energy levels by neglecting the non- 
diagonal matrix elements of AF or of tj The extra terms >j — njy — y»j in (18) 
are now a constant instead of an operator, namely, the constant 


from (17) The energy levels will be reduced by h l /2m tunes this constant, if 
we neglect the fact that the characteristic E occurs m (18) in other places besides 
the term 2mE/A* l which means neglecting the interaction of the magnetic field 
with the relativity variation of mass with velocity The increase in the energy 
levels caused by the magnetic field is thus 


He 

2mcj + i 


= o>guh 
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where to ih the Larnior frequency He/2/«c, and </, the Larole splitting factor, 
has the value 

9=]IU + l) 

For the succession of j-valuos, 1, 1, —2, 2,-1 g has the values, 2, §, {, 
4 ,, 11 , in agreement with ljande’s formula for alkali spectra 

We now take the case of a magnetic field that is strong compared with the 
doublet separation, but weak, compared with the separations of terms of different 
senes This requires that the matrix elements of tj of the type (j, —j — 1) 
with j > 0 shall be taken into account, although those of the type /) (j, —j |- 1) 
can still be neglected The reduction m the energy levels will now lie approxi- 
mately h 3 j‘2m tames one or other of the ch&ractenstu value s of the extra terms 
vj — 93 —Pi m (1H) These characteristic values are the roots \ of the equation 

I (ti-v-jm ) 5 fa— nj-jn)(/» -j-i) I ==° 

or 


I - (2j-i) o0.j)-5 ‘faO.-j-D I 

I ( — j — \,j) (2 j + i) fii-J-l = 

This gives, with the help of (16) and (17) 



which reduces to 

Hence 

5 = -f(»±l) 


The increase in the energy levels due to the magnetic held is therefore 
»* He- 
.'2m ch 




in agreement with the previous spinning electron theory of the Paschtn-Baek 
effect 

One might expect that with still stronger magnetic faeJds the matrix elements 
(j, — j -f 1) of T) would come into play, and would cause interference between 
the Zeeman patterns of terms whose quantum numbers K m the usual notation 
differ by 2 The matrix elements (j, — j -f 1) of r) — vj; — pj, however, vanish 
for arbitrary ij, so that no effect of this nature occurs 


von oxvin- a 
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The Emission of JAght by Flames containing Sodium and the 
Absorption of Light by Mercury Vapour 
By H A Wilson, F R S , Rice Institute, Houston, Texas 
(Received November 24, 1927 ) 

The light from Bunsen flames containing sodium and other metals was 
investigated by Gouy* in 1879 He found that the intensity of the light is a 
function of the amount of sodium per square centimetre in the flame and 
that this function is approximately proportional to the square root of the 
amount of sodium per square centimetre when this is not extremely small 
If d denotes the thickness of the flame, p the amount of sodium per umt 
volume m it and I the light intensity emitted m a direction perpendicular to 
the flame surface then Gouy s results show that I = Apd/V pd )- B where 
A and B are constants When pd is not very small the constant B can be 
neglected and I = A\/ pd The following values of I and pd for a sodium 
flame, both in arbitrary units, were giveu by Gouy 



The third row contains values of 2 lpd/V pd + 2 which I have calculated 
These values agree fairly well with those of I The last row contains values 
of 2 1 Vpd which agree with Gouy’s values of I as well as those of the more 
complicated expression when pd is greater than 10 
That the intensity of the light emitted is very nearly proportional to the 
square root of the amount of sodium is shown by the following ( xperiments 
Nine sensibly equal Bunsen flames all supplied with sodium by the same 
sprayer were arranged m a row The light emitted in the direction of the 
row was measured with a Hilgcr spectrophotometer By putting an opaque 
screen between two of the flames m the row the light intensities duo to 1, 4 
and 9 flames could bo compared It was found that these intensities were as 
1 2 1 within the limit of error which was 1 to 2 per cent 
Solutions with concentrations of sodium proportional to 1, 4 9, 16 were 
* • Ann ohim phys vol 18, p 6 (1879) 
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used m the sprayer, and it was found that the light intensities were os 1 2 3 4 
for any number of flames from ] to 9 These results therefore confirm Gouy’s 
conclusion that I « Vp d when p d is not extremely small 
So far as the writer is aware no satisfactory explanation of this square root 
law of Gouy’s has been offeree] It has been suggested that the substance 
m the flame which emits the light is produced by a chemical reaction such as 
NaOl + HOH- NaOJI -\ HC1 

The amount of water vapour in the flame is large, so that according to this 
reaction if onlj a small fraction of the NaCl is converted into NaOH then 
the amount of NaOH produced will bo proportional to the square root of the 
NaCl present If then the light is proportional to the NaOH present it will 
vary as the square root of the NaCl supplied to a givi n flame 
Such an explanation is clearly quite inadequate for it makes the light 
emitted per unit volume of the flame vary as the square root of the concentra 
tion of the sodium in the flame, bo that the light emitted Bhould vaiy os dV p 
whereas in fact it vanes as Vpd 

It is now known that the sodium light is emitted by sodium atoms and 
it is believed that sodium salts m flames are practically completely dissociated 
into metallic sodium The light emitted in the flame should therefore be 
proportional to the amount of sodium m the flame, but all the light < mitted 
does not escape from the flame because the sodium atoms absorb some of it 
It ought to be possible to explain (Jouy s square root law by taking into account 
the absorption of the soil mm light by the sodium vapour 
The sodium atoms absorb the light at the centres of the D hues much more 
strongly than that at the edges, and it appears that by taking this into account 
a simple explanation of the square root law of emission can Ik* obtained 
For this purpose wo may regard the sodium atom as a simple oscillator, 
the equation of motion of which may be taken to bi 
nix + kx -| (ix — Ye, 

where m is the mass of the vibrating particle, whn h may be an electron, l the 
viscous resistance to the motion at unit velocity, p a constant, F the electric 
intensity in the light at the atom, e the charge on the particle and x the dis- 
placement of the particle from its equilibrium position If we take F = F 0 
cos pt and calculate the average value of the power expended on the atom or 
eFx we find 


eYx = e*F 0 *jfcp*/2 {(p - mff -f- ?&} 


2 b 2 
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The flux of energy per square centimetre per second in the light is equal to 
cF 0 */8ir where e is the velocity of light so that the atomic absorption coefficient 
y or the fraction of the light energy flowing through 1 sq cm absorbed by 
the atom is given by 

v = ftwF*/dV - Hit <*l p»/r {(p. - /«/!*)» + p»A*} 

I f yo i» the value of y w he n jx m p* the n 

Y - Yo*V/l(n - n 'f? t- 

The absor}>tion is inappreciable unless nip 2 is nearly ecpial to |x so that we 
may put j> - p o - A where p 0 — V |x/m and A/'p 0 is a small quantity and 
so obtain 

//. , 4»i* A* v 

r vo /( 1 + -jr) 

The light emission from a layer of sodium vapour containing ii atoms jar 
square centimetre may now be calculated as follows If we suppose a layer 
containing n atoms per square centimetre put m front of a black hodv at tin 
same temperature the layer must make* no difference to the total light emitted 
so that the layer containing n atoms must absorb as much light as it emits 
If E denotes the intensity of the black body radiation per unit runge of A 
near the I) lines then the radiation emitted by the 1 layer, in a din e tion prptn 
dicular to its surface, is given by 

f E j + * (1 - c-WtHav/cy A 

If nyo is greater than about 2 or 1 this equation can be easily shown t«> 
reduce approximately to 


1 - E - V TCY„n ( 1 — — ! ■ - 

in \ 4nY„ A 


Thus it .ijqiears that the emission from a layer containing n atoms per squari 
centimetre is proportional to \/ n when n is not too small in agreement with 
Oouy’s results 

When n is very small the above integral for t shows that 1 is proportional 
to n which also agrees with Uouy s results 

In a recent pa|>cr, by A LI Hughes and A K Thomas,* a valuuhh series 
of measurements of the absorption by mercury vapour of the nurture line 
■2 r )tbA emitted by a resonance lamp, is described 
The first two c olumns of the following table contain their results f 0 denotes 
* Physical Review,’ October, 1927 
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the intensity of the light l>eforc pawing through a lnye r of mercury vapour 
< ontamuig n atoms per square centimetre anil I that after pawing through 
the la\ er 


-luKdo D/10 T 


0 1518 I l 15 

(I 22V. | 2 41 

0 31104 I 4 31 

0 5700 i 7 40 

• i 8077 i 12 8 

1 070 21 1 

1 407 1 34 5 

1 7181 55 5 

2 ill. i 87 0 


1 77 

2 12 
2 20 
2 35 
2 JO 
2 41 
2 30 


2 33 
2 30 
2 42 


1 he thml column contains values of log ^ which I have calculated, 

and it appears that this quantity is nearly coiiHtant for value8 of « greater 
than i limit Ml 13 


The last e olunm < curtains the values of — - ^ ^ 2 0 , ^ log ^ who h are 

n I 

uarh constant for all values of n When it is vc>ry small the equation 


' * ■ ' - 1018 log - 2 '» 1<>"' give's y - - log ^ - 1 25 * for 

the u\e rage* atomic absorption coefficient 7 That is the average \alue for all 
the fre quene ies pre sent in the line 2 r »4t»A 

As Hughes and Thomas point out, the variation of the absorption with the 
numlier of atoms must be due to the mercury absorbing the centre of the line 
254b A much more thun the edges, so that rre nnglit exfiect the theory given 
alcove for sodium flames to apply also to this case* 

W e may suppose that the energy in tile incident radiation for which A or 
/j 0 — p lies lietween A and A f dA, to be equal to A c~^'dA where A 
and a are constants The ratio of the transmitted to the incident radiation 
energy should then be given by 


( j 1 * A e— w dA 
pAe-^c 1A 


rrhere y -- y 0 /(l -f 4m 8 A*/}?) as before 
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Emission and Absolution of Light 


Putting £ = aA this gives 

i == -L f h “ e n»w/.* ) dx 

Jo V7tJ-« 

When «yo is not too small the l in 1 f can be omitted without 

serious error and we get approximately 

i/i 0 = r- ^ 

or log ^ = ~ y/ ny 0 which agrees with Hughes and Thomas’ results for 

the larger values of n 
When n is very small we have 

*( l “ i + 4 i/tf ] dx 

1 _ W Y» f + ” t~ ** . 

" Vni 

The average atomic absorption coefhcient y calculated above from Hughes 
and Thomas’ results bv making n very small is therefore given by 

« 1 +4i»V/a*F rf!r 

Tf the distribution of energy in the mercury line 251HA wire known y could 
be estimated and so k jin could be calculated by means of this equation 
In conclusion it may lie said that the experimental results on the emission 
of light by sodium flames and on the alworption of resonance radiation by 
mercury vapour appear to be consistent with the view that the atoms absorb 
light like simple damped oscillators 
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The Hejahydrated Double Sulphates containing Thallium 
By A E H Tutton, D Sc , M A , F R S , Past-President of the Mineralogical 
Society 

(ltux ived February 2, 1928 ) 

The author’s prolonged study of the monoclimc isomorphous series of 
hexahydrated double sulphates and selenatcs, R s M^0 1 ) blf^O, m which M 

may be magnesium, zinc, cadmium, copper, nickel, cobalt, iron (ferrous), or 
manganese, was completed as regards the salts m which R is the alkali metal 
potassium, rubidium, caesium, or the base ammonium, N1I 4 , by the memoir* 
communicated in the year 1922 The metal thallium, in its thallous capacity, 
is also capable, like ammonium, of isomorphously replacing the alkali metals , 
but it has been found so difficult to grow crystals of these thallium double salts 
adequately perfect to yield results comparable in accuracy and t omplctcness to 
those obtained for the salts of the alkalies, that hitherto only four of the fourti en 
possible thalkum salts of the series have been described by the author, although 
all but one (thallium ferrous selenate) were prepared and examined bj him as 
long ago as 1909, ■)* when thalkum zinc sulphate and selenate wir* dosirihed, 
the crystals of the remainder proving inadequately perfect (distorted or more 
or less opaque) It was much later, m 1925, that two other of the thallium 
double sulphates, those containing nickel and cobalt as the M-inetal, were 
described, $ having at length also been obtained in good crystals 
During the last two years the author has returned to the work, and with the 
large experience gamed m the course of this long investigation, has at length 
succeeded in growing sufficiently perfect crystals of the whole 10 remaining salts, 
and has been able to effect not only a complete gomometncal nit asuremi nt but 
a full optical and volume investigation The results are communicated in the 
present memoir, as regards the double sulphates, and in the immediately 
succeeding paper as regards the double selenates, thus finally completing and 
rounding off the author’s long task by bringing it to a satisfactory conclusion 
The double sulphates described in this paper are thallium-magnesium, 
thallium-ferrous, thalkum-manganese, and thalkum-copper sulphates Only 

* ‘ Roy. Soo Proo ,’ A, vol 101, p 246 (1922) 
t ‘ Roy Boo Proc ,’ A, vol 83, p 211 (1909) 

J ‘Roy Soc Proc A, \ol 108, p 240 (1926) 
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the two first m< ntioned have boon studied lw'foro, l>v Werther* in the year 1864, 
wlio, howevir, only measured a few of the prim i jml nnghs and attempted no 
optical or otlur physical investigation 

Thathinn Mat/urmiai Sulphate Tl 2 Mg(S0 4 ) i blty) 

Mot phoUxjt/ 

Tin crystals from four crops \\< re usul for the crystal angle m< asuremuits 
I'njstal System -iWonoclimc Class No fi, holohedrnl prismatic 
Haho of Axt * a hi -(I 7142 1 0 3000 Values of V erther 0 7422 
1 0 ">002 

Inal Aaqle (1 10(> e 10' Value of V\ erthi r lOb 1 24' 

honnH Obserml vi{l00} 6{0]0}, r{001} p{\ 10} ^{011} r'{2()l}, o' {111}, and 
«'{T2l} The forms a {1(H)} and a' {121} wc to not obsi r\ < d hv Werther There 
ih a fairly good deamt/c parallel to r' {201} 

Habit The most f\ pn ul halnt is illustrated in fig J 



t io 1 — 1 Tl Mg Sulphate 


Mot pholoffical 4 in/lt x These arc given m the accompanying table 
The Average Ihfferenu (ignoring sign) of interfanal angle between this 
salt and potassium magnesium seknate, that is, for the replacement of potassium 
by thallium, is 40' The maximum difference oa urs for the important mono- 
diiut axial angle ac ~ (100) (OOJ), and is 1° 42' 

The different es in the four main angles brought alxmt b) the replacement 
of sulphur by selenium, that is, between this salt and the corresponding thallium 
magnesium selenate, will l>e found on p W> 


Joum Prakt Chein ’ \ol 1)2, p 128 (1804) 
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Interfax ml Angles of Thallium Magnesium Sulphate 
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Volume 

Relative Density —The mean of two very concordant resultB for the specific 
gravity at 20°/4° was 3-573 The method used was that of the author’s 
“ pyknometer with cap ”f 

Molecular Volume --- *203 55 

d 3 573 

Molecular Distance Ratios ( Topic Axial Ratios) — 

/ i|i w = 6 1723 8 2939 4 1470 
Optics 

Orientation of Optical EUtpaoid - The symmetry plane fe{010} ib the plane of 
the optic axes, and the sign of the Double Refraction is negative Extinr tion 
determinations with sections parallel to the symmetry plane showed that the 
Y-axis of the ellipsoid (indicatrix), which is the obtuse bisectrix (second median 
line) of the optic-axial angle and vibration direction for the y index of refraction, 
lies 9° 4' behind the vertical crystal-axis c, and the a-axis, the acute bisectrix 
(first median bne) and vibration direction for the a-mdex, lies 25° 34' above the 
inchned crystal-axis o, m the obtuse angle of the crystal-axes ac Rig 5 on 
p 389 will assist in making this clear The fi-index corresponds to vibration 
along the symmetry axis b 

Refractive Indices - -These are as follows, determined with excellent ground 
fi0°-pn»ms, each so orientated as to yield two of the three indices directh 


Refractive Indices of TIMg Sulphate 


Jjght * 

° 


V 

LI 

1 5660 

1 58.7(1 

1 39181 

C 

l 5605 

1 5841 

1 390". 

Va 

1 5705 

1 5884 

1 5949 

T1 

1 5751 

1 5935 

l 6001 

Cd 

1 6770 

l 5960 

1 6027 

F 

1 5808 

1 5993 

l 6067 

(1 

l 5878 

1 0063 

1 6174 


Mean unit x for Ns light, a — - A — J ? - 1 58411 
Double nfrootion, hn^-* -= 0 0244 

* Li means light of the wave length of the red lithium line , C that of the red hydrogen line , 
Ns that of the yellow aodium lino T1 that of the green thallium line , Cd that of the greon 
cadmium line , F that of tho grecniah blue hydrogen lino , and G that of the violet hydrogen line 
near the (1 of the spe< tmm , all as supplied bv the spectroaoopio monochromatic illuminator 

1 8ee the author’s ‘ Crystallography and Practical Crystal Measurement,’ 2nd Ed , vol, 
1, p 626 The immersion method of Retgers is not available for any of these heavy thallium 
salts, as their densities are greater than that of methylene iodide, 3 34 The author also 
made and experimented with Clenci’s heavy liquid, a mixture of thallium formate and 
malonate, but found it quite unsuitable, and lighter than the selenates in any case 



Hexahydrated Double Sulphates 371 


General Formula for the intermediate index (J, corrected to a vacuum 
(correction + 0 0004) - 


P“1 * 


The a-indices are closely reproduced if the constant 1 5698 be diminished by 
0 0179, and the y-mdices if it be increased by 0 0065 
Axial Ratios of the Optical KUipsoid (Induxtinx) 

a p y ^ 0 9887 1 1 0041 

Molecular Optical Constants - -These are set forth m the three following 
tables 


Table of Specific Refraction and Dispersion (Lorenz) 


Specific rcfrnctioi 

For ray C (Ha) 

i ** ~ 1 

’ (»’ + 2) d 

| For ray Hy near O 

iSpecilio dipemon, 

"a — «o 

a 

| P 7 

« P 

V 

“ 

P 

l V 

0 0012 

| 0 0037 | 0 0040 

0 0042 0 0080 

0 0075 

O 0030 

0 0020 

| 0 0030 


Table of Molecular Refraction and Dispersion (Lorenz) 



Molecular refraction, ? 1 

-j=- «i 

1 







Molecular dwperaion, 

For rny C. (Ha) 

| tor ray Hy near (1 

| m Q — m 0 


a | 

P 

r 

° 

| P | r | 

» | P 

l 7 

88 31 | 

08 13 

88 74 j 

08 40 j 

70 23 j 70 80 | 

2 18 | 2 10 j 

2 15 


Molecular Refraction (Gladstone and Dale) 



* M for ray C 

7 

Mean molecular 
n fraction for ray C, 

i («+/» + r) 


' | 

115 31 | 

118 00 | 

120 20 | 

118 14 
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Optical Anal Angle —The optic axial angle in air ib too large to be clearly 
determinable, the axial brushes being on the extreme edges of the field and 
disappearing l« fore the} can be brought to the* eross spider lines, although por- 
tions of the innermost rings are visible Excellent determinations of the true 
angle within the crystal, 2V a , were obtained with two pairs of plates ground 
so is to bo perpendicular to the acute and obtuse bisectrices, immersed in mono- 
bromonaphthalene The following are the mean values obtained, the individual 
values differing onh by loss than 10' from these mean angles 


Light 

2V a 

Light 

2\ 


Li 

74 41 

T1 

7 5 

14 

C 

74 42 

CM 

75 

23 

Na 

74 57 

V 

75 

54 


Jhspemon of tin Median Line * — Observations with the plates perpendicular 
to the acute biseitnx immersed in cinnamon oil, which is very clow indeed in 
refractive index to the indites of the crystal, showed that the first median lino 
lies 10' nearer to the crystal axis a for green thallium light than for red 
C-hydrogen light 

Thallium Ft nous Sulphule, TljFcfSO^g blf 2 0 
Moi pholuyy 

Twelve good little crystals from four different, c rops were used for the crystal- 
angle measurements The crystals of this salt are coloured pale green 
Crystal System — Monoclimc Class No 5 hnlohedral-pnsmatic 
Ratios of Axes — a b r — 0 7127 1 0 4999 Values of Werthcr 

0 736b 1 0 4964 

Axud Angle -Ji ■= I0b° lb' Value of Werther 105° 52' 

Forms Observed -a {100}, 5{010}, < {001}, p {110}, p' {120}, q {01 1}, r' {201}, 
o' {1 11} There is the usual cleavage parallel r' {20 1}, common to the senes 
Habit This salt is distinguished by the exceptionally prominent develop- 
ment of the form r'{2()l}, as will be apparent from the drawing of a typical 
crystal which is reproduced in hg 2 Indeed, the crystals are frequently 
tabular parallel to and largely formed by the two faces of this form The relative 
dc velopment of the other forms is as shown m the figure, except that the faces 
of are not often so relatively large, the faces of the primary prism 

p {110} being as a rule much larger than these o' -faces Only linear traces of 
o{ 100} and p'{l20} were observed, inadequate for accurate measurement The 
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large r'-faces were often badly formed but in the crystals chosen for measure- 
ment they were unusually good 

Morphological Angles - -These are given in the accompanying table (p 171) 
The Average Difference of interfacial angle between this salt and its potassium 
analogue, that is, for the replacement of potassium by thallium, ferrous iron 
remaining the M-metal, is 41' Tht maximum diffc n in e of angle, which ou urs 
for the systematic axial angle ac (100) (001), is I’ 44' 

The differences in the four principal angles brought almut by replacing sulphur 
by selenium will lx found on p 110 



Flo 2 —Tl Pe Sulphate 


I olvuu 

Helatin Dnmty The mean of two very concordant determinations of 
specific gravity at 20° /4° by the method of the ‘ pyknometer with cap ” affords 
the value 1 bBO 

M oh talar Volum ?! - 1 -^r~ = 307 84 
d 1 noO 

Topic Axial Hatios 

/ ^ <„ = h 2050 8 1547 1 1705 

Optus 

Orientation of Optical Ellipsoid Thi plane of the optic a\i s is the symmi try 
plane frfOK)}, and the sign of the Double Refraction negatne Extinction 
determinations with sections parallel to thi syrnnu try plane showed that 
the axis y <>f the ellipsoid (mdicatnx), the obtuse bisectrix of the optu axial 
angle and vibration direction for the refractive index /■, lies 12" 11' from the 
normal to c (001 ) and 10° 15' behind the vertical crvstal axis c , the a-axis 
whiih is the acute bisectrix of the optic axial angle and vibration direction for 
the a-mdex, lies 32° 11' abo\c thi inclined axis a, in the obtuse axial angle 
ac Fig 5 on p 389 will render this clearer The vibration direction for the 
p index is the symmetry axis 6 

Rrfractive Indices These were determined by means of several excellent 
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Interfacial Angles of Thallium Ferrous Sulphate 





No of 
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Mean 
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Diff 
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• 
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1 
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U 
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31 
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0 

- 

f (m 

- (010) 
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_ 1 
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_ 

_ 

V- 
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“ 
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- (010) 
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2 
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V 

- (Ill) 
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— 
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4 
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r*» 

= (101) 
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_ 

_ 
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60°-pnsms, each ground to afford two indices, and the mean results are as 
under — 


Refractive Indices of T1 Fc Sulphate 


Light 


p 


1 5880 
L 588(1 


1 5980 
1 0009 
1 6040 
1 6116 


l 0041 
1 0048 
1 0093 
1 0140 
1 017'i 
l 0200 
1 0285 


1 0110 
1 0117 
1 6102 
1 6222 


n index for Na light, H-XJ 
Double refraction, Nn~- 


-2-2 ^ 1 6001 
- 0 0233 


General Formula for the intermediate index fj, corrected to a vacuum - 
, 420 091 , 7 130 200 000 000 , 

h X* "** X< + 


l = 1 i 


The a indices are also closely reproduced if the constant 1 591b is diminished 
by 0 01G4, and the y-mdiccs if it be increased by 0 0069 
Axial Ratios of Optical EUtpsoid ( InduxUnx ) — 

» P y=0 9898 1 1 0043 


Molecular Optical Constants — These are given in the next three tables 


Table of Specific Refraction and Dispersion (Lorenz) 


Specific re fraction, J — n 

( n + “ Specific dispersion 

j n G — n 0 

hurray (’(Ha) For ray Hy near G j 

a | D | y | « | P j v | a | P | y 

0 092 1 I 0 0943 | 0 0952 | 0 0952 | 0 0973 j 0 0983 j 0 0029 j 0 0030 j 0 0031 
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Table of Molecular Refraction and Dispersion (Lorens) 


Molecular refraction, * 


K..r ray (’ (Ha) 
a | 0 y 

70 00 I 71 00 I 72 22 


'2 <t 

l*nr ray Hy mar (1 

» y 

I . 71 81 1 74 00 


Molecular dupcrxinn, 
m 0 - Ittf 


Molecular Refraction (Gladstone and Dale) 

\t( au mold ular 
refraction for rav < 

1 <* + ft I V) 
r 

n 

127 11 ' 1>-i O. 

Optic Amal Angle — Plates ground perpendicular to the acute and obtuse 
bisectrices afforded the following results, the mtorferem e figures having been 
very sharp and < lear 


Light 

Apparent angle in air, 
2K 

True angli within the 
crystal, 2V 0 

Li 

129 tr> 

(»H 14 

C 

129 45 

(•8 lb 

Na 

HI *5 

b‘) (( 

T1 

m 47 

b9 2<i 

Od 

115 2b 

b4 If 

F 

137 2(1 

W 59 


Dispetston of the Median Lines Observations in oil of cinnamon, the indices 
of which are very close to those of the crystals, indicated that the median lines 
are so disposed in the symmetry plane that the first median line lies about 
23' nearer to the crystal-axm a for green thallium light than for ri d (’-hydrogen 
light 
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Thallium Manganese Sulphate , Tl 8 Mn(S0 4 ) J 6H S 0 
Morphology 

Ten good little crystals were used for the gomometry, selected from four 
crops of outstanding excellence 

Crystal System — Monoclimc Class No 5, holohedral-pnBmatic 

Ratios of Axes — 

a b o « 0 7464 1 0 4964 
Axial Angle — (J — 106° 22' 

Forms Observed — a{l00}, 6{010}, c{001}, p{110}, ;/{l20}, p'"{130}, ^011}, 
r'{201}, o{lll}, o'{Ill}, «'{I21} 

A typical habit is represented in fig 3 It is characterised by more extensive 
development of the form r'{201} than is usual among the thallium salts of the 
series The cleavage is parallel to the two faces of this form, and is particularly 
well developed in this salt 



FlO 3 — T1 Wn Sulphate 


Morphological Angles —The results of the angular measurements are given 
in the accompanying table (p 178) 

Volume 

Relative Density Three concordant determinations of specific gravity gave 
as the mean accepted value 3 686, for the temperature 20°/4° 

Molecular Volume — ^ = 205 62 

d 3 686 

Topic Axial Ratios — 

X i|t w - 6 2134 8 3357 4 1378 

Optics 

Orientation of Optical Ellipsoid ( Indtcatnx ) —The optic axes lie in the 
symmetry plane 6{010}, and the double refraction is of negative sign The axis 
y (vibration direction for the y-mdex of refraction) of the indicatnx lies 14° 15' 
behind the vertical cryBtal-axis o, in the acute axial angle ao, and is the second 
median line (obtuse bisectrix) of the optic axial angle , the a-axis of the indica- 
tnx (vibration direction of ot-index), the acute bisectrix (first median line), 

vol oxvin — a 2 o 
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Interfacial Angles of Thallium Manganese Sulphate 




No of 
measure | 
| ments 

l 

Mean 

observod 

Galen 

lated 

Diff 

ac 

-(100): (001) | 

0 

71 23- 73 IU 

! 73 40 1 

73 18 

2 

at 

- (100) (101) 

1 



48 24 



= (101) (001) 




28 14 



(001) (201) 1 


i IU 35 04 17 

| 83 51 

63 83 

2 


-(001) (101) 




38 8 



- (101) (201) 




25 48 


r’n 

-(201) (100) ' 

1 ii 1 

12 10 42 4 1 

42 24 1 

42 20 

0 
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lies 30° 37' above the inclined crystal-axis a, in the obtuse axial angle oc The 
symmetry axis b is the vibration direction for the (4-mdex of refraction 
Refractive Indices — The mean values obtained were - 


bight 


fi 

V 

Li 

1 5820 

\ 1 5964 

1 6041 

U 

1 0826 

| 1 5960 

l 6047 

N* 

1 6861 

1 5996 | 

1 6084 

T1 

1 8900 

I 1 6035 

1 6123 

Cd 

1 6927 

1 6063 

1 6152 

F 

1 6969 

1 6096 

1 6186 


Mean indox for Na light, a ^ P + - V — 1 5980 


Double refraction, Na^ . - 0 0221 


General Formula for intermediate index (3 for any wave-length X, corrected 


to a vacuum - 
P - 


t 578G + 


832 324 
X s 


3 105 400 000 000 , 
X 4 1 


The a-indiceB are also closely reproduced by the formula if the constant 1 578b 
be reduced by 0 0135 and the y-mdices if it be increased by 0 0088 
Anal Ratios of Optical Ellipsoid — 

x (4 Y - 0 9916 1 1 0055 


Molecular Optical Constants These work out as follows, for the red ray 0, 
Ha 


Speafu refraction 
« a — 1 
("* + 2 )d 

Molecular refraction (Lorens) 
/**- 1 M 
w* H 2 A 

Molecular refraction (Gladstone) 



j» 0-0906 
j- 68 68 

J 119 80 


P Y 

0 0923 0 0934 

69 96 70 79 

122 55 124 34 


Moan molecular refraction (Gladstone), * — 122 23 

Optus Axud Angle -The angle m air, 2E, was not quite measoreable, but 

2 c 2 
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the true angle 2V„ within the crystal is given below, aa the mean of several 
well agreeing determinations 


Light 

o 2V a j 

Light 

2V, 


Li 

71 

14 

T1 

71 

41 

C 

71 

16 

Cd 

71 

49 

Na 

71 

26 

F 

71 

59 


Dispersion of the Median Zincs --This is small, and is such that the first 
median line lies nearer to tho inolined crystal-axis a for green thallium light 
than for red C-hydrogen light by 16', this being tho mean of two determinations 
affording 15' and 17' respectively, made with tho two crystals immersed m oil 
of cinnamon, the refractive index of which is almost identical with the mean 
crystal-index 

Thallium Copper Sulphate, TljCufSO*)* 6H a O 
Morphology 

Eleven little crystals from three different crops were used for the crystal- 
angle measurements The crystals of this salt are coloured bright blue 



Fio 4 — T1 Cu Sulphate 


Crystal System — Monochmc Class No 5, holohedral-pnsmatic 
Ratios of Axes — a b c — 0 7499 1 0 5033 
Axial Angle — p = 105° 33' 

Forms Observed -a{100}, 6{010}, c{001}, p{110}, /{120}, j>'"{130}, g{011}, 
m{021}, r{201}, r'{201}, o{lll}, o'{lll}, and n{121} The form r{201} is exceed- 
ingly rarely present on any of the salts of this whole isomorphous senes Cleavage 
occurs parallel to r'{201} 

Habit — Tho most typical habit is illustrated in fig 4 
Morphological Angles — The results of the gomometneal measurements are 
given in the accompanying table 
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Interfacial Angles of Thallium Copper Sulphate 


Auj,k 

No of 
measure 

Lm,,tS 

| olwcnttl 

1 

Caku 

land 

Diff 

ac 

— (100) 

(001) 

2 

74 

25- 74 27 

1 

74 20 

71 27 

1 

as 

- (100) 

(101) 





45 43 



- (101) 

(001) 





28 44 



-(100) 

(201) 

1 



10 51 

30 52 

1 


-(201) 

(ooi) 

1 



43 35 

41 35 

(1 

■ ex’ 

- (001) 

(201) 

16 

UJ 

35- 03 17 

63 41 

63 4 2 

1 

cs' 

-(001) 

(101) 

— 



— 

18 18 


* V 

(01) 

(201) 

— 



- 

25 21 



- (201) 

(100) 

2 

41 

48- 41 53 

41 51 

41 51 


[r'c 

-(201) 

(OOI) 

15 

116 

12 116 28 

110 19 

110 18 

1 

up 

-(100) 

(110) 

4 

35 

40- 35 52 

1 35 49 

15 »0 

1 

pp' 

-(110) 

(120) 

2 

19 

25 19 31 

19 20 

10 28 

1 

V‘P‘“ 

- (120) 

(130) 

1 



» 55 

9 50 


p'b 

- (120) 

(010) 

2 

34 

38- 34 42 

34 40 

11 42 


p“b 

- (130) 

(010) 

1 



24 47 

21 17 


pb 

- (HO) 

(010) 

27 

53 

53- 54 27 

54 10 




= (HO) 

(110) 

10 

71 

26- 71 53 

71 39 

71 40 

1 

req 

(001) 

(Oil) 

40 

25 

26- 28 5 

25 52 

« 

_ 

\qb 

- (Oil) 

(010) 

36 

03 

55- 64 22 

04 7 

04 8 

1 

Tim 

- (010) 

(021) 

6 

45 

41-45 1 

45 50 

45 61 

3 


- (021) 

(Oil) 

0 

18 

4- 18 24 

18 14 

18 15 

1 

fao 

- (100) 

(111) 





48 60 


oq 

(111) 

(Oil) 





27 7 


aq 

-(100) 

(Oil) 





70 1 


qu' 

- (Oil) 

(111) 





14 28 



-(111) 

(100) 

— 


— 

— 

09 29 


'co 

- (001) 

(111) 

10 

34 

0- 34 41 

34 21 

34 25 

4 

op 

-(111) 

(110) 

16 

42 

50- 41 20 

43 5 

41 2 

1 

C P 

- (001) 

(110) 

42 

77 

11- 77 41 

77 27 


— 

po' 

-(110) 

(111) 

30 

57 

45- 58 12 

67 67 

57 57 



-(111) 

(OOl) 

38 

44 

23- 44 54 

44 30 

44 36 

0 

"bn 

- (010) 

(121) 

1 


_ 

54 17 

54 13 

4 

no 

-(121) 

(111) 

1 



15 54 

10 58 

4 

bo 

- (010) 

(111) 

7 

70 

8- 70 24 

70 14 

70 11 

3 

03 

-(111) 

(101) 





19 49 


00 

= (111) 

(111) 

3 

39 

37- 39 39 

19 38 ' 

39 38 

0 

r bo ' 

- (010) 

(111) 

25 

64 

55- 65 19 

(US 5 

65 6 

1 

oV 

= (111) 

(101) 





24 54 


IpV 

-(111) 

(III) 

12 

49 

42- 49 58 

49 50 

49 48 

2 


- (101) 

(Oil) 

_ 


_ 

- 

37 55 

_ 

J ip 

" (Oil) i 

(110) 

39 

86 

15- 8b 52 

86 33 

86 34 

1 

i j« 

- (110) 

(loi) 





50 31 



- (110) 

(Oil) 

39 

93 

12- 93 45 

91 27 

03 20 

1 

[s'q 

- (loi) 

(Oil) 

_ 


_ 

— 

45 5 

— 

qn 

- (Oil) 

(121) 

1 



26 32 

26 28 

4 

np 

= (121) 

(110) 

1 



36 40 

36 44 

4 

IP 

- (Oil) 

(110) 

40 

63 

0- 63 23 

63 10 

63 12 

2 

\t* 

= (110) 

(101) 





71 41 


Lm 

“ (110) 

(Oil) 

36 

110 

38-117 0 

116 49 

110 48 

1 
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Interfacial Angles of Thallium Copper Sulphate— (continued) 


- , 

Annie 

No of 
measure 
ments 

Limits | 

Mean 

1 observed 1 

I'alcu 
lated | 

Vo = (201) (111) 

31 

1 . , . 

T4 52-W 8 

1 . , 

! 34 58 

34 50 

°P -(in) (HO) 

11 

01 53- 02 21 

1 02 e 

02 10 

o' m -(111) (0811 

4 

30 85- 30 37 

1 16 20 

30 28 

-(021) (110) 

4 

55 18 55 44 

: 55 42 

1 55 42 

j>r' =(110) (SOI) 

JO 

52 38- 53 0 

1 52 52 

52 51 

Total number of measure 



j 


ments 

HU 





The Average Difference of angle between this thallium copper salt anil 
the corresponding potassium copper sulphate, that is, brought about by thi 
replacement of potassium by thallium, ib 28' , and the maximum angular change 
(largest of all the angular changes), which occurs in the principal angle, tin 
raonocluuc axial angle ac, is 1° 5' The effect of replacing sulphur by selenium 
will be found dealt with on p +16 


Volume 

Relative Density The accepted value, the mean of three good determinations 
is 3 728 

Molecular Volume M _ 205 5,1 

Topic Axial Ratios 

/ ij/ w = b 2003 8 2b82 4 1014 


Optics 

(Mentation of Optical Ellipsoid ( Indicatnx ) —The plane of the optic axes is 
the symmetry plane 6(010} The sign of the double refraction is negative 
The axis y (the vibration direction for the y-mdex of refraction) of the indicatnx 
lies 17° 20' behind the vertical crystal-axis c, in the acute crystal-axial angle 
oo, and is the obtuse bisectrix (second median line) of the optic axial angle , 
the a-axis of the indicatnx (corresponding to the a-mdex), the acute bisectrix 
(first median lme), lies 32° 53' above the crystal-axis a, in the obtuse crystal- 
axial angle ac The vibration direction for the fi-index of refraction is the 
symmetry axis 6 
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Refractive Indices —These are as under — 


laght 


*» 


F 


1 7944 
1 5960 
1 5990 
1 0048 
l 0081 
1 0120 


I 0044 
1 0060 
1 0090 
1 0149 
1 0182 
1 0222 


Me hii null x for Na light, “-LiL i -? _ 1 IHMM 
Double refrautiou Na r , - 0 0194 


1 6180 
1 6144 
1 6100 
1 6244 
1 6277 
1 6318 


General Formula for the intermediate refractive index (i, corrected to a 
vacuum 


a -= i 68 t« 4- 


666 096 , 3 061 000 000 000 . 


The a-mdiceo are also closely reproduced by the formula if the oonstunt 
1 6881 is diminished by 0 0100, and the y indices if it be increased bj 0 0094 
Axial Ratios of Optical Ellipsoid 

x fi y ' 0 W«8 1 1 W&8 


Molecnlni Optical Constants 
ray 0 — 

Specific n frai turn 
a* — 1 
(n* \-2)d 


These arc as follows, for the red hydrogen 

« P Y 

> 0 0911 0 0924 0 0936 


Molecular refrm tion (Lorenz) 
n 1 -- 1 M 
n» +2 d 


69 84 70 79 71 67 


Molecular refraction (Gladstone) 



} 


122 29 


124 36 


126 28 


Mean molecular refraction (Gladstone) i j d. , Y = 124 31 


Optic Axial Angle —The optic axes do not emerge in air, owing to the wide- 
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ness of the true optic axial angle, 2V, Closely concordant (within 4' at most) 
measurements of the latter afforded the following mean values — 


Light 

r*. i 

Light 

2 V, 


Li 

86 

22 

T1 

86 

10 

C 

86 

21 

0*1 

85 

7 

Na 

86 

lb 

F 

86 

l 


Dtsjiernon of the Median Tnnes This is such that the first median Imo lies 
nearer to the crystal-axis a for green thallium light than for red 0-hydrogen 
light by 1 W Oil of cinnamon was used as the immersion liquid for this particular 
determination, its refractive index being practically identical with the mean 
index of the crystal 

lhsctmim of the Result# 

The main point of interest in discussing the results of this investigation is to 
make clear how these thallium salts of the great series 6H a O 

differ from the other salts of the series already fully described, namely, those 
containing as the R-base one of the alkali metals of the same family group, potas- 
sium, rubidium, or caesium, or the radicle ammonium NH, Differences there 
must bo, as it is now certain that except m the cases of cubic crystals -where 
the symmetry itself fixes the angles unalterably change of chemical com- 
position, even the isomorphous replacement by family analogues, invariably 
causes morphological and physical change The author’s previous work has 
already shown what is the nature of the change when those four bases replace 
each other It has been conclusively proved that there are small eutropic 
changes of intcrfacial angle and larger eutropic alterations of the optical and 
other physical properties in the cases of the alkali-metallic replacements 
By “ eutropic ” is meant that the changes are proportional to or follow the 
order of the change of mass of the atoms interchanged, that is, that thoy are 
functions of the atomic number or atomio weight The introduction of 
ammonium, while not acting eutropically, as we are here dealing with a radicle 
complex and not a Bimple analogous atom, effects changes which m regard to 
many of the properties- -especially structural unit-cell sue and edge-dimensions, 
and molecular refraction— resemble remarkably closely those accompanying 
the introduction of rubidium, the middle member of the alkali family-group , 
so that the rubidium and ammonium salts are strikingly isostructural and 
similar in all molecular properties The work already achieved on four thallium 
salts of the senes has shown that these thallium salts likewise, although not 
quite so closely, resemble the analogous ammonium and rubidium salts, to the 
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extent indeed of being very nearly lsostructural with them But they have 
been shown to oxhibit one very remarkable outstanding difference, namely, 
very much higher refractive power, their refractive indices boing so much higher 
that, as will be seen in the next memoir, the double selenates containing thallium 
are practically as highly refractive as the bquid so much used in optical work 
for its high rcfractivity, monobromonaphthalenc We may now proceed, 
therefore, to examine the further results here in this memoir presented for the 
remainder of the double sulphates containing thallium 

Dealing first with the Inter facial Angles, instead of giving a series of tables 
showing the whole of the angles of the thallium salts alongside those for the 
alkahmetallic and ammonium salts, which would occupy a largo space, * a tabh 
is next shown m which are concisely and comparatively given the averagi and 
maximum changes of angle for each replacement The average change is 
obtained by making a list of all the individual changes of angle (30 quite different 
angles being compared), and taking their mean, irrespectively of the change 
being an increase or decrease In the case of passing from a potassium salt to 
a rubidium one, and thence to the analogous casium one, tho change is always 
of the same sign, as the rubidium value is always intermediate between the 
values for the potassium and oresium salts, by virtue of the progression according 
to atomic number But with the introduction of ammonium or thallium the 
changes may be of either sign, there being no progress m order of mass, but 
only such a change of angle as is of a like order of magnitude, corresponding 
to true isomorphism (m tho wider sense now understood, which recognises the 
minute but very real differences between the members of isomorphous senes 
not cubic in symmetry) The maximum angular change is simply the biggest 
change that is observed on reviewing all the changes, and m the cases of tho 
thallium salts and many of the other Balts it is that which occurs in the principal 
angle, the supplement of the important monoclmic axial angle (3, namely, oc = 
( 100 ) ( 001 ) 

No thallium-cadmium salts are mcluded in this investigation, for they appear 
to be incapable of existence All attempts to prepare them ha\ e merely afforded 
white opaque granular deposits, which break up into a white microcrystalline 
powder on drying, the crystallites of which show no resemblance under the 
microscope to the salts of this senes Potassium-cadmium sulphate and 
selenate with 6H 2 0 have previously been shown to be also incapable of 
existence 

* Three euoh tables have already been given for tho zinc, mckol, and cobalt double 
sulphates containing thallium, and may with advantage be oonsulted, on p 220 of the 1009 
memoir (foe cti ) and pp. 243 and 263 of the 1926 memoir (also foe ett ) 



386 


A.E H Tutton 


Table of Average and Maximum Changes of Angle in Doable Sulphates 



! Won, 

re change for 

replace incut 

Maximi 

m than go 

for rtp,, 

uxment 



of K by 



of K 

by 



| Rb 

Ch | RH 4 

■n 

Rb 

C. | 

NH« 

T1 

Mg group 

1 an 

5« , 

50 

40 

71 

| 

141 i 

138 

1 . 

1 102 

7 n , 

20 

50 , 

50 

35 

05 

139 I 

124 

. 88 

Ni „ 

27 

54 > 

49 

33 1 

| 03 

122 

117 

1 H4 

Co „ 

27 

50 1 

52 

30 

00 

137 > 

127 



32 

05 

02 

41 1 

1 72 

145 

138 

! 104 

< u ; 

22 

47 

19 

28 

' “ 1 

115 1 

101 

| 05 


27 

50 ] 

51 

JO jj 03 

133 J 

124 

89 


The manganese salts do not appear m this table as the potassium Halt of this 
group also does not exist, and cannot therefore be compared As regards these 
six groups compared, for which all the members have been obtained and investi- 
gated, the results are striking In every case the change of angle, whether 
average or maximum, on the introduction of c®mum for potassium is twice as 
much as when rubidium is interchanged for potassium, thus corres^xmding 
exactly to the change of atomic weight or number The atomic numbers are 19 
for K, 37 for Rb, and 05 for Cs, that is, 18 additional electrons are added mthe 
first replacement and Jfi in the second, in one or tv o additional shells around 
the nucleus The introduction of ammonium or thallium provokes amounts of 
change which are lower than when oaasium is introduced but higher than when 
rubidium is interchanged, the thallium value being the lower and nearer to the 
rubidium value, while the ammonium value is nearer to the cteaium one 

It is really astonishing how exact this is, as regards the alkali-metallic 
( hanges, whether we consider each group alone, or the mean given at the foot 
of the table For instance, m the latter case 58' and 27' or 133' and 65' stand 
wonderfully closely to 2 1 If an additional table be now given for the values 
of the axial angle (3 itself, the changes for the two replacements K by Cs or Rb 
will be seen always to stand, almost exactly to a minute of arc, as two to one 


Comparison of the Monoclinic Axial Angles (3 for Double Sulphates 


Containing | 

Magnumim 

Ferrous iron 

Manganese 

1 

1 Copper 

Potassium 

104 48 

104 32 

• ' 

104 28 

Rubidium 

105 59 

105 44 

105 57 

106 18 

Cnoiom 

107 0 

106 52 

107 7 

106 10 

Ammonium 

107 0 

106 50 

106 51 

106 9 

Thallium 

100 30 

106 16 

106 22 

105 33 
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It will be dear that the axial angle for the rubidium salt is in all four oases 
half-way between the axial angles of the corresponding potassium and ctesium 
salts , that the axial angle of the ammonium salt is very close to that for the 
otesium salt, and that in the case of the thallium salt the value is intermediate 
between the values for the rubidium and caesium salts Precisely similn 1 results 
were obtained for the zinc, mckel, and cobalt groups already completely dealt 
with in previous papers 

Passing next to the changes in Muletidat Volutin and Topic A/ud Halioi, 
which literally mean the volumes and edge-dimensions of the unit cells of tin 
structural units, the following tables will be instructive 


Density and Molecular Volume of Double Sulphates 


('untuiniiiic 

PoUumuii 

i ! Rubidium ! (.'»<* 

1 1 

mini 

Am™ 

™ ■ 

J 

'1 lllllllUlll 

1 

Mkrdhuuih 1 

2 034 

1 

2 JSlt 2 H7t) 


1 723 


!« 

573 



mu 

os| 2oo is 

218 00 


207 

7sl 


203 55 

Arne 

2 24(1 

'2 601 '2 875 


1 032 


\ 

720 



1(M) 

10' 205 58 

217 07 


2(M1 

)8l 


200 45 

Nickel 1 

2 237 

L 380 2 H72 

213 00 

1 021 


!« 

770 



101 U»| 2U3 43] 

1 

203 ttlj 


201 07 

Cobalt 

2 210 

2 507 2 844 


I 0O1 


3 

782 



105 

08 203 03 

218 llj 

1 

200 

- 4U | 


201 40 

Iron (ferrous) 

2 177 

2 518 2 700 


1 SOI 



030 


IDS 00| 207 81 1 

220 77 


208 

SO 


207 84 

Msngftiiw 


|2 401 |2 740 


1 8.31 


jl OHO 



| 212 20 

224 00 

1 

212 

1 1 


205 02 

Copper 

2 233 

2 371 1 2 SfiS 


jl 020 


1 

72« 


100 

JO 1 200 24| 

218 04 


200 

08 


207 <il 


Specifio gravity at 20*74° is on the left-hand, and molecular-volume on the 
right, m the column 

As regards specihc gravity, the usual progress with atomic weight or number 
is clear m the case of the alkali metals , but the ammonium salt is lighter than 
any, and tho thallium salt nearly a whole unit heavier than the ctesium salt 
With respect to the particularly interesting molecular volume, the unit ct 11 
content, there is an increase of au average of 9 b units when rubidium replaces 
potassium, and an increase of a further 12 7 units in the mean when ctesium 
replaces rubidium But tho cell volume of the ammonium salt is strikingly 
dose to that of the rubidium salt, expressing the isostructure which the author 
has bo fully proved in previous communications , and thallium also acts 
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similarly to ammonium, although the volumes of the thallium salts are not 
quite as close to those of the rubidium salt 


Table of Topic Axial Ratios of Double Sulphates 


Containing 

| Magnesium \ lorrousiron 

Manganese 

Coppor 



1 X | * | « . 

* 

* 


l X 

* 

- 

Potassium 

In 0711 8 1899 4 0892 0 0533 8 205fij4 1192 


-1 


8 0709* 

8 1053 

4 1240 

Rubidium 

8 1803 8 3518 4 1550 8 1692 8 3628 4 1848 

0 2404 8 4536 

4 1846 

6 2017 

8 2800 

4 1840 

Casium 

'« 2808 8 8012 4 2541 8 2821 8 8242 4 2718,6 3280 8 7004 
18 2320 8 4217 4 1418 8 2098 8 41724 1749;0 2670 8 4600 

4 2745 

0 3332, 

8 5249 

4 2164 

Ammonium 

4 1781 

6 1786 

8 2790 

4 1042 

Thallium 

6 1723 8 2839 4 1470 0 2050 8 3547 4 1785 6 2134 8 3357 

4 1378 

6 2003 

8 2682 

4 1614 


This table only gives the values for the four groups of which the thallium 
salts are now described But similar tables were given for the zinc group m 
the 1909 paper, and for the nickel and cobalt groups m the 1925 paper (both 
foe at ) And all these tables indicate the same facts, namely, a regular pro- 
gression m the relative dimensions of the structural-uwt cells, when potassium 
is replaced in turn by rubidium and then by caesium, and closeness of the 
dimensions of the cells of the rubidium, ammonium and thallium salts containing 
tho same M-metal 

It must be remembered that these measures of cell volume and cell edges 
aro relative To get the absolute dimensions the X-ray analysis is required, 
a task which is not yet feasible on account of the complexity of the molecule, 
tho low (raonoelimo) symmetry, and the presence of the six molecules of water 
The author has hopes, however, that further progress will enable the problem 
to be tackled, and these relative measures converted into absolute ones, as was 
done for the simple sulphates of potassium, rubidium, caesium and ammonium 
by Prof Ogg and Mr Hopwood* in the laboratory of Sir William Bragg The 
wonderfully close confirmation of the author’s relative dimensions for those 
Balts renders one confident that m this case also of the more complicated double 
sulphates a like confirmation is bound to occur f 

* ' Phil Mag vol 32, p 018 (1926) 

t A further memoir has just (February, 1928) been published by Prof Ogg [Phil Mag , 
vol 5, p 304 (1928) ] giving the results of a much more detailed study of the four simple 
sulphates of K, Rb, Cs and NH, with crystals supplied by tho author The full 
structure has been worked out, tho space group being V* 18, with four moleoules of 
RjSOi to the structural unit cell The results as regards tho relations of the four salts 
and the absolute dimensions of the Btruotural units are fully oonflrmed. 
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Passing now to the optical properties, the Onentatum of the Ofhoal Indioatna 
u the first fundamental property for which a comparison should be instituted 
The whole of these double sulphates and, as will be shown m the next memoir, 
also the double selenates, exhibit in strikingly similar fashion the fact which 
is graphically illustrated m fig 5 The elbpsoid of three different rectangular 



axes, of different lengths, represented relatively by the three refractive indices 
a, p, y if we consider the Fletcher mdicatnx as the representative ellipsoid, 
is only so far fixed that one of its axes, the intermediate one [3 in the case of this 
senes of salts, is identical in direction with the single symmetry axis h 
of the monoclimo crystal It is free to rotate aliout this axis whenever 
a change of one interchangeable metal for another is effected, and it docs 
actually so rotate It has been shown m previous communications that for 
any potassium salt its position is such that one of its two other axeR, which lie 
in the symmetry plane, is as shown in fig 5, near to and somewhat to the left 
of the vortical crystal-axis o For the corresponding rubidium salt it lies a 
little more to the left, and for the caesium salt still more so The ammonium 
salt has this same axis very close to the c-axis, between it and the potassium 
position. It is now shown for the four thallium salts here described, and a 
similar fact was shown for the previously described thallium salts containing 
nno, nickel, and cobalt, that this axis bee to the nght of the crystal-axis c 
The amounts are shown in the little table which follows — 
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Inclination of y-axis of Ellipsoid to Bight of Crystal-axis c 


In Tl-Mg-sulphate 

9 

4 

„ Tl-Fe-sulphate 

16 

16 

„ Tl-Mn-sulphate 

14 

16 

, T1 (Vsulphab 

17 

20 


The values for the zinc, nickel, and cobalt salts were found in the former 
work to be respectively 13° 29', U° 40' and 15° 40' behind the axis c 

The sign of the double refraction is negative in all these thallium salts Also 
in all of them this direction just located is the vibration direction of the light 
affording the y-indox of refraction, and is the second median line (obtuse bi- 
sectrix) of the optie axial angle 

Taking next the Refraction Constants, the next table compares the three most 
characteristic of these, namel), m the upper part the mean refractive index 
1/3 (a -f- |H- Y) f° r sodium light, in the middle part the double refraction, 
that is, the difference Imtween the two extreme indices a and y for sodium 
light, and in the lower part the mean molecular refraction according to the 
Gladstone formula (that of Lorenz show ing precisely the same facts) Full com- 
parative tables of the refractive indices themselves for six wave-lengths have 
already been given m the 1909 paper (p 222) for the zme group, and in the 
1926 paper (pp 247 and 267) for the niekel and cobalt groups, which exhibit 
quite Bimilar relationship to the four group of which the thallium salts are 
now described , it is therefore unnecessary to occupy space here in giving four 
other similar tables, and a table of the form now given (see p 391) is really more 
instructive 

The outstanding feature displayed by the thallium salts at once strikes the 
eye, namely, their relatively verv high refractive index, double refraction, and 
molecular refraction 

The properties already sufficiently proved in former memoirs, the eutropic 
progression shown by the potassium, rubidium, and caesium salts, especially 
clear as regards double refraction (a diminution with atomic weight and number) 
and molecular refraction (a steady and accelerating increase), and the similarity 
of molecular refraction shown by the rubidium and ammonium salts, are con- 
cisely exhibited by this table 

The Optic Axud Angle phenomena do not call for any special comparison, 
as they are only another natural expression of the refraction relationship along 
the three axes of the optical ellipsoid, which determine where the two circular 
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Refraction Constants of the Double Sulphates 


Containing 

Magnesium 

Ferrous iron 

Manganese 

Potassium 

1 4884 

1 4850 


Rubidium 

1 47n I 

1 488ft 

1 4827 

Cmhim 

1 4877 1 

L 5044 

1 497fl 

Ammonium 

l 4744 

1 4825 

l 4851 

Thallium 

1 1848 

1 0061 

1 5980 


1 40071 $ 

1 4043 5 " 
1 8087 y fr £ 


Potassium 

Rubidium 

Caeuum 

Ammonium 

I’hallium 


I 0 0148 

! 0 0107 

' 0 005(1 

I 0 0070 

0 0244 


0 0210 

0 0102 I 0 0140 

0 0001 | 0 007ft 

o one o one 

0 0271 0 0221 


O 0184' 
0 0100 
0 0105 
0 0144 
O 0104 


I 


Potassium 
Rubidium 
( 'mium 
Ammonium 
Thnllinm 


«1 2J 
»« 74 
106 25 


98 Oft 
101 11 
110 82 
102 11 
125 01 


i 101 08 

i 111 48 
i 102 37 
1 122 21 


IE 


sections of the ellipsoid shall be situated, perpendicular to which are the optu 
axes But it should be emphasised that throughout the whole seven 
thallium double sulphates the acute bisectrix of the optic axial angle is the 
minimum axis a of the mdieatnx ellipsoid, for which the axes are proportional 
to tho refractivo indices , and the maximum axis y is the obtuse bisectrix The 
intermediate axis (J is always the symmetry crystal-axis 6, perpendicular to 
the unique systematic symmetry plane, which contains the a and y axes The 
maximum index y being the nearer to the intermediate index p, and the mini 
mum axis a further therefrom, the double refraction is of negative sign, and 
this prevails throughout the whole set of thallium double sulphates The 
study of the interference figures during the measurements of optic axial angle 
have consistently also indicated a slight dispersion (for different wave-lengths 
of light) of the bisectrices, the first and second median hneB which are them- 
selves the a and y axes of the ellipsoid- in the symmetry plane, in amount 
varying from a quarter to three-quarters of a degree, and in the same sense, 
which is always such as brings the first median line nearer to the inclined crvstal- 
axis a for green thallium than for red hydrogen light 


Condimon 

The results for these four remaining double sulphates containing thallium 
are precisely in line with those previously derived from the study of the thallium 
salts of the zinc, mckel, and cobalt groups Thallium does not eutroptcally 
replace the alkali metals, but although the changes in extenor angles and 
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internal physical properties are not proportional to the heavy mass, as repre- 
sented by the high atomic number of thallium ( 81 ), this heavier and more 
complicated atomic nature and structure do register themselves w the tran- 
scendent optical refraction and spectral dispersion exhibited by the thallium 
double salts The exact position of the thallium salt of any group, as regards 
all the properties other than this refraction of hght, is, indeed, very close to that 
occupied by the similarly non-eutropic ammonium salt, which has been through- 
out shown m previous memoirs to be so close to that of the analogous rubidium 
salt that almost perfect isostructure — identity of unit-cell shape and size — 
has been proved The true isomorphism of these thallium salts with those 
containing the three most closely allied alkali metals (family-group and even senes 
analogues) and ammonium is perhaps best of all proved by thiR fact, that for 
all morphological and optical (other than refraction) properties and constants 
its position is not an extreme one, hut one not far removed from that of the middle 
member of the group of three eutropic salts, the values never being below those 
of the potassium salt nor above those of the cmsium salt 

One further fact is shown by these thallium salts, m common with the salts 
of any other individual K-base when studied by themselves, namely, the 
astonishingly small effect on the crystal characters and constants of change of 
the M metal Attention has been called to this in many previous memoirs 
during this long investigation, and it is a fact which never fails to be impressive 
m view of the relatively great changes invoked by interchange of the alkali 
metals It is to lie expected that further work on the structure of the atoms 
of the metals, and the possible X-ray analysis of the crystals themselves, will 
tend to elucidate the mystery and furnish a reason for this striking fact 
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The Hexahydrated Double Selemtes containing Thallium Completion 
of the Thallium Salts and of the whole Monodmic Senes 
By A E H Tutton, D Sc , M A , F R S , Past-President of the Mineralogical 
Society 

(Received February 2, 1928 ) 

The introduction to the preceding memoir (p 367) applies equally to this 
paper, in which are described the six double selenates containing thallium as 
the R-metnl and magnesium, ferrous iron, mckel, cobalt, manganese, and copper 
as the M-metal respectively The optical and volume properties and constants 
of the zinc-thallium selcnatc are also included, as these were not determinable 
with the crystals described in 1909,* while lately the author has obtained quite 
excellent crystals of this salt suitable for all purposes 

While this work has been in progress a paper by L C LmdsleyandL M Dennis 
has appeared,! concerning five of these thallium double Bclenates, those in which 
the M-metal is copper, cobalt, nickel, magnesium, and manganese, which they 
consider to have made for the first time This ib, of course, an error, as all of 
them were made by the author previous to 1909, as will be clear from p 367 
of the preceding paper , but, as there Btated, the crystals obtained were not of 
adequate perfection for complete goniometncal, optical and density measure- 
ments and determinations londsley and Dennis, however, only give measure- 
ments of two angles, and these are supplementary to each other, being the 
acute and obtuse angles of the primary prism p{ll0} They give no optical 
or other physical data They found in the case of each salt an increase of about 
40' in the acute angle of the prism, and a bke amount of diminu tion of the 
supplementary obtuse angle, compared with the corresponding angle on the 
crystals of the analogous double sulphate 
The iron suit, TljFeJSeOi), 6H,0, does not appear to have been previously 
obtained by anyone, doubtless for the same reason as was pointed out by the 
author in a special communication! on the interaction of iron and selcmc acid 
For iron docs not reaot with selemc acid as it does with sulphuric acid, but 
reduces it (doubtless through the nascent hydrogen first formed) immediately 
to elementary selenium, which is deposited as a red precipitate But a satis- 

* ‘ Roy Soo Proo / A, vol 83, pp 216-218 (1909) 
t ‘ Joura Amer Chem Soo ,’ voL 47, p 377 (1926) 

J ‘ Roy Soo Proo ,’ A, vd 94, p 362 (1918) 

2 D 
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factory method of obtaining pure ferrous selenate was eventually discovered by 
the author, consisting in the use of pure ferrous sulphide instead of metallic iron , 
dilute selemc acid decomposes it like dilute sulphuric acid, with liberation of 
hydrogen Bulphide, which is not sufficiently powerful a reducing agent to decom- 
pose selemc acid, yet is efficient enough to prevent any oxidation of the ferrous 
selenate to feme during the warming caused by the heat of reaction The 
ferroiw selenate may be obtained m good crystals by evaporating the filtered 
liquid under reduced pressure, over oil of vitriol under the receiver of an air 
pump Thallium ferrous selenate has been obtained m excellent crystals by 
mixing cold solutions of these crystals and of thallium selenate crystals, and 
evaporating likewise to the crystallisation point under much reduced pressure 
and at a fairly low temperature, using excess of ferrous selenate over and abovo 
that required for equivalent molecular proportions 
One outstanding fact is, indeed, noticeable with regard to the formation of 
all these thallium double salts, both sulphates and selenates, namely, that the 
deposition of the double salt crystals only occurs when there is considerable 
excess of the M-salt present From solutions containing equal molecular pro- 
portions of the thallium R-salt and of the M-salt, thallium sulphate or selenate 
usually first crystallises out, even two or three nightly t nips m succession being 
obtained of them , and it is only when the M-salt has lieen thereby rendered m 
considerable excess that one at length obtains a crop of the double salt crystals 
This fact is probably connected with the low solubility of thallium sulphate and 
selenate , and as the selenate is the less soluble of the two the phenomenon 
is accentuated m the preparation of the thallium double selenates Another 
difficulty caused by this slight solubility of the thallium simple salts is that one 
can only start with such very dilute solutions as arc alone possible with those 
salts, rendering the process of further evaporation to the crystallising point of 
the double salt a lengthy business, often of many days or even weeks Especially 
is this so in the case of the preparation of thallium ferrous sulphate or selenate, 
as no warming to accelerate evaporation is possible , for even gentle warming 
causes rapid oxidation to the feme salt, and instead of the desired hexahydne 
monoclinic salt octahedral crystals of thallium feme alum TlFefS0 4 ) 8 12H,0 
or the corresponding selemc alum are deposited, from a brown turbid liquid 

ThaUmm Moqnmmu Sdenalv, Tl 2 Mg(Se() 4 ), 6H 4 <> 

Moryhvloqy 

Eleven good little crystals were used for the gomometry, selected from five 
(Tops of outstanding excellence 
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Crystal System Monoehmi Class No r > holohedral-prismatu 
Ratios of Axes a b c — 0 7185 J (» 499.1 
4xial Angle ti = 105° %' 

Forms observed #10}, #01}, p{ll0}, #11}, r'{2ol}, «'{Ill}, and a'{l21} 
The last-mentioned form was represented sometimes bv quite large fares 
Cleavage —Parallel r'{2oi}, the cleavage direction common to th« whole seneR 
Habit -Short prismatic to more or less tabular parallel to tin basal plane 
r{001 ] A typical crystal is portrayed m fag 1 

Mot pkological Angles The accompanying table re prcse nts the results of the 
gomometry (p 19b) 

The Average Angular L)iffort*ne,e between this salt and the corresponding 
potassium magnesium aelenate, that is the mean of all the differences m 
interfacial angles brought about by replacing potassium by thallium is 31' 
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The Maximum Angular Difference, which happens to occur for the pmuipal 
angle, the nionoohmc axial angle (J, namely, ac = (100) (OOt), is 1° 18' 

The difference in the four mam angles, occasioned by rc placing sulphur In 
selenium, that is, between thallium magnesium sulphate and selenutc, is as 
follows For ac ~ (1(H)) (001), 54' for pp = (110) (lTo), M' lor eg — 
(001) (011), 1' and for cp =(001) (110), 4b' AU these changes are m 
the direction of inc rcase of the angle, on changing sulphur for selenium 

I olnnu 

Relative Duisitg The mean of two excellent determinations gave as tin 
accepted value of the specific gra\itv 1721 for the authors standard 
temperature of 20°/ 1° 

Molecttlai I olnnu ^ ^ = 220 bl 

d 1 721 

Topic Axial Ratios / ^ w ~ b 1580 8 4941 4 2412 
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Optics 

Orientation of Optical Ellipsoid — The optic axes lie m the symmetry plane 
6{010} The double refraction is negative The first median line, the a-axis 
of the indicatnx ellipsoid, corresponding to the ot-mdex of refraction, lies 20° 3' 
above the crystal-axis a, in the obtuse crystal-axial angle ac , the second median 
line, the y-mdex and axis, is for sodium light 4° 27' behind the vertical crystal- 
axis c, in the acute crystal-axial angle ac The [i-axis is the symmetry axis b 


Refractive Indices —The 60°-pnsm observations afforded the following results 


Light 


P 

Y 

Li 

1 6205 

1 6292 

1 6359 

C 

1 6210 

1 6297 

1 6364 

Na 

1 6250 

1 6J37 

1 6404 

T1 

1 6297 

1 6364 

1 6451 

Cd 

1 6326 

1 6414 

1 6482 

h 

1 0363 

1 6452 

1 6521 


Mein index (or Na light , ^ y _ 1 (1330 

3 

Dnnblo refraction Na r » -0 0154 

General formula for the intermediate index (3, corrected to a vacuum — 


P = 1 6162 + * 071 °?Q 000 000 + 

The a-mdices are closely reproduced if the constant 1 6162 be diminished 
by 0 0087, and the y-indices if the constant be increased by 0 0067 
Axial Ratios of the Optical Ellipsoid (Indicatnx) — 
a p y = 0 9947 1 1 0041 

Molecular Optical Constants— The values of these constants for the red 
hydrogen ray C are given in the next table 

a P { 

Specific refraction ) 

n*-l !• 0 0945 0 0956 0 0964 

(n* + 2) d J 

Molecular refraction (Lorenz) 'l 

n»-l M > 77 59 78 47 79 13 

»* + 2 d J 

Molecular refraction (Gladstone) 'l 

» — 1 „ > 137 00 138 92 140 40 

— M J 

Mean molecular refraction (Gladstone), - + = 138 77 



A E H Tutton 


.r>8 

Optical Anal Angle The following ar< the values of the true optic axial 
angle within the crystal, 2V„, obtained an the mean of several closely agreeing 
results The apparent angle in air, 2E, was so large that it. was not quite com- 
pletely visible through the section-plates jierpenrticular to the acute bisectrix 


Light 

2V„ 

Light 

2V„ 

Li 

77 17 

T1 

77 TO 

C 

77 2» 

(VI 

77 68 

,\h 

77 H 

1 V 

78 Id 


Ihspemon of tk Median Linen The dispersion of thi two median lines in 
the symmetry plane is such that the first median line lies nearer to the crystal- 
ixis a by 18' for green thallium light than for red C-lndrogon light The plate 
in each case was immersed first in carbon bisulphide and afterwards in mono- 
hromonaphthalene two liquids which possess refractive indices respectiveh 
slightly lower and higher than the crystals tho*indicntions in the two liquids 
were identical to within 2' 

Thallium Zinc Selenate, TljZn(Se0 4 ) t bH 4 0 
Morphologij 

This was dealt with m the 19<W memoir ( lac. nl ) 

Volume 

Relative Density — The accepted mean value of three good determinations of 
the specific gravity at 20° /4° is 3 968 

Molecular Volume — M = 217 89 

d 3 968 

Topic Axial Ratios y <\i w — 6 3173 8 t4fi8 4 2420 
Optics 

Orientation of Optical Ellipsoid, ( Indwalrvr ) — The plane of the optic axes is 
the symmetry plane 6 {010} The sign of the double refraction » negative 
The maximum axis y of the mdicatnx, corresponding to (direction of vibration 
for) the y-index of refraction, lies 6° 4fi' behind the vertical crystal-axis c, m 
the acute axial angle ao (which is 74° 6') , it is the second median line (obtuse 
bisectrix) of the optic axial angle The minimum axis « of the mdicatnx, 
the direction of vibration for the a-uidex of refraction and the acute bisectrix 
(first, median line) of the optic axial angle, lies 22° 40' above the crystal-axis a 
m the obtuse axial angle ac 
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The p-todex of refraction has the symmetry axis b for its vibration direction 
Refractive Indices — These are set out in the accompanying table 


l^ifcht 


Li 

Nii 

n 

<<i 


1 03 52 1 (1475 1 IIA41I 

1 B3T.8 L H481 1 US3A 

1 H4U I (UU» 1 KK1 5 

I (14711 I IMKM1 l (1087 

1 1132(1 l (1048 1 0731 

1 0370 I (.7(81 I 0703 


\rpnn index f«>r N'h li|d>( " — ^ I 0323 

IVinlili nfmitinn N«y „ 0 (1201 


General formula for the intermediate index 8 for anv wave-length a 
corrected to a vacuum - 

. , 825 988 4 108 100 000 000 , 

P - 1 0271 f — j-s— • p h 


The a-nulices arc also approximately reproduced if the constant 1 0271 be 
diminished bv 0 0125, and the y-mdices if it lie m< reuses! by 0 0070 
Anal Ratios of Optical Ellipsoid (Iruhoaii kt) — 
a |J y ~ 0 1 1 

Molmtlai Optical Constants —These are given below for the red hydrogen 
ray 0 — 

* [i Y 

Specific refraction "1 

n a — 1 > 0 0906 0 0919 0 0928 

(n* + 2) d J 


Molecular refraction (Lorenz) 
h»-1 M 
»« + 2 d 

Molecular refraction (Gladstone) 


n — 1 
d 


M 


78 02 79 22 79 93 

138 41 141 08 142 70 


Mean molecular refraction (Gladstone), 

Optic Axial Angle —The following values, the mean of several closely agreeing 
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values from different crystals, were obtained for the optic axial angle m air, 
2E, and for the true angle within the crystal, 2V a 


Light 

2E 


2V 



O 

• 

O 

• 

Li 

120 

15 

68 

12 

C 

120 

19 

68 

15 

Na 

120 

47 

68 

34 

T1 

121 

18 

69 

1 

Cd 

121 

28 

69 

14 

P 

121 

50 

69 

30 


Dispersion of the Median Tams - The median lines are so dispersed m the 
symmetry plane, that the first median line lies nearer to the axis-o by 30' (mean 
of two determinations with different crystals, affording respectively 33' and 27') 
for green thallium light, than it does for red C-hydrogen light The observa- 
tions were made with the crystal in each ( ase successively immersed in carbon 
bisulphide and monobromonaphthalcno, the refractive indues of which liquids 
are very slightly lower than, and higher than, those of the crystals , the 
indications in the two liquids were identical within 2 minutes 

Thallium Nickel Sdenate, TljNi (Se0 4 ) 2 6H 2 0 
Morphology 

Twelve crystals from four crops were used for tho crystal-angle measure- 
ments The crystals of this salt are coloured bright green 


Fio 2 — T1 Ni Solcnatc 

Crystal System — Monoclimc Class No 5, holohedral-pnsmatic 

Ratios of Axes —a b o = 0 7456 1 0 8019 
Axial Angle = !05°36' 

Forms Observed — o{100}, b {010}, c{001}, ^ {110}, j/{ 120), ? {011}, r'{201}, 
o {111}, o' {111}, »' {121} 

Cleavage —The cleavage direction is parallel r' {201}, as usual in this senes 
BabU —The most typical habit is illustrated m fig 2 
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Interfacial Angles of Thallium Nickel Selenate 


A„„le 

No of 
measure 
merits 

Limits 

| observed 

Calcu 

latcd 

]>iff 


= (100) 

(001) 

3 

74 23- 74 32 

74 27 

74 24 

3 


= (100) 

(101) 




45 38 

- 

u 

- (101) 

(001) 




28 46 


1 rr' 

= (001) 

(201) 

13 

63 49- 64 10 

63 54 

63 49 

5 

V s ' 

-(001) 

(101) 




38 22 


•v 

- (101) 

(201) 




25 27 



-(SOI) 

(100) 

3 

41 37- 41 44 

41 tl 

tl 47 


[r'e 

= (201) 

(001) 

13 

115 49-116 26 

116 7 

110 11 

4 

Cap 

= (100) 

(110) 

3 

35 32- 35 56 

35 4J 

35 43 

0 


- (110) 

(120) 

2 

19 20- 19 28 

10 24 

19 28 


p'b 

— (120) 

(010) 

1 


34 51 

34 49 

2 


- (110) 

(010) 

10 

54 6- 54 32 

64 17 

54 17 

0 


= (110) 

(110) 

26 

71 3- 71 48 

71 26 




- (HO) 

(IlO) 

21 

108 19-108 50 

108 34 

108 34 

0 


= (001) 

(Oil) 

48 

25 11- 26 19 

25 48 

* 

- 


- oil) 

(010) 

12 

63 50- 64 20 

64 (1 

64 12 

1 

lw 

- (Oil) 

(Oil) 

22 

128 3-128 46 

128 24 

128 24 

0 

fao 

= (100) 

(111) 

_ 

_ 

_ 

48 50 

_ 

\oq 

-(111) 

(Oil) 




27 9 



= (100) 

(Oil) 




75 60 



= (Oil 

(111) 




34 32 


(_o'a 

= (111) 

(100) 

— 



69 29 

- 

fa, 

-(001) 

(111) 

2 

34 9- 34 33 

34 21 

34 24 

1 


- (Ill) 

(110) 

2 

42 41- 43 21 

43 1 

42 59 

2 


= (001) 

(110) 

4fi 

77 5- 77 44 

77 23 



• po' 
o'c 

= (110) 

(111) 

7 

57 41- 58 21 

68 2 

58 1 


-(111) 

(001) 

0 

44 25- 44 55 

44 35 

44 36 

1 

Ip® 

- (110) 

(001) 

44 

102 14-103 5 

102 37 

102 37 

0 

(bo 

- (010) 

(111) 

4 

70 0- 70 27 

70 14 

70 10 

2 

J os 

- (Ill) 

(101) 




19 44 


\oo 

• (111) 

(111) 

1 


39 33 

39 28 

5 

'bo' 

= (010) 

(111) 

2 

65 6- 05 10 

05 8 

66 10 

2 

bn’ 

- (010) 

( 21) 

1 


47 16 

47 13 

1 


= (121) 

( 11) 

l 


17 54 

17 67 

3 


-(111) 

( 01) 




24 60 


o’ o' 

-(111) 

( 11) 

1 

— 

49 36 

49 40 

1 

'sq 

- (101) 

(Oil) 

_ 

_ 

— 

37 54 

— 

gp 

- (Oil) 

(IlO) 

28 

86 32- 86 59 

88 47 

86 42 

5 

jn' 

- (Oil) 

(121) 

6 

35 19- 36 65 

35 30 

35 32 

2 

%'p 

= (181) 

(IlO) 

4 

61 0- 61 24 

61 15 

51 10 

5 

ps 

«=» (IlO) 

(101) 




55 24 


.M 

- (110) 

(Oil) 

20 

93 1- 93 27 

93 14 

93 18 

4 


- (loi) 

(Oil) 

_ 

_ 

_ 

45 0 


J «* 

- (Oil) 

(110) 

20 

63 3- 63 24 

63 14 

63 12 

2 

L« 

- (110) 
- (110) 

(10 > 

(Oil) 

30 

118 27-116 56 

116 45 

71 42 
116 48 

3 

frV 

- (201) 

(111) 

3 

34 53- 35 8 

35 0 

34 58 

2 

■i o’p 

— (111). 

, (110) 

S 

91 45- 92 34 

92 14 

92 17 

3 

V 

-(110), 

(201) j 

16 

52 29- 52 57 

52 41 

52 45 

4 

Total number of meaaure 







mante 


441 
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Morphological Angles The results of the niterfaeial angular measurements 
are given in the accompanying table (sec p 401) 

The Average Angular Difference between this salt and its potassium analogue 
K-Ni-selenate, is 28', and the Maximum Angular Difference, which occurs foT 
the angle ac - (100) (001), the monoelinu axial angle, is 1° 9' These repre- 
h< nt the tharat teristic diffenncis in the < rvstal angloH brought about by the 
replacement of imtASHiiun bv thallium The rephuement of sulphur In 
selenium causes the following changes m the mam interfacial angles (the differ- 
ent between Tl-Ni-sulphate and selenate for or — (100) (001), 48' for 
pp (110) (Il0),a8' for cq — (001) (011) 11' and for ip -= (001) (110) 
II' all are imreases of angle on passing from the sulphate to the selenate 

Volume 

Relative Denmtg - The mean of four trustworthy determinations gave foi the 
incepted value of the specific gravity at 20° /4°, 9 90S 

Molecular Volume — ~ ~~ 211 11 

Topic Anal Ratios - y tj; n b 2080 8 400b 4 2191 

Optics 

Orientation of Optical Ellipsoid - -The optic axes he m the symmetry plane 
b {010}, and the sign of the double refraction is negative The y-axis of the 
ellipsoid (vibration direction of y-index of refraction), the obtuse bisectrix 
(second median line) of the optic axial angle, lies 10° 19' behind the vertical 
crystal-axis c , the a-axis of the ellipsoid the acute bisectrix (first median line) 
lies 25° 56' above the crystal-axis a, in the obtuse angle ac of the crystal axes 
Refractive Indices —The results of 60°-prism observations are as under 


Ught 

" 

' 

r 

Li 

1 6334 

1 6464 

1 0612 


l 6339 

1 6409 

1 6617 

Na 

1 6378 

1 6498 

1 6660 

T1 

1 6443 

1 6663 

1 6626 

Cd 

1 6430 

I 6600 

1 6666 

V 

1 6S23 

1 6643 

1 6709 


Mem index !L+J?J_*for Na light - l 6479 
Double refraotwn, Ni*.. ■» 0 0182 

The vibration -dirccUons of o and y are ai given in the previous section the vibration direction 
of p to the symmetry axis b 
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Goneral formula for the intermediate index [i, corrected to a vacuum 


The x-indices are closely reprodiu ed if the constant 1 fi'Vl 1 im diminished l»\ 
0 0120, and the /■-indices if it lie increased by 0 0002 
Anal Katin* of Optical Ellipsoid (Indicat nr) 

rt |i v 0 9927 I I 0017 

Mol&ulai Ojitiad Constant# The following are the calm s of thtse constant's 
for the rod (’-raj of hydrogen 


Specific refraction 
a»-l 
(»* I 2 ),/ 

Molecular refraction (Loren?) 

» a — 1 M 
»*-| 2 d 

Molecular refraction (Gladstone) 



I) 08% 0 0909 0 091") 

7t> 50 77 71 78 20 

1% 74 118 11 119 % 


Mean molecular refraction (Gladstone), 


= 117 87 


Optic Anal Angle The following are the results of the measurements of 2K 
the angle in air, and of 2V 01 the true optic axial angle within the crystal The 
observations with the usual ground plates, immersed in monobromouaphthalene 
were confirmed as regards 2V„ by measurements also m carbon bisulphide 
For the very high refractive index of the crystals happens to la* intermediate 
between, and very close to, the indices of these two highly refractive liquids 
The values as determined in the two liquids were almost identiea), being onlv 
a few minutes apart 

Light 2E 2V„ 


Li 

107 

24 

W 

5 

C 

107 

31 

58 

10 

Na 

109 

20 

58 

59 

T1 

112 

1 

59 

51 

(Jd 

114 

10 

GO 

17 

F 

116 

.18 

GO 

53 
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Dispersion of the Median Lines —This is such that the first median line lies 
about 35' nearer to the crystal-axis a for thallium green light than for 
red C-hydrogen light This was rendered quite clear as the result of the 
measurements in carbon bisulphide and monobromonaphthalene 

Thallium Cobalt Selenate, Tl a Co(Se0 4 ) a 6H a O 
Morphology 

Eleven good little crystals were used for the gomometry, selected from fivo 
crops of outstanding excellence The ( rystals of this salt are ruby red in 
colour 

Crystal System — Monoclmic Class No 5, holohedral-pnsmatic 
Ratios of Axes —a b c — 0 7463 1 0 6021 
Axial Angle — (1 = 105° 40' 

Forms Observed — <*{100}, 6(010}, c(0Ol}, p{110}, J>'{120}, #11}, r'{201}, 
o(lll}, o'(Ill}, and n'{l21} There is a good cleavage parallel r'{201} 

Habit —The most typical habit is illustrated in fig 3 



Fig 3 — T1 Co Selenate 


Morphological Angles — These are given in the accompanying table (p 406) 

The Average Angular Change occurring on the replacement of potassium 
by thallium, that is on passing from potassium cobalt selenate to thallium 
cobalt selenate, is 34' The maximum change is 1° 23', and it occurs for the 
principal angle, the monoclmic axial angle (S [oc = (100) (001)] 

The angular change on replacing sulphur by selenium, in the case of the four 
mam angles, is as follows For ao = (100) (001), 46' , for pp = (110) (llO), 
31' , for oq = (001) (011), 12' , and for cp = (001) (110), 39' 

Volume 

Relative Density —The mean of two excellent determinations gave as the 
accepted density at 20° /4° the valuo 3 998 

Molecular Volume— ~ = §501 = 213 92 
d 3 998 

Topic Axial Ratios — % ’J' w = 6 2698 8 4010 4 2181 
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Interfacial Angles of Thallium Cobalt Selenate 


Anglo 

No of 
raeaaure 
mento 

Limits 

obaervod 

lntcd 

Diff 

far = (100) (001) 


_ 


74 20 

_ 

an -- (100) (101) 




45 36 


tc - (101) (001) 




28 44 


cr' -(001) (201) 

2 

63 42- 63 57 

63 50 

03 50 

0 

r*’ - (001) (101) 




38 22 


- (101) (201) 




25 28 


r a (201) (100) 

1 


41 53 

41 50 

3 

Ir'e - (201) (001) 

3 

116 3-116 18 

116 12 

116 10 

2 

f tip (100) (110) 

2 

35 40- 35 42 

35 41 

35 41 

0 

| pj>‘ = (110) (120) 

2 

19 26- 19 30 

19 28 

19 28 

0 

I p'b - (120) (010) 

2 

34 48- 34 52 

34 60 

34 61 

1 

1 } A - (110) (010) 

0 

54 9- 64 30 

54 18 

54 19 


pp =(110) (110) 

25 

71 1- 71 38 

71 21 



Lw - (ilo) (HO) 

24 

108 19-108 58 

108 39 

108 39 

0 

fcq -(001) (Oil) 

30 

25 20- 25 59 

25 48 

* 

_ 

4$ =(011) (010) 

2 

64 6- 64 20 

64 13 

64 12 


lw -to”) (OH) 

12 

128 4-128 38 

128 23 

128 24 

1 

f'« -dOO) (lH) 


_ 

_ 

48 49 

— 

(111) (Oil) 




27 7 


aq (100) (Oil) 




75 56 


g»' - (Oil) (111) 




34 35 


[o’a - (111) (100) 


— 


69 29 

— 

fro — (001) (111) 

1 

_ 

34 22 

34 22 

0 

\op -(111) (110) 



42 54 

42 58 

4 

J rp (001) (110) 

44 

77 4- 77 48 

77 20 



-(110) (111) 

s 

57 55- 58 16 

58 4 

58 1 

3 

oV - (111) (001) 

8 

44 26- 44 40 

44 35 

44 39 

4 

b* — (HO) (OOl) 

42 

102 26-102 56 

102 40 

102 40 

0 

fbo - (010) (111) 




70 10 

_ 

J on (111) (101) 


- 


10 44 


“(HI) (HD 

- 



39 28 


fbo - (010) ( 

11) 

_ 

_ 


65 9 

- 

bn' » (010) ( 

21) 




47 12 


J mV « (121) ( 

H) 




17 57 


1 oV = (111) ( 

01) 




24 51 


[o'O' - (111) ( 

HD 

“ 

— 


49 42 

- 

f*q — (101) (Oil) 


_ 


37 52 

— 

qp - (Oil) (110) 

22 

86 29- 86 58 

86 48 

86 46 

2 

qn' - (Oil) (121) 

7 

35 19- 35 46 

35 32 

35 33 

1 

‘ n'p -(121) (110) 

7 

51 7- 51 26 

51 17 

51 13 

4 

p* - (IlO) (101) 




55 22 


Lm = (HO) (Oil) 

21 

93 0- 93 27 

93 10 

93 14 

4 

f»'q =.(101) (Oil) 

- 

_ 

- 

45 6 

— 

jqp =(011) (110) 

22 

63 1- 63 24 

63 11 

63 10 

1 

W =(110) (101) 




71 44 


Lw = (110) (Oil) 

22 

116 40-117 4 

116 49 

110 50 

1 

frV = (201) (111) 

2 

35 0- 35 4 

35 2 

35 0 

2 

io'p =(111) (110) 

2 

92 5- 62 20 

92 1J 

02 15 

2 

U' =(U0) (201) 

2 

52 32- 52 50 

52 41 

52 45 

4 

Total number of moaauro 






monta 


328 
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Optics 

Orientation of Optical Ellipsoid -The plane of the optic axes im the symmetry 
plane frfOlO}, and the double refraction is of negative sign The first median 
line, the vibration-direction of the a-mdex of refraction, lies 24° 2' above the 
inclined crystal axis a, in the obtuse angle of the crystal axes ar , and the second 
median line, corresponding to the y-index, is 8° 22' behind the vertical axis c, 
in the acute angle ac The intermediate axis of the optical ellipsoid (mdicatrix), 
corresponding to the index (4, is the symmetry axis b 
Refractive Indices — The results obtamcxl from 60°-prisnis are the following 


] IU97 
I (1402 
l 0442 
I (V48T. 

I «sir» 

1 I1W52 


1 00411 


I I.S22 


Menu imli \ for Na light, a JL ft iLZ 

llonhli rtfnwlion, \u r „ 0 01 TO 

General formula for the intermediate index [4, corrected to a vacuum, is 


(4 = 1 0.122 + 


798 284 1 661 20 0 000 QUO 

X* 


The a-indices are equally well reproduced if the constant 1 6322 be diminis hed 
by 0 0093, and the y-indices if it be increased by 0 005b 
Axial Ratios of the Optical Ellipsoid (Indtcatnx) 
x £ y — 0 9944 1 1 0033 

Molecular OptuxU Constants — These are as follows for the ray G (the red line 
of hydrogen, Ha) - 


Specific refraction i 

»»- 1 f 0 0901 

(»‘4 2 )d J 

Molecular refraction (Ijori n/) 1 


[4 

0 0911 


Y 

0 0918 


ft* - 1 M > 77 09 77 % 78 50 

ft* + 2 d J 

Molecular refraction (Gladstone) ~l 


a - 1 .. > 1 40 «M» 138 94 140 12 

— M J 

Mean molei ular refraction (Glodstom ), a P ^ H' = 138 67 
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Optic Axial Angle —The following are the values of the optic axial angle in 
an, 2E, and of the true angle within the crystal, 2V„, obtained as the mean 
of several closely concordant determinations - 

Light 2E 2V„ 


Li 

111 

4 

6b 

11 

C 

111 

10 

b6 

15 

No 

112 

30 

66 

12 

T1 

111 

40 

67 

1 

Cd 

114 

25 

67 

18 

F 

115 

10 

b7 

3b 


Dispersion of the Median Jatics —The dispersion of the two median lines 
in the symmetry plane, is such that the first median line lies 20' nearer to the 
crystal-axis a lor thallium green light than for rod C-hydrogcn light Mono- 
bromonaphthalene and carbon bisulphide were used in succ eastern as immersion 
liquids in the determination, their refractive indices being just slightlv highu 
and lower respectively than those of the crystals 

Thallium her rum title note, Tl 2 Fe(Se0 4 ), 0H S () 

This salt has not hitherto been described, doubtless owing to tile difficulty 
of preparing ferrous selenate For as described in a previous communication,* 
when one attempts to prepare it by the action of selemc acid on iron the former 
is immediately reduced by the nascent hydrogen first formed, a red precipitate 
of selenium being thrown down The author found, however us stated in tin 
memoir just referred to, that if one uses ferrous sulphide instead of iron, ferrous 
selenate is produced, the escaping hydrogen sulphide not being abb to reduce 
selemc acid, while it prevents any oxidation of the ferrous Halt to ferric The 
ferrous selenate' may either be crystallised out or the filtered solution used 
directly for the preparation of the double salt by adding solution of thallium 
selenate The best crystals of the double salt are obtained however bv the 
former method by mixing the aqueous solution of thallium selenate with a 
solution of the pale green crystals of ferrous selenate \s cold solutions only 
must lie used, owing to the ready oxidation of ferrous salts by worming and 
thallium selenate is but slightly soluble in water the mixed solution is both 

* ‘ Ko> Sot l’rot A, vol M, p W2 (l»18) 



408 


IE H, Tutton 


very dilute and may contain considerable excess of ferrous selenate over and 
above the amount calculated for equivalent molecular proportions This is 
no detriment, however, but rather an advantage , for if equivalent amounts are 
used thallium selenate invariably crystallises out first, and several nightly crops 
may be deposited before the double salt begins to crystallise The dilution being 
considerable and evaporation at the ordinary temperature being essential, it 
must be accomplished under reduced pressure, under the receiver of an an 
pump, over a dish of vitriol 

Four good crops of the double selenate were eventually obtained, the first two 
of which were troubled with partial turbidity, although quite clear in parts, 
but the third and fourth crops were composed of perfectly transparent, limpid, 
bnlbantly refractive crystals of a pure and very pale green (at first almost 
colourless) tint, eminently suitablo for goniometncal and optical investigation, 
of a size up to 5 mm in their longest dimension 


Morphology 

Twelve very perfect crystals from the two best developed crops were used 
for the crystal-angle measurements, the results of which arc set out as follows 
The crystals were coloured a very pale bluish green when fresh from the mother 
liquor, but become more yellowish green after a few days 
Crystal System — Monoclinic Class No 5, holohedral-pnsmatic 
Ratios of Axes —a b o = 0 7446 1 0 6011 
AxuU Angle -0 - 106° 27' 

Form Observed — <*{100}, 6{010}, c{001}, p{110}, p'(120} (only traces), ${011}, 
»'{201}, o'{Ill} There is a good cleavage parallel to r'(201} 

Habit —The third crop referred to was a very beautiful one, largely of crystals 
14 .— 3 mm in diameter, and more or less spherical, although on the whole slightly 
tabular parallel to the basal pinakoid c{001} The fourth crop was composed of a 
few of the larger crystals already referred to, very suitable for optical work 
The faces of both crops were remarkably perfect, affording single brilliant 
signal-images, even from the forms c{001} and p{ll0} which are so usually 
striated in the salts of this senes The faces of r'{201} and o'{Ill} were 
particularly good, which is again exceptional The ${011} faces were developed 
to about an equal extent to the c{001} faces, as m the rubidium salts of the 
senes Good and fairly large faces of c{100} were common, with smaller but 
equally good 6-faces No measurable faces of p'{120} or o{lll} were observed 
on any of the crops 
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A.,* 

No of 
measure 

Limits 

observed 

latod 

DOT 

fac 

-(100) 

(001) 

10 

74 25- 74 17 

74 12 

74 33 

1 


-(100) 

(101) 




45 44 



- (101) 

(001) 




28 49 


r.r' 

-- (001) 

(201) 

17 

03 32- (1.1 44 

(13 38 

03 42 



- (001) 

(101) 




78 20 


»'r' 

- (101) 

(201) 




25 22 



-(201) 

(100) 

12 

11 11 41 74 

41 49 

41 15 


U'c 

-(201) 

(001) 

12 

111) 10-110 70 

116 22 

110 18 

4 

r ap 

- (100) 

(110) 

21 

35 13- 75 50 

35 41 

15 41 

0 

PP 

- (110) 

(120) 




19 28 


\p'b 

- (120) 

(010) 




71 51 


•\pb 

= (110) 

(010) 

22 

54 1 2 54 2« 

54 19 




- (110) 

(110) 

lb 

71 11- 71 75 

71 24 

71 22 


Vpp 

- (110) 

(110) 

lb 

108 25-108 50 

108 30 

108 38 

2 

f<*r 

- (001) 

(Oil) 

73 

25 70- 25 57 

25 47 

* 

- 

J q b 

-(Oil) 

(010) 

22 

04 0- 04 21 

04 11 

64 13 


1 99 

-(Oil) 

(Oil) 

10 

128 15-128 47 

128 26 

128 2(1 

0 

foo 

-(100) 

(111) 

_ 

_ 

_ 

48 5b 

- 

oq 

(111) 

(Oil) 




27 11 



(100) 

(Oil) 


70 4- 70 0 


70 7 



-(Oil) 

(111) 

1 

U 71- 14 70 

74 14 

74 72 

2 


-(111) 

(loo) 

1 

b9 lb- 0!) 20 

bl) 18 

00 21 

1 

fro 

--- (001) 

(111) 




34 27 



-(111) 

(110) 




17 3 



- (001) 

(110) 

25 

77 20- 77 40 

77 10 



po' 

- (110) 

dll) 

17 

57 50- 58 7 

57 58 

57 57 

1 


-dii) 

(001) 

10 

44 22 44 42 

44 11 

44 31 

0 

[pc 

- (110) 

<001 ) 

40 

102 20-107 40 

102 11 

102 10 

1 

fbo 

- (010) 

(111) 

_ 

_ 

_ 

70 15 



(111) 

(101) 

- 



19 45 


fbo' 

- (010) 

(111) 

12 

05 8- 65 22 

05 14 

05 17 

l 

bn' 

=- (010) 

(121) 

2 

47 20- 47 20 

17 20 

47 17 

3 

U'o> 

- (121) 

(III) 



17 57 

17 50 

1 

1 o' a’ 

-(111) 

(Toi) 




24 47 


[oV 

-(111) 

(III) 

3 

40 26- 40 35 

40 32 

49 34 

2 

r ** 

= (101) 

(Oil) 

_ 

_ 

_ 

77 55 



= (Oil) 

(1 10) 


86 32- 87 45 

8(1 30 

86 37 


J ?*' 

= (011) 

(121) 

10 

75 25- 35 20 

75 27 

35 30 

1 

1 *‘P 

- (121) 

(1 10) 

10 

51 4- 51 11 

51 8 

51 7 

1 

pa 

=- (110) 

(IOI) 




55 28 


Lw 

- (110) 

(Oil) 

78 

03 12- 02 20 

07 21 

93 23 

2 

f «'? 

- (101) 

(Oil) 


_ 


45 4 

— 

J IP 

= (Oil) 

(110) 

74 

03 16- 03 30 

03 22 

03 21 

1 

1 P»' 

- (110) 

(101) 




71 75 

— 

Iw 

- (110) 

(OH) 

14 

116 20-110 51 

116 38 

116 39 

1 

fr’o' 

= (201) 

(111) 

20 

34 47- 34 50 

14 51 

74 53 

2 

J °'P 

-(111) 

(110) 

20 

92 1(1- 92 27 

92 23 

92 25 

2 

\pr' 

- (110) 

(201) 

75 

52 70- 52 55 

52 45 

52 42 

3 

[r'p 

-(201) 

(IIO) 

74 

187 10-127 27 

127 15 

127 18 

3 

Total number of measure 







ments 


017 

i 



__ __ 




2 K 


VOL cxvni —A 
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A typical crystal of these particularly satisfactory crops is illustrated in 
fig 4 

The crystals of the other two earlier crops, which showed slight turbidity at 
the periphery, were more tabular, often plates, parallel c{001}, and they showed 
relatively very large development of the pyramidal form n'{l21}, the faces of 
which were often larger than those of the primary pnsm p{llO} 

The average difference (ignoring sign) of mterfacial angle between this salt 
and potassium ferrous selenate (that is, for the replacement of potassium by 
thallium), the first member of the iron group of the series, is 39' , and the 
maximum difference [which occurs for the axial angle ac, (100) (001)] is 1° 37' 
The differences in the four mam angles between this salt and the corresponding 
sulphate, thallium ferrous sulphate (that is, for the replacement of sulphur 
by selenium) are as follows, all being increases of angle For a c = (100) (001), 



Fig 4 -Tl Fe Sclcnatt 


49' , for pp = (110) (llO), 20' , for cq = (001) (011), 9' , and for cp = 
(001) (110), 41' 

Volume 

Relative Density —Three concordant determinations afforded the mean value 
3 940, for the specific gravity at 20° /4° 

i t it i M 852 22 „ , „ 

Molecular Volume — — - ~ = 216 .«) 

Topic Axial Ratios — x + “ — 6 2846 8 4415 4 2300 
Optics 

Orientation of Optical Ellipsoid —The optic axes ho in the symmetry plane 
b[0\0} The double refraction is negative The maximum axis y of the optical 
ellipsoid (mdicatnx), the vibration-direction for the y-index of refraction, lies 
9° 9' behind the vertical crystal-axis c, m the acute axial angle ac (whioh is 
74° 33') , it is the obtuse bisectrix (second median line) of the optic axial angle 
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The minimum axis a of the indicatnx, the vibration direction of the a-mdex 
and the first median lino (acute bisectrix) of the optic axial angle, lies 24° 36' 
from the inclined crystal-axis a in the obtuse axial angle ac The {3-indicatnx 
axis, the vibration direction for the [1-index, is the symmetry axis b 
Refractive Indices — Excellently concordant determinations were obtained 
with several prisms and gave the following nu an values — 


Light 


l 6291 
1 0297 
1 0302 
1 0410 
1 0402 
1 0490 


P 


1 0403 
1 0459 
i bOll 
1 0078 
1 6017 
1 0002 


y 


1 0)27 
1 0531 
I 0'»89 
1 WJ'i 
J 0095 
1 0741 


Mohii index for \a light, fL 


Doubles refraction, Na^ a - 0 0237 


General formula for the intermediate index |J, for any wave-length X, 
corrected to a vacuum (correction + 0 0004) — 


p = 1 6265 + 


745 318 
X* 


4 6L6 300 000 000 , 

“t" 


The a-mdices are also approximately reproduced if the constant 1 6265 is 
diminished bj 0 0162, and the y-mdices if it be increased by 0 0075 
Axial Ratios of Optical Ellipsoid, (Indrcatrix) — 

a (1 y = 0 9002 1 1 0045 


Molecular Optical Constants —These are as follows for the red hydrogen ray 
C - 


Specific refraction 
n a -l 
(n* + 2)d 

Molecular refraction (Lorenz) 
«»-l M 
»* + 2 d 

Molecular refraction (Gladstone) 
M 


Mean molecular refraction (Gladstone), 


Y 

0 0929 


76 9$ 


78 50 


136 20 139 71 

y + = 139 07 
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Optic Axial Angle — The following values were obtained for the optic axial 
angle in air, 2E, and for the true angle within the crystal, 2V 0 Very 
concordant, almost identical, values were yielded by the half-dozen different 
determinations with separate clear crystals 

Light 2E 2V„ 


Li 

125 

25 

69 

1 

C 

125 

48 

69 

5 

Na 

110 

6 

69 

16 

T1 

134 

18 

70 

1 

Cd 

135 

18 

70 

20 

E 

140 

10 

70 

45 


Dispersion of the Median Lines —The dispersion of the median lines is such 
that the first median line lies nearer to the axis a by half a degree (individual 
determinations gave 25-28') for green thallium light than for red O-hydrogen 
light Carbon bisulphide and monobromonaphthalcnc were successively used 
as immersion liquids, the refractive indices of which are just lower and higher 
respectively than those of the crystals, the results afforded being identical to 
within 3' 

Thallium Manganese Selenale, Tl 8 Mn(Se0 4 ) 8 6ll a 0 
Morphology 

Ten good crystals were used for the gomometry, selected from the four best 
crops 



Fig 5 — 1 T1 Mu hilt nate 


Crystal System — Monoclnuc Class No *5, holohedral-prismatic 
Ratios of Axes — a b c = 0 7463 1 0 4993 
Axial Angle— 0 = 105° 29' 

Forms Observed — o{ 100}, 6{010}, c{001}, p{ll0}, P '{120}, ? {011}, r'{201}, 
o{lll}, o'{Ill>, and »'{l21} Thero is a good cleavage parallel r'{201} 

Habit —A typical crystal is shown in fig 5 as regards general habit, but a 
large proportion of the crops obtained were composed of crystals showing only 
the faces of c{001} and ^>{110} or only mere linear traces of the other forms 
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Intcrfacial Angles of Thallium Manganese Selenate 
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Morphological Angles — The results of the gomometncal measurements are 
given in the accompanying table (see p 413) 

It was shown in the memoir on the manganese group of double selenates,* 
that a potassium salt of the group has never been obtained, and appears to be 
incapable of existence, being outside the limits of stability No comparison of 
the thallium salt with an analogous potassium salt can, therefore, bo made 

The effect of the replacement of sulphur by selenium, afforded by a com- 
parison of thallium manganese sulphate with the present salt, is to produce the 
following angular changes, all increases ~-ao = (100) (001), 53' , pp = (110) 
(llO), 15', cq == (001) (Oil), 14', and cp = (001) (110), 44' 

Volume 

Relative Density — The mean accepted value, from two excellent determina- 
tions, is 3 833, for the temperature ‘20 o /4° 

Molecular Volume • -~ = ¥ 45 = 222 10 
d 3 833 

Topic Axial Ratios — / <■> = G 3584 8 5200 4 2540 


Optics 

Orientation of Optical Ellipsoid ( Indicatnx ) — The plane of the optic axes 
is the symmetry plane 6(010} The sign of the double refraction is negative 
The maximum axis y of the indicatnx, vibrations along which correspond to 
the y refractive mdex, lies 8° 21' behind the vertical crystal-axis r, in the acute 
axial angle ac, and is the obtuse bisectrix (second median line) of the optic 
axial angle The minimum axis « of the indicatnx, the acute bisectrix (first 
median hne), corresponding (as regards direction of vibration) to the ot-index 
of refraction, lies 23° 50' above the inclined crystal-axis a, in the obtuse axial 
angle ac The symmetry axis b is the vibration-direction of the light affording 
the (3-mdex of refraction 

Refractive Indices — The determinations afforded the following results — 


light 

° 

P 

Li 

1 0213 

1 6364 

C 

1 6210 

1 0370 

Na 

1 6270 

1 6429 

T1 

1 6343 

1 6490 

Cd 

1 6379 

1 6634 

F 

1 0422 

1 6679 


r 


1 6470 
1 6631 
1 6608 
1 6640 
1 6686 


Mean index for N a- light, «* 1 6412 

Double refraction, «= 0 0266 
• ‘ Roy Soc Proc ,’ A, vol 101, p 226 (1922) 
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General formula for the intermediate index {1 for any wave-length y, corrected 
to a vacuum — 


The a-mdices are also closely reproduced by the formula if the constant 1 6147 
is diminished by 0 0163, and the y-mdices if it lie increased by 0 0102 
Axial Ratios of Optical Ellipsoid, ( Indicatnx ) — 

a 3 y = 0 1 1 0062 

Molecular Optical Constants — These are as under, for the n d hydrogen ray 
C — 

a p y 

0 0919 0 093b 0 0948 


Specific refraction 
w*-l 
(n»+2)d 


Molecular refraction (Lorenz) 
n»-l M 
» a + 2 d 

Molecular refraction (Gladstone) 



} 


78 21 


138 12 


79 72 


111 48 


Mean molecular refraction (Gladstone), ^ = 1*1 10 


80 71 


143 70 


Optic Axial Angle —The angle in air, 2E, was not observable, but the true 
optic axial angle, 2V a , within the crystal was found, as the mean of several 
closely agreeing determinations, to be as under - 


Light 

2V a 

Light 

2V„ 


o * 


o / 

Li 

72 1 

T1 

72 53 

C 

72 4 

Cd 

73 10 

Na 

72 27 

! F 

73 32 


Dispersion of the Median Lines — The two median lines are dispersed m the 
symmetry plane m such a manner that the first median line lies 27' nearer to 
the crystal-axis a for thallium green light than for red C-hydrogen light 
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Thallium Copper Seienate, Tl s Cu(Se0 4 ) 2 0H,O 
Morphology 

Eleven good little crystals were used for the gomometry, selected from four 
crops of outstanding excellence The crystals of this salt are bright blue in 
colour 

Ciystal System - Monocbinc Class No 5, holohedral-pnsmatic 
Ratios of Axes -a b c = 0 7631 1 0<5048 
Axial Angle {1 = 104° 59' 

Forms Observed —a{l 00}, 6{010}, r{001}, p{ll0}, ;/{l20, p'"{l.30}, g{011}, 
m{021}, Z{031>, «'{l01}, r'{201}, o(lll}, o'{Ill}, and n'{I‘21} The form 1{031} 
is exceedingly rare in the senes 
Cleavage — There is an excellent cleavage parallel r'{201} 

Habit — Short prismatic to more or less tabular parallel to the basal plane 
o{001} A typical crystal is portrayed in fig 6 
Morphological Anglts -The residts of the mcasun meats of thi mterfaoal 
angles are given in the accompanying table (see pp 417 18) 
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The Average Angular Difference between this salt and the corresponding 
potassium salt K-Cu-selenate, that is, the effect on the interfacial angles of 
replacing potassium by thallium, is 43' The difference which occurs for the 
important axial angle (J, ac — (100) (001), is 1° 34' This is exceeded, however, 
by one other angle, for which the maximum angular difference of 1° 39' occurs 
The effect of replacing sulphur by selenium, as seen on comparing Tl-Cu- 
sulphate and Tl-Ou-selenate, on the four mam angles, is as follows For ao = 
(100) (001), 34', for pp = (110) (lIO), 22', for eg = (001) (Oil), 8' , and 
for cp = (001) (110), 29' 

Volume 

Relative Density —The mean of two closely agreeing determinations of the 
specific gravity at 20° /4° gave as the accepted value 3 944 

Molecular Volume — ^ = 218 01 

Topic Axial Ratios —% 'r' “ = 6 3294 8 4045 4 2426 
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Interfacial Angles of Thallium Copper Solenate 


Angle 

No of 
moduli re 
ment* 

Limit* 

oO .tried 

f of - (100) (001) 

8 

71 0- 7i 1 

, 

an - (100) (101) 




ic - (101) (001) 




cr' - (001) (201) 

13 

81 4 113 10 

(.3 17 

at' =(001) (101) 

»'r’ * (101) (201) 

r'a - (201) (100) 


41 38- 41 41 

41 41 

l^r'e = (201) (OOl) 

11 

m 10 110 30 

1 10 45 

Cap (100) (110) 

3 

35 38 311 13 

15 57 

\pp' -(110) (120) 


19 22 19 34 

19 28 

p'b -(120) (010) 

2 

34 27- 34 39 

34 33 

p'p"' = (120) (130) 
p"'lt - (130) (010) 



•) 53 

1 


24 40 

1 pb - (110) (010) 

33 

71 30 11 12 

53 39 

Ipp — (HO) (HO) 

18 

71 44- 72 12 

72 1 

eg -.= (001) (Oil) 

37 

23 48 2(1 0 

20 0 

gb = (Oil) (010) 

38 

83 01- 84 12 

04 0 

bl - (010) (031) 

1 


14 22 

Im =(031) (021) 

2 

34 10-34 30 

ZJ 21 

bm - (010) (021) 

14 

28 37 128 33 

4.3 40 

m -= (021) (Oil) 

l 

- 

18 11 

Coo — (100) (111) 

_ 


_ 

oq (111) (Oil) 




lag — ( 100) (Oil) 




\qo' - (Oil) (111) 




ly<» •= (lii) (loo) 

— 

— 


fco -(001) (111) 

2 

14 13- 34 53 

11 14 

op (111) (110) 

2 

43 5- 43 11 

41 18 

tp _ (001) (110) 

42 

77 42- 78 8 

77 30 | 

po’ -(110) (111) 

12 

57 24 57 58 

37 39 

or - (III, (OOl) 

18 

44 3- 41 14 

44 21 

Ll* -=(110) (001) 

28 

101 65-102 20 

102 4 

Cbo =(010) (111) 

3 

89 58- 70 7 

70 3 

<w =(1H) (101) 




Loo =(111) (111) 

1 

— 

19 53 

fAo' - (010) (111) 

(1 

04 55- 05 13 

05 3 

6»' =(010) (121) 




»V — (121) (111) 




oV -(111) (101) 

1 


24 51 

loV = (111) (III) 

3 

49 39- 49 55 

19 47 

f *9 =(101) (Oil) 

_ 

_ 

- 

qp =(011) (IlO) 

33 

85 55- 88 12 

80 2 

qn' — (OH) (121) 

1 


35 18 

n’p =(121) (110) 



50 40 

JM _ (IlO) (Iol) 




Lw -(HO) (OH) 

33 

93 44- 94 3 

03 38 

rv 9 =(ioi) (oil) 

_ 


_ 

?P =-(011) (110) 

31 

83 28- 03 41 

03 33 

JW' =(110) (101) 




L w -(110) (Oil) 

32 

118 13 117 44 

110 27 


jo l 
19 28 
34 31 
il 33 
24 38 

72 2 


34 21 
11 22 
4i 43 
18 17 

4U 20 
27 14 
70 34 
34 18 


31 39 
13 17 

07 1(1 
11 28 
102 4 


70 1 


19 59 
39 08 


17 38 
24 04 
49 48 


71 28 
118 28 


! 3 & 
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Tn ter facial Angles of Thallium Copper Selenate — (continued) 



(Mentation of Optical Ellipsoid ( Indicatnx ) — The optic axes lie in the symme- 
try plane £>{010} The sign of the double refraction is negative The maximum 
axis y of the indicatnx, light vibrations along which correspond to the y-rndex 
of refraction, lies 14° 25' behind the vertical crystal-axis c, in the acute axial 
angle ac , it is the obtuse bisectrix (second median line) of the optic axial angle 
The minimum axis a of the indicatnx, the acute bisectrix (first median line) 
of the optic axial angle and direction of vibration for the ot-index, lies 29° 24' 
above the crystal-axis a, in the obtuse axial angle ac The vibration-direction 
for the (3-index of refractiou is the symmetry axis b 
Refractive Indices —These are found to be as follows — 


Light 


p y 


1 6330 
1 634.1 


1 6461 
1 0460 
1 0037 


1 6504 
1 6011 
1 6660 
1 6631 
1 0066 
1 0709 


1 6666 
1 6662 
1 6720 
1 6787 
1 6823 
1 6867 


Moun index for Na- light, n -*~ ^ y — 1 6600 
Double refraction, Niy. = 0 0324 


General formula for the intermediate index (1, for any wave-length X, 
corrected to a vacuum - 

„ , „«*„ , 486 120 , 9 191 500 000 000 , 

P = 1 6353 H 1 - t + 

The a-indices are also fairly reproduced if the constant 1 6353 be diminished 
by 0 0168, and the y-indices if it be increased by 0 0154 
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Axial Ratios of the Optical EUxpsoid ( Induntnx ) — 
a p y = 0 9898 1 1 0094 

Molecular Optical Constants — These aro given below for the red hydrogen 
ray C — 


Specifio refraction 1 

a 

P 

Y 

n«-l 

(n*\-2)d j 

Molecular refraction (Lorenz) 1 

j* 0 0907 

0 0926 

0 0943 

n* — 1 M 

n a + 2 d j 

Molecular refraction (Gladstone) ') 

^ 78 00 

79 62 

81 08 

j 

j- 138 32 

111 94 

145 23 

Mean molecular refraction (Gladstone), - a ~^ M-TY — 

141 82 



Optic Axial Angle —This very large angle is invisible in air, although one 
optic axis is visible through a pair of c-faccs, much to one Bide of the centre 
The measurements for the true angle within the crystal, which were earned out 
with the plates immersed in monobromonaphthalene, afforded the following 
mean result, the individual values being almost identical 


Light 

2V 0 

Light 

2V 0 

Li 

85 14 

T1 

85 

4 

C 

85 13 

Cd 

85 

1 

Na 

85 9 

F 

84 56 


Dispersion of the Median Lines— The first and second median lines are 
dispersed m the symmetry plane to the slight extent that the first median hne 
lies nearer to the molined crystal-axis a for green thallium light than for red 
O-hydrogen light by 17' This was the mean of two determinations (yielding 
15' and 19' respectively) in monobromonaphthalene, the refractive index of 
which is practically identical with that of these highh refractive crystals 

Discussion of Results 

The considerations on p 384 of the preceding memoir on the double sulphates 
containing thallium apply equally to tho double selenates, so that it is only 
necessary to proceed at once with the discussion of the various properties 
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As regards the Interfaced Angles the next table gives a comparison of the 
average and maximum changes brought about by the replacement of potassium 
bv thallium and by the other interchangeable R-bases 


Tabic of Average and Maximum Changes of Angle in Double Selenates 



Aierage ikangi for replacement 
of k by 

Maximum change for re phut men t 
of k by 


Kb 

(’» 

NH, 

T1 

Kb 

Ch 

Nil, 

'11 

Mg group 

21 

52 

51 

Jl 

511 

128 

129 

' 

An „ 

27 

52 

411 

41 

114 

131 

122 

102 

Ni „ 

2J 

47 

45 

2S 

57 

119 

no 

SI) 

(o , 

25 

51 

411 

11 

04 

13S 

12U 

81 

J*e „ 

27 

55 

54 

111 

SO 

139 

139 

97 

1 u 

11 

Si 

47 

41 

70 

148 

125 

99 

Mr an 

20 

1 53 

| 50 

IS 

05 

131 

125 

88 

M< an of both sal 
phates and selo 

natcH 

27 

55 

l A 

10 

(15 

133 

125 

1 

89 


It will be evident how analogous the selenatc results are to those yielded by 
the sulphates, from the fact that the mean values for the whole of the two 
series are practical!) identic al with those for the selenate senes The change, 
whether average or maximum, is directly proportional to the change m atomic 
number w hen rubidium or caesium is introduced instead of potassium, the figures 
m <he second column in each case being double those in the first, correct in the 
mean to A' The introduction of ammonium or thallium for potassium pro- 
vokes intermediate changes, the former change being nearer the amount for the 
caisnun replacement, and the latter nearer to what occurs when rubidium is the 
replacing clement 

The monoebme Axial Angle fi is reviewed comparatively for all the double 
selenates now described m the next table, from which it will be seen that the 
increase of this angle occurs cutropically (that is, proportionately to the change 
m atomic weight or number, rubidium being exactly midway in regard to these 
constants) only for the alkali-metallic salts 

The half-way position of the rubidium salt, between the potassium and 
caesium salts, will be very clear from this table The ammonium salt possesses 
an axial angle very nearly identical with that of the caesium salt, while the 
thallium salt comes between the rubidium and caesium salt, the value being 
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Comparison of Monoclimc Axial Angles p for Double Selenates 


( ontiumng 

Mtiuncimim 

Nickil 

( nbalt J 

hcrrouHirnn j 

MnnganciK | Cupp* i 

I’otasmum 

Rubidium 

\mmonium 

Thallium 

104 18 

105 14 

106 17 
106 27 
106 SO 

104 11 

105 20 
100 11 

106 17 
105 30 

104 17 

105 14 
100 18 

106 23 
105 40 

10J 50 

104 67 

100 2 
loo e 

105 27 

1 

j lot 25 

105 0 104 44 

100 22 105 12 

100 10 105 10 

105 211 101 511 


nearer to that of the former Similar relationships were shown m the 1909 
memoir (foe at ) to hold in the rinc group of double selenates , and all these 
conclusions are exactly similar to those drawn in the preceding memoir for 
the double sulphates 

The changes m interfacial angles brought about by replacing sulphur by 
selenium may next be discussed The next table showB the changes, all hi ing 
increases, m the four mam angles 


Angular Differ* necs between Analogous Sulphates and Selenates 


\n«l( 

11 

11 Ni 

1 ri t .» 

Tl ho 

n Mu 

ill u 


salts 

| nalu 

salt* 

HaltH 


« -(100) (001) 

>4 

48 

r» 

40 

51 ' 

11 

J‘P - (HO) (110) 

32 

IS 

ii 

20 

15 


<? -(001) (Oil) 

4 

11 

12 

<» 

14 j 


rp - (001) (110) 

40 

41 

3D 

41 

44 I 

I 20 


For the Tl-Zn salt previously (1909) described (foe cit ) the numbers were 
22', 38', 6' and 21' It will be observed that the changes never reach a whole 
degree, and are characteristically such as have been shown by the author 
invariably to accompany isomorphous replacement in crystal systems of lower 
than cubic symmetry 

With regard next to the Volume Constants, the iu xt two tables compare the 
densities, molecular volumes, and topic axial ratios 
From them, just as from tho similar tables given in the preceding memoir 
for the double sulphates, the relative volumes and edge-dimensions of the struc- 
tural-uiiit cells of the space-lattice are seen to progress eutropically for the three 
alkali-metallic salts , while the ammonium salt is almost precisely iso-structural 
with the ammonium salt, their volumes and dimensions being nearly identical, 
and the thallium salts also resemble, although not so closely, the corresponding 
rubidium salts m these respects 
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Density and Molecular Volume of Double Selenatcs 


Containing 

Potassium 

Kubidium Cesium 

Ammonium Thallium 

Magnesium 

2 305 

208 03 

2 084 I 2 939 

218 16 231 20 

2 068 3 721 

219 42 220 01 

/UK 

2 168 

208 80 

2 808 3 121 

218 36 230 77 

2 261 3 968 

217 73 217 89 

\ii kil 

2 150 

200 14 

2 850 3 114 

210 00 229 17 

2 213 3 993 

210 53 214 13 

( ’(limit 

2 130 

208 60 

2 HJ7 3 094 

218 49 230 73 

2 228 3 908 

218 10 213 92 

Iron (ferrous) 

2 404 

210 30 

2 800 3 048 

220 20 233 21 

2 191 3 940 

220 39 216 30 

Manganese 


2 703 3 008 

222 92 230 01 

2 168 3 833 

223 36 222 10 

Copper 

2 139 

200 00 

2 839 3 073 

219 94 233 70 

2 223 3 944 

220 04 218 01 


The replacement of sulphur by selenium in the thallium double salts causes 
an expansion of the umt-ccll volume by an average of 12 91 units, corresponding 
to an increase per atom of selenium of 6 5 units This is in accord with previous 
observations, for the increase has varied m different groups of the salts from 
6 0 to 6 8 units 

Proceeding now to the Optics, the Orientation of the Optical Ellipsoid shows a 
similar rotation about the symmetry axis b as m the double sulphates, so that 
fig 5 on p 389 of the preceding memoir is valid equally for the double selenates 
The positions m the thallium salts of that axis of the mdicatrix ellipsoid which 
is the vibration direction of the y-rndex of refraction and is the obtuse biBectnx 
of the optic axial angle, that is, the second median line, is given in the next 
little table It is not so far removed behind the vertical crystal axis c as it is 
in the double sulphates 


Inclination of y-Axis of Ellipsoid to Right of Crystal-Axis c 


In T1 Mg selenate 

4 

27 

In IT Fe selenate 

9 

9 

„ T1 Zn „ 

6 

46 

, T1 Mn „ 

8 

21 

„ T1 Ni „ 

10 

19 

„ TICu 

14 

25 

TICo 

8 

22 
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The sign of the Double Refraction is negative in all these double selenatcs, 
as in tho double sulphates 

The Refraction Constants are compared in the next table, m an analogous 
manner to tho double sulphates, as described on p 490 of preceding memoir 


Refraction Constants of the Double Selenates 



Tho thallium double selenates are seen to distinguish themselves by excep- 
tionally high refractive indices und molecular refraction, as they have been shown 
to do in the cases of the double sulphates Indeed the maximum index of re- 
fraction in some cases exceeds that of the very highly refractive liquid mono- 
bromonaphthalene (1 6667 for Na-light), so much used on that account as the 
immersion liquid in determinations of optic axial angle with complementary 
plates perpendicular to the acute and obtuse bweetnees For instance, the 
y-index of thallium copper selenate for Na-light is 1 6720 

The double refraction middle part of the table shows best the regular diminu- 
tion in this property with atomic number which occurs in the cases of the three 
alkali metals 

As regards molecular refraction, here again the eutropic progression is clearly 
displayed in the relations of the three alkali-metallic salts , and also the near 
identity of the molecular refractions of the rubidium and ammonium salts is 
plainly revealed, while the transcendent position of the thallium salts is strik- 
ingly evident As regards the effect on the molecular refraction of replacing 
sulphur by selenium, there is an increase of about 14 units, the exact mean of 
all the 34 cases being 13 8 If we exclude the thallium Balts for which the 
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mean rise is more than the average for all, namely, 16 4, the average for 
the alkah-motallic and ammonium salts is only 13 2 As there are two sulphur 
atoms replaced by selenium, the effect per atom is thus 6 6 or 6 9 units, 
according as the salts containing thallium are included or excluded from the 
comparison. 

With respect to the Optic Axial angle phenomena it is only necessary 
to emphasise that for this double selenate series, as for the double sulphates, 
the double refraction is throughout of negative sign, the minimum a-axis of 
the elbpsoid being the first median line (acute bisectrix), and the y-axis the 
second , and that these two axes of the optical ellipsoid (mdicatnx) are dispersed 
m the symmetry plane to a similar small extent, varying in the seven different 
salts from 17' to 35', m the same sense, which brings the first median line nearer 
to the inclined crystal-axis a for green thallium light than for red hydrogen light 

Conclusion 

The results for the double selenates are thus analogous in every respect to 
those for the double sulphates containing thallium The replacement of 
sulphur by selenium causes all the constants to be pushed on somewhat, just as 
it does in the alkali-metallic and ammonium salts, the unit cells of the structural 
space-lattice for instance being enlarged, and the mterfacial angles and physical 
properties correspondingly altered The amounts of change are never larger, 
however, than such as have now been shown generally to accompany 
lsomorphous replacement 

The not effect of replacing sulphur in all the double sulphates by selenium is 
to leave the relations of the thallium double selenates to the double selenates 
containing potassium, rubidium, cwsium, and ammonium almost precisely the 
same as has been stated m the preceding communication for the double sulphates 
The two senes confirm each other absolutely as regards those relationships 
While the potassium, rubidium, and ctcsium salts containing the same M-metal 
show the regular eutropic change following change of atomic number and 
weight, the ammonium and thallium salts do not show any relationship to 
atomic or molecular weights, but only such changes as are similar m amount, 
lying between the limits of the potassium and cseaium salts, and being thus of 
the small order just referred to, characteristic of isomorphous replacement 
Yet the ammonium salts do show one constant aud significant property, that of 
being nearly perfectly isostructural with the analogous rubidium salts and of 
exhibiting constants very close to those of the rubidium salts And the thallium 
salts, likewise, show tendency in the same direction, but the similarity never 

VOL oxvm — a. 2 p 
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proceeds as completely towards identity as m the case of the ammonium Balts 
This fact, however, m regard to all morphological properties, such as crystal 
angles, and the directional sue and volume of the unit space-lattice cell, obviously 
brings the thallium salts well inside the isomorphous senes, and not as extreme 
members, these latter being the potassium and csesium salts One outstanding 
and very striking exceptional property the thallium salt possesses, however, 
which at once distinguishes it from all the other R-base salts of the senes, namely, 
its very high optical refractivity 

Compared with the remarkable determinative effect on the crystal form 
and properties which interchange of the five R-bases has been shown to exert, 
the very sbght effect of interchanging the M-metals is again shown in the 
cases of the seven thallium salts A glance at the tables on pp 421 and 424, 
showing the changes m the important axial angle (3 of the crystals and in the 
molecular refraction, two typical morphological and optical properties, will 
at once render this fact quite plain That the structure of the atoms them- 
selves, and their positions m the penodio table, determining their structure, are 
prime causes must be evident, and this is a line of study which it is hoped in 
future work to take up and elucidate 

It is, however, already certain that the eutropic progress of the potassium, 
rubidium and caesium salts is due to the progressive enlargement of the 
atoms of these alkali metals, by a complete shell of 18 electrons each time we 
pass from one to another, corresponding to the increase of 18 in atomic 
number, from 19 to 37 and 65 It corresponds, indeed, to the passage from 
argon to krypton and xenon, the complete-shell (and therefore inert) elements 
next below them m atomic number, 18, 36 and 64 And the very mobile 
extra electron left outside the outermost complete shell amounts for the 
great (maximum) electro-positive chemical activity which these alkali metals 
display, enabling them to form this magnificently crystallising series of 
isomorphous salts 

This communication now closes the author’s long descriptive and comparative 
study of this great isomorphous senes of 77 salts, rounding off the work on the 
alkah-metallio and ammonium salts which was brought to a conclusion m the 
1922 memoir* (which gavo as an appendix, p 262, a complete list of the memoirs 
published since the inception of the research in the year 1890) by a description 
of the whole of the analogous thallium Balts of the senes, a task which has 
proved much more difficult, but is now satisfactonly completed 


' Roy Soc Proc A, vd. 101, p 245 (1922) 
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The Bending of a Centrally-Loaded Isotropic Be< tangular Plate 
Supported at Two Opposite Edges 
By A B H Love, FRS 
(Received February 6, 1928 ) 

1 The plate will be taken to be of uniform isotropic material, the elastic 
quality of which is specified by its Young’s modulus E and Poisson’s ratio <r, 
and it will be token to Ik* of small uniform thickness 2h The flexural rigidity 
D of the plate is then given by the formula 

D = |EA»/(l-o*) (1) 

The initially plane middle surface of the plate will be taken as the plane of 
rectangular cartesian co-ordinates x, y, and the edges of the plate will be taken 
to cut this plane m segments of the lines X = ± a, y=±b, so that the length 
of the plate is 2a, and the breadth '2b 

The plate will bo taken to be bent by concentrated pressure P, applied to one 
of its faces in a lino normal to the faces and passing through the origin, the 
centre of the rectangle The deflexion w, or the displacement of a point of the 
middle surface in the direction of the pressure P, is the quantity to bo 
determined 

The problem has a certain interest m connection with the experimental 
determination of the constants E and a See § 12 infra 

It is known* that w is given by a formula of the form 

«’ = g^{(^ + ifl log ' + x}, (2) 

where r denotes the distance of the point (x, y) from the origin, and x is a certain 
bi-harmonic function determined by the boundary conditions, that is to say x 
is free from singularity within the rectangle, satisfies the equation 



at all points within the rectangle, and further satisfies certain conditions at the 
boundary 

The edges x — ± a will be taken to be supported, and the edges y = ± 

* See my u Elasticity,” Chapter XXII 


2 p 2 
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to be free The conditions to be satisfied at the supported edges x = ± a 
are 

w = 0, V*ir — 0, (4) 

where V* stands for f^/dx 3 + 8*/%* The t onditions to be satisfied at the free 
edges y = ± b are* 

**-<•-£-* |jv.„ + (l-,)g },-0 (5) 

They express respectively the vanishing of flexural couple and transverse 
force 

The problem is reduced to the determination of the function / 

2 To determine this function we begin by transforming to a circular boundar y 
The region within the rectangle in the plane of the complex variable z { = x -f- ty), 
can be represented conformally on the half-plane Y > 0 in the plane of a 
complex variable Z ( = X + »Y) by the equation - ) - 

Z - V* an fj( s + *&)}. (6) 


where the modulus k of the elliptic function is determined by the equation 

K'/K = 26/0, (7) 


so that k depends m a known way upon the ratio of the breadth of the rectangle 
to its length 

The region within the circle |£| = 1 in the plane of an auxiliary complex 
variable £ (= 1; +*■»}) can be represented conformally on the same half-plane 
Y > 0 by the equation 


X. 


t-Z 
» + Z 


( 8 ) 


and from the elimination of Z between the equations (6) and (8) there results an 
equation by which the region within the rectangle in the z plane is transformed 
into the region within the circle in the £ plane 
The differential forms of the two equations of transformation are 

and 

dZ = -2»(l-Kr*(«;, 


* These can be obtained from results gn en in ray " Elasticity," Chapters XXII and XXIV, 
or from those given in Rayleigh, “ Sound," vol I, § 215 
f See A R Forsyth, “ Theory of Functions of a Complex Variable," 2nd edn , Cambridge, 
1900. p 639 
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and, if a real positive acute angle a is determined by the equation 

tun 4a = \A> (9) 

these differential formulae combined with (8) give 

rf _ Ixa dt 

’ K(l + i) (10) 

from which, w ith the condition that z — 0 at £ — 0 , it appears that 

s = -KllTXj„isTT p -<- !! *» ^ (») 

where P„ is the symbol of Legendre’s »th coefficient This formula holds at all 
points on or within the circle |£| = 1, and shows that the function zjX, ih a 
holomorphic function of £, or of s, m the region lioundcd hy the circle, or the 
rectangle It follows that the function log (r/p), where p stands for |£|, is 
harmonic within the rectangle, that is to say is free from singularity and 
satisfies the equation V* {log (r/p)} = U 
Since the product of x* -{- if and a harmonic function is bi harmonic, it follows 
that, instead of the formula (2), we may take 

» = ((^ + 2/*) lo g P +■/} (12) 

Then / is a bi-harmomc function to be determined by means of the boundary 
conditions (4) and (5) 

3 Let us suppose temporarily that all four edges of the plate are supported 
Then we shall have the displacement w expressed by the equation (12), in which 
/ is bi-harmonu and, at the edges, wc shall have 

/ - 0, V*y — — V* {(** + if) log p} (13) 

Now we have, everywhere in the rectangle except at the origin, 

V 2 {(■*■* + y *) log p} - 4 log p + 4 ( 'x £ + log p 

At all the edges p -- 1 so that this becomes, at the < dg' y = b, 

?*{(** + y 2 ) log p} = 46 
Also, at the same edge (y == 6), 
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for it is the ratio of corresponding short lengths in the two planes The other 
edges can be treated in the same way, and we see that, at the edges y = ±6 
we must have 


/ — 0, V»/=-4& |||, (14) 

and at the edges x = ± a we must have 

X = 0, VV— | (15) 


Prom the symmetry of the conditions it is seen that / must be an even func- 
tion of x and an even function of y Certain even bi-harmonic functions of x 
and y vanishing at all the edges, are known in the forms 


X /f/smhvg 
\b sinh vb 


cosh v y \ 
cosh vb 1 


COS VX, 


(16) 


where v = (2« 4- 1) rc/2a, n may be any positive integer, and the letters r, y 
may bo interchanged, a, b bemg interchanged at the same time We see that 
we could determine ^ by the formula * 

/ = X A,X. + 1 B b Y„, 

where Y„ is the function obtained from X* by these interchanges, if we could 
determine the constants A, and B„ For this purpose we should require an 
expansion of | dtydz j at y = b in a series of the form Ea„ cos vr, and similarly 
for x = a. 

4 We proceed to form an expression for ( d^/dz | at y — b, and to expand it 
in a Fourier senes valid in the interval a > x^> — a We ha\ e 

dX. _ — 2i, 
dz (t+zr 
and 

^7 = ^ cn {f ( s + lb ) { dn| ~{z + ib) j 

Also, at y ~ 6, 

-(r + i6) = — +*K', 

a a 

so that 

p 1 dZ _ _ K dn(Ka;/a)cn(Ky,'fl) 

y/k sn(K */«)’ dz a-y/l sn*(K xja) 

In these we put 


x = — o-f at/K 


(17) 
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Then, at y = 6 m the interval 2K we have 

liKk^yi sn t 

dz a (*y/k cut —ili \t) v 

and 

K I = 2K(1 — k)\/k sn t 
\dz\ a 1 — Atm 2 ! 

We expand the function sn 1/(1 — i sn 2 !) m a Founcr scries of the form 
Sa, cos (nirl /2K) + 6 n sin (nirt /2K) The function being uneven, we know 
beforehand that the coefficients a n must vanish Disregarding this for the 


oxr f 2K sn! mzt ,, 

— I cos — — at, 

J_ 2k l — Hsn- < 2K 

lir , f 2h - sn! mzt 

2Ko_ — I sin — at 

J-2K 1 — km* t 2K 


(a H + tb n ) 2K = 


J_»K 1 — kan*t 


e \(nxtliK) dt f _ I ( 


(19) 


To evaluate I we treat t as complex, and take the contour integral 
f 8D * e < Oiwt/iK) ft 

J 1 — ksn*t 

round the rectangle in the t plane with vertices at — 2K, 2K, 2K + 2iK', 
— 2K + 2tK' Since the elliptic function has the periods 4K, 2iK', and the 
exponential function has the period 4K, tho contour integral is (1 — gr*) I, where 
q = e - * 1 '/* The contour integral is equal to the product of 2m and the sum 
of the residues of the function at those of its poles that are within the contour 
These poles are at ± K j- J»K' and ± K + ]tK' The residue at any pole 
is the value of 

2&cn!dn! 


at that pole It follows that the contour integral is equal to 

„ f eW-q'* e-W-q*! 4 j 

[2i(l-k)^/h ~ 2* (1 — k) y/l to(\-k)y/k^'*i{l-k)V k )’ 

or wc have 


I “(F-i7Vi 2 ‘“ ,nl ?i+7 s 


( 20 ) 
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We have the result that, at y = b in the interval a — a, 

151-5 S Md , ij»±il«* o 0 . fehllg (31 ) 

\dz I a n _ o 2a 2o 

In the saint. way it can be proved that, at x — a, in the interval b j> y > — 6, 


51 =? i 


* 


lb 


(2n + l)7ty 
lb 


( 22 ) 


5 Reverting to the problem of § \ we determine / as the sum of two 
bi-harmonic functions y x and / 2 , where Xi i» of the form 
* ^ /x smhjax _ coshjw^ 

\a smh (xa cosh \ia' 


/i=L ( 

|x being (2»i + l)n/2b, and is of the form 

y tj / V smh vy _ cosh vy \ 

/s ~ w T(i * ' 6 smh v6 cosh v6/ 


cos jxy, 


(23) 


(24) 


v being (2n + 1) njlu At the edges y - ± 4, Xi satisfies the conditions 
/t ” 0, V*Zi = 0 , 

at the edges X = ± a, it satisfies the condition /, = 0, and, at these edges, 
it will satisfy the. condition 


if 


VVi- -4« 


£1 
dz r 


2A„ ^ = _ 4a£ sech |x« (25) 

a Binh [xa o 


The coefficients B„ can be determined in the same way, and we have the solution 
of the problem m the form 




cos py 


^ *, smh jxa i cosh pa; _ r eonhjxx' 

*=o (2 in 1) cosh 2 (xa * cosh |xa a smh fxa/ ’ 

+ 4HS _ 

(2n + 1) cosh* v6 \cosh v6 6 smh vft/ J 


(26) 


(x and v being (2m + 1) tv/ 26 and (2n + 1) 7t/2a 
This problem of the centrally loaded isotropic rectangular plate, supported 
at all four edges, was solved by Hencky,* by starting with the form (2), and he 
* H Hencky, “ Der Spannungsxustand in roohteckigen Platten ” (Dim ), Mflncbcn, 1913 
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completed the solution for a square (a — b) The problem is simplified very 
much by starting, as above, with the form (12) I have verified that, when 
o = 6, the above formula (26) and Hencky’s formula) lead to the same numerical 
value for the central deflexion, viz , (0 1467) (Po 2 /irl)) 

6 The bi-harmonic function /, will be useful m the problem of the plate 
supported at the edges x = ±a, and free at the edges y — ± b The conditions 
to be satisfied in this problem were laid down in § 1 For brevity we w rite 

/.o =- (** + '/) log p 
Then we seek a solution in the form 

w - (P/firrD) (/„ + /, + /« + /a + /*)> ( i7 > 

where / x is the function so denoted m § 5, and all the functions / t , / 3 , / 4 

are bi-harmomc, and arc even functions of both x and y 

The function y 0 expresses a displacement, vanishing at all the edges, and 
maintained by central load and by certain flexural couples and transverse 
forces at the edges , and the function / x has been adjusted to give no flexural 
( ouple at the edges y = ± 6, and to give no displacement at any edge, and so 
that the flexural couples answering to it at the edges / — ± a bnlance those 
answering to / 0 

All the functions / a , / 3 , / 4 will be adjusted to give no displacement and no 
flexural couple at the edges x — ± a 

The function / 3 will be adjusted to give no transverse force at the edges 
y — ± 6, and so that the flexural couples answering to it at these edges balance 
those answering to /„ 

The functions y 3 and / 4 will be adjusted to give no flexural couple at the edges 
y — ± 6 The transverse forces answering to y 3 at these edges will balance 
those answering to fo, and the transverse forces answering to fa at these edges 
will balance those answering to y x 

The combined solution gives no displacement or flexural couple at the edges 
* = ± <*> and no flexural couple or transverse force at the edges y = ± b 

7 The boundary conditions satisfied by f A are, at the edges / = ± a, 

/, - 0 , V */2 - <>. ( 28 ) 

and at the edges y = £ 6, 

= 0 (29) 

We seek a solution m the form 
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v being (2w + 1) 7i/2a This satisfies conditions (28), and it will satisfy the first 
of conditions (29) if, at y — ±.b, 


a - {2v* B„ cosh vy — (1 — <t) V s (B* vy sinh vy + B n ' cosh vy)} = 0, 

°y 


that is, if 

B, {(1 + a) sinh v6 — (1 — o) v6 cosh v6} — B„' (1 — o) sinh v& = 0 
so that x„ can be expressed in the form 
X a = 2 B„ [vy sinli vy — (vi coth v6 — (1 -j- o)/(l — c)} cosh vy] cos vx (30) 


At the edge y = b, log p and its x-denvatives vamsh, and V 2 Xo = 46 1 d^jdz | , 
and therefore the contribution of /„ to the left-hand member of the second 
of conditions (29) is 

47t (6/a) 2 scch v6 cos vx 

n°Q 


The contnbution of / 2 to the same is 

2 B„ {2V 3 cosh v6 -f- (l -f <t) v* (v6 Sinh v6 — v6 coth v6 oosh v6) 

-f- (1 4- o) V s cosh v6} cos vx 


Hence this condition is satisfied if 
inb 


B, = - 


tanh v6 


(31) 


(32) 

(33) 


iAi (3 4- <y) cosh v6 sinh v6 — (1 — a) vf> 

Tho function x s ia determined by the formulae (30) and (31) 

8 The boundary conditions satisfied by x 3 are, at the edges x — i <# 

Xz = 0. V*X3 - o. 

and, at the edges y — ± 6, 

V-Z, - a - •> =• ®- |[{v + (1 -«)^| <X. + &> | - » 

We seek a solution in the form 

Xa = 2 (0/ vy sinh vy 4- C„" cosh vy) cos vx, 

v being (2n 4- 1) ir/2o This satisfies conditions (32), and it will satisfy the 

first of conditions (33) if 

20/ cosh v6 4- (1 — o) (0/ v6 sinh v6 4- 0„" cosh v6) = 0 
We therefore take y a to have the form 

v = y n ! 'V Bmh v y c ™ h eo8 vx 

* 3 h = o * i v6 sinh v6 +{2/( 1 — <r)} cosh v6 cosh v6l 
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To determine the constants C B we have to express the contribution of / 0 to 
the left-hand member of the second of conditions (33) We have 

and 

-si; + *s($>-* 2 3p 

Along the edge y — b, where p is constantly 1 for all values of /, and c'p/dy is 
I d^/dz | , this gives 

III 

Again 

and, therefore, along the edge y = ft, 

&-fr*i + *n»£}\SI 

It follows that the contribution of /„ to the left-hand member of the second 
of conditions (33) is 

{(10 — 2o) + 4(2 — ff )i^ + (l-o)(/ 3 + 62)|i}||| (15) 


Tn this we may take, according to (21), 

It*I =5 “ 2 sech Xft cos X x, (21,6m) 

| dz I a i_ 0 

X being written for (21 -f- 1) it /2a, and we have to express (35) as a senes of the 
type 2-yv cos vas m the interval a > x > — a 
9 To this end we begin by observing that the senes in the nght-hand member 
of (21, 6t«) can be differentiated term bv term as often as may be wished, for the 
coefficients sech Xft secure uniformity 7 of convergence of the denved senes 
Thus wc have, m the interval a > x > — o, 

^ T" I T* I = - 2 (—X® sech Xft sm X x), 
dx [ dz | a j=o 

fa» + &*) I ~ I = - 2 {- X s (a? ft 2 ) sech Xft cos a®} 
ar | dz | a uu 

The functions represented in the above interval by the senes m the nght-hand 
members of (36) are even in x, and they are capable of expansion bv Founer 
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series, for they arc continuous and have continuous derivatives of all orders at 
every point within the interval We wish to expand them m Fourier senes of 
cosines of multiples of tot / 2a Before it can be expanded in Huch a senes, a 
function, even m x, must be defined in a wider interval 2a > * > — 2a Let 
/ (a;) denote the function to be expanded, and let a new function F (a;) be defined 
by the conditions 


in a > x > — a, F (a;) =/(x), 

in 2 a> x> a, F (a-) = -/(2a - x), 

m — 2o < x < — a, F (x) = —/(2a + x) 


(37) 


Then F (x) is defined at all points of the interval 2a > x > — 2a except the end 
points and the points x = ± a, at which it is, and legitimately may be, left 
undefined The function F (x) can be expanded m a Former Beries of cosines 
of multiples of nxj2a, and this senes is convergent, and its sum is / (x), at every 
point m the sub-interval a > x > — a Further it can be proved without 
difficulty that all the coefficients of cosines of even multiples of tc xjla are zero, 
and that, if the series is 


then 


F (x) — E Gt" cos vx, 

■ =0 

ju 

a n a — 2 1 /( /) cos wrtfx, 


m 


v being (In + 1) nJ2a 

10 To apply this process to the functions represented by the right-hand 
members of (36) we have to evaluate the integrals 


and 



sech \b Xx sin Xx) cos vx dx, = U„ say, 


sech >i> XV cos Xx) cos vx dx, — V„ soy, 


X being (2Z + l)n/2a, and v being (2» -j- l)n/2a The factor sech X6 secures 
uniformity of convergence, and therefore the order of the operations summa- 
tion and integration may be interchanged Wc thus find 


U„ 


- | — sech v6 -f (2n -f 1) £' 


21+1 


(l-n)(l + n + l) 


- 1) ,+ - sech X&} 1 


(JvV — l)sech vfe 


+ (2.+ + (- ■)"■ -h U] 


(39) 
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where the accents attached to the signs of summation indicate that the terms 
in which l = » are to be omitted from the sums 
If we write 


2* + l 


i-o ^ (1 — ») (l + n + I) 

m + i) a 


: i?n ( l) \l-n)'(l + n + l)'“ 


(40) 


the expression (35), which is the contribution of / 0 to the left-hand member of 
(33), will become 

(tc/o) 2 [{6 + i (1 — <j) — (1 — o) v a (fr* + J« 1 )} Hech vf» 

+ (- 1)* (2» + 1) {2 (2 - a) L. - * (1 - u) M,}] cos vx (41) 

The contribution of / 3 to the left-hand member of (33) is found, after a little 
reduction, to be 


1,1^ 


(3 + g) tanh vft — (1 - a) vA sech 2 vi 
tanh v6 + ‘2/((l — o) v6} 


(42) 


and thus the coefficients C* are determined by the equation 

,, _7th tanh vh + 2/{(l — g)v6} 

* a (3 + o) tanh v6 — (1 — o) v6 sech 2 v6 

X [{(1 - a) (6* + W) - l -^ j sech vft 

+( - 1) ' u (SrTW (2(J -’ )1 "7 i(, - ,)M - } ]' (4,) 


where L„ and M* are given by (40) These cm fhcients bemg known, the func- 
tion & is given by (34) 

11 The boundary conditions satisfied by are, at x = ± a, 

X* ~ 0, V^/ A — 0, (44) 

and, at y = ± b, 

+ — "Ij^j (/« + /«) = « (45) 

Just as in § 8 we find that the first three conditions are satisfied by taking y A 
to have the form 


S D„ j— 

nmO [vO 


smh vh + {‘2/(1 — a)} cosh v6 


-52%»U 

cosh vo J 


(10) 
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To determine the coefficients D„ we have to express the contribution of Xi 
to the left-hand member of the second of conditions (45) at the edge y = b 
We may write m the form 

^ smhttg 

^ t=0 (2A, + 1) cosh ® tea \cosh w» osmium/' 

k being (2k 1) 7t/26 Then this contribution will be found, after a little 

reduction, to be 


.coshx* xsinlucx\ 


2 , _i). -is*- I _„_ 0) 

j- 0 ' (2&-f l)cosh 2 /<aL\ *unh#ca ' 


cosh kg 


cosh kx 


Just as in § 9 we expand this expression in a senes of the form cos vx, vahd 
m the interval a > x > — a We put 


cosh kx — £ 
x sinh kx ~ it cos vx 


£ a,' cos vx 

l 

J 


(49> 


Then 


mja — 1 cosh kx cos \xdx, 
P.'o=| x smh kx cos vx dx 
On performing the integrations it is found that 


= (- 1 )" 


K»+V» 


ot / ( 2v , 4 jcv cosh k 

* - ( - lr b++"*~-F++r— 


(50) 


Hence the contnbution of Xi to the left-hand member of the second of conditions 
(45) at y = 5 is 

»* irr {<* -*&■ - » - - 

(51) 

The contnbution of y 4 to the same is found, as in § 10, to be 

1 S ^ ,(3 + <j)tanh v6-(l-o)v6sech* v& 


(52) 
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and thus the coefficients D„ are determined by the equation 
D, w (~l) y tenh v6 + 2/{(l — q) v61 




(3 + a) tanh v!> — (1 — o) v6 sech* v6 


v being (2n + l)7c/2o, and k being (2k + 1) tc/ 26 These coefficients being known, 
X 4 is given by (46) 

All the terms of the solution expressed by (27) have now been found, and the 
problem is solved 

1‘2 From time to time it has been proposed to determine elastic constants, 
especially of crystals, by measuring, by an interferential method, the central 
deflexion of a centrally loaded rectangular plate, supported at two opposite 
edges Reference may be made to a paper by A E H Tutton,* where will be 
found an account of previous work on similar lines, and to a recent paper by 
W Mandell f Such measurements can be made with great accuracy , but, 
in order to infer the values of the elastic constants, it is necessary to apply a 
formula for the central deflexion of a plate so loaded and supported The 
theory of crystalline plates has not been made out, and, unless the plates are 
thick enough (in proportion to then breadths) and narrow enough (m propor- 
tion to their lengths) to be treated as bars, no formula is available For a long 
thm narrow bar, loaded centrally, and supported at its ends, there would be a 
formula for the central deflexion tv# which, in the notation of this paper, would 
be 

w 0 = Pa*/8EA*6 , (54) 

and this would hold for a bar of crystalline material, provided that E is the 
Young’s modulus of the material, answering to tension in the direction of the 
length of the bar J 

The method could, of course, be used for isotropic materials, and then there 
wpuld be available the formulae of this paper From these it would appear that 
the central deflexion w 0 of the plate, besides being inversely proportional to the 
Young’s modulus E of the material, would depend also, in a way that is by no 
means simple, on the Poisson’s ratio <r In order to test, or exemplify, the 
approximation to the bar formula (64) as the ratio a b increases, and to illustrate 
the dependence of the central deflexion on the value of a, I calculated the values 

* • Phil Tmu ,’ A, vol 202, p 143 (1904) 
t ' Roy Soo Proc ,’ A, vol 110 p 023 (1927) 

X Thu u the formula used by Mandell 
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of the quantity u» 0 EA , /Po l for various values of the ratio a b , and for two values 
of <r, via , | and J, between which the Poisson’s ratios of many isotropic materials 
are known to lie The results are recorded in the following table, where, in the 
line following the letter “ B,” is given the result of applying the bar formula 
<54) - 

Table of ?o 0 KA 3 /Po a 


X! 

], 

- 


4 

1 

0 1240 

0 2220 

0 3580 

0 4878 

I 

0 1305 

| 0 2144 

0 3593 

0 4918 

B 

ft 1250 

| ft 2300 

0 3750 

0 5000 


It will be seen that the values of the Young’s modidus, for isotropic material, 
that might be inferred by applying the formula (54) to a plate, of which the 
length is four times the breadth, would be likely to be affected by an error of 
about 2 per cent , the inferred values being too great, and the exact amount of 
the error depending upon the Poisson’s ratio of the material 
Tt may be observed that, if there were any effective instrumental method of 
measuring the central deflexion of a centrally-loaded rectangular plate of iso- 
tropic material, supported at all four edges, the theory of § 5 of this paper would 
lead to a very exact determination of the constant E/(l — a 2 ) for the material 
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Helatimtu aai ^ W&w Merhanict * 

By W Wilson, F H S , Hildrcd Carlilo Professor of Physics in the University 
of liondon 

(Keccivcd, February 9, 1928 ) 

The equations of motion of a < harg< d p utii le can Ik expressed in the following 
general fomif 

where 


II, -= p, 1 - eA„ 



and A is the potential of the electromagnetic held in which the particle is 
moving, e is the charge on the particle, m 0 is its proper mass and t is the proper 
time Where summation is implied it is extended over values of the indices 
from X — 1 to X — 4 Equations (i) do not represent gt odesios in the space- 
time continuum except in the special case where II, reduces to the ‘ mechanical 
momentum ” p. A very slight formal modification suffices, however, to 
convert them into equations representing a geodesic m a 5-dimenmonal con- 
tinuum To accomplish this we extend the metrical tensor 7 ,* by introducing 
new components defined bv 

<7s« — - A «> 

as well as a component g M , the significance of whit h mill lie left for subsequent 
investigation The momentum 17 can now be put in the form 

(X= 1,2,3, 1,5) 

* J)r H 1 Flint has drawn iny attention to a recent paper by O Klein (‘ / f Physik,’ 
vol 46, p 188 (1928)) in which au extension to fivo dimensions, exactly similar to that 
given in the present paper, is described The corresponding part erf this paper was written 
some time ago and without any knowledge of Klein’s w ork, and it is a fairly obvious 
corollary to ideas contained in the paper by the writer to which rofcicnie is made ( ttoy 
800 Proo ,’ A, vol 102, p 478(1922)) 
t ‘ Roy 800 Proc ,’ A, vol 102, p 478 (1022) 
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Since 

we must ha\ e 


U = A *« 



( 2 ) 


If we now extend the summation m equations (1) from X = 1 to X = 5 
and add a fifth equation 


/d_U 6 _ 

df / ih 


= 0 , 


(3) 


wc shall have the equations of a geodesic in a 5-dimensional continuum, and 
we shall refer to them as the extended equations (1) It is suggested that the 
extended equations may have more than a formal significance, t e , the coni- 
pon< nt g K and the co-ordinate if may have some, at present unknown, physical 
significance. 

Equations (1), as extended, can be expressed in the following equivalent 
form 

8 f^IT. df = 0, (k = 1, 2, 3, 4, 5), (4) 


where the limits of the int^ral are the conterminous points of the at tual path 
of the particle (a part of its “ world line ”) and a neighbouring path In fact 
the extended equations (1) can he denved from (4) by applying the theorem 
of Stokes Equation (4) is an extended Hamilton’s Principle * 

Let 0 and O' be neighbouring points on tho world line of an electron (or any 
particle) and let ABO A'B'C' be surfaces enclosing small volumes in 
the 5-dimensional lontmuum and con- 
taining 0 and O' respectively We 
shall regard A'B'C' as the “ parallel 
displacement ” of ABC correspond- 
ing to the interval 00' By this is 
meant that if ABC is the locus of 
the end points of displacement vectors 
OA, OB, (X!, , then A'B'C' is 

the locus of the end points of the 
vectors OA', OB', OC' which are tho parallel displacements of OA, OB, 
00 respectively For the sake of generality we will leave the metric of the 
continuum undefined It is obviously permissible to contemplate other metrics 
than that associated with tho fundamental tensor whose components g, k 
* * Roy Soc Proo A, vd 102, p 481 (1922) 
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describe the gravitational and, in tho theory now put forward, also the electro- 
magnetic field in which the particle is moving Tho metrical tensor implied 
m the volumes ABC A'B'C' will be represented by [i lA and we shall use 
[i to represent the determinant of the y.. k and the symbol y^ to represent 
the Christoffel bracket expression 




0J* / 


The contracted Christoffel expre ssion y® 8 will be denot'd by y„. 

The volume ABC is represented by tho integral 

v-j j|x»(V'¥ <¥ 

To get an expression for the increment of this due to the displacement from 
0 to O' it will suffice to consider the increment 

8 ({jl 1 dq l dq 5 ) 

or 

WS 1 5-), 

if we write 

'W -= $ 2 > 

and so on The general expression for a parallel displacement is 
S'* = - Hp 

and smee the vectors 

df = 5 * 

in the integral have each only one component we have 

8; 1 

S5*=--ri.w 


(5) 


( 6 ) 


where 

It is known that 




S') ... r , 
5 l e 5" " • 


r.-r-L 


2 a 2 
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Combining (5) and (6) we g< t 


It follows therefore that the increment of the small volume ABC 

by 


jrt* df 

j [nW <¥ 


r.) Y 


or 

8V/V =- K„Y> 


is expressed 


(7) 


where the vector y« — 1\ w d< noted by K, 

We will now adopt such a metnc (assuming tbs to be possible) that 

k. = «n„ 


where a is a suitable univirsal constant 
In the neighbourhood of a geodesic 


and therefore 


an.^ arig 

<Y 3f ’ 


"‘“Ir* 


where / is Rome function j {q 1 q 2 , q°) and consequently 


1 

v a?- 


K.=on. 


(«) 


(9) 


The extended I'quations (1) are obviously unaffected by substituting for fl a 
the vector 

n -^|' 

where >j is any function yj (q 2 q 6 ) 

The circumstances are exactly similar to those associated with the vector 
potential in electromagnetic problems, where it is usual to impose the condition 
that the divergence of the vector potential shall be zero We shall therefore 
subject the arbitrary function *\ contained in II to the condition expressed by 


div IT = 0, 


( 10 ) 



Relativity and Wave Mechanics 


445 


or, what ifl the same thing, 


i__a_ i i , A i_ 3vi 


or, li we c.irrv out the diff< rentiation and substitute aIT a for — 

' (>T V cq‘ 

(equation (0)) 

=“V‘n.iu (in 


If now a 1 be given the \ due — iir 2 /h- and if p«* — ni 0 g, K wc Bee that (11) is 
fck hrot i linger equation for a charged partH le The “ v olumo ” V is Schroedinger's 
function v Equation (11) is leally more general than Schroedinger’s, since the 
summations with respect to k and X extend from l to 5 It becomes exactly 
Sehrot dinger s equation in ( ertain limiting cases, for instance if V is independent 
of q & and if II 6 is zero 

In a ricent communication to the Society, II T Flint and I W Fisher have 
identified the Schroedingir function tj* with the gauge or metrical factor of 
space time defined by 

ds* — Xj/, A dxfds^ * 


This view of the meaning of ^ has a close similarity to that adopted m the present 
paper 

Let us consider the case when th< determinant, p, is constil uted is follows 


p = j p u , 0 0, 0, 0 , 

0 , p 22 0 , 0 , 0 

0 , 0 , p 33 , 0 , 0 (12) 

0. 0. 0, li*, p*, 

u » 0 . 0 . hs4. Uso 


where the indices 1, 2, 3 refer to rectangular axes of co-ordinates, x, y, z respec 
tivdy, and 4 refers to the time axis This form of p is suitable for dealing 
with an electron in what is approximately an electrostatir held We easily 
find for the components of the contra variant metrical tensor p“ 

= 1 / Hu. V? = 1/m «*. = 1/Haa» H 44 -= fc»/( (Xu ft* - ( 13 ) 


and so on 

We shall now deal with a nuclear atom consisting of a nucleus with a charge 
Ne and a single electron with a charge d = — e The only way to advance is by 
* ‘ Roy 8oc Proo A, voU 117, p 825 (1928) 
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keeping reasonably close to the older theory, which mimt be somewhere near 
the truth Thin forces 11 s to regard [i as sensibly constant (for such a system 
os wc are considering) We shall therefore write 

j* = — wi 0 r ’c*G, (14) 

where m 0 is the proper mass of the electron and G is a constant Wo have 

1*11 1*3* -= 1*33 = »«o. ( 15 ) 

t*44 = - »/*. 1% “04 = — 

where <f> is the scalar (electro-static) potential From (14) and (15) we have 

(% = «*„(' a-m (16) 

Suppose further that 

II 5 = 0 

This assumption is not so arbitrary as may appear at first sight It may be 
regarded as part of the description of the model of the atom which has already 
the features represented by 

TT* =2 angular momentum - constant, 
n, — constant, 


and since we have introduced a fifth axis we shall suppose the corresponding 
momentum TI 0 to be constant and assign it the value zero 
Now 

rr . < 1 ~‘ 

therefore 

— + VfA e ' fa* ~~~ °» 




1*65 = 


•w, 


(17) 


where (3 represents the ratio ~~ 

Equations (16) and (17) impose a condition on (5, which is not nm identical 
with the ~ m the ordinary restricted relativity If the old relativistic 
expression for ~ be represented by ft 0 , we have of course 

CJT 


(v-a-uvr 1 


From (16) and (17) wc have 


m 0 (G — ^/c 8 ) - nJ 0 *^p/e' 
or 

P = (G — **/c*) e' lnt 0 <f> 


(18) 
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Putting <f> — Ne/r and substituting in (18) wo find, when r is very small 

(3 — — Nee'/^cA (l'i) 

It is interesting to evaluate (3 0 and compare it with [2 We haw (if we 
consider a circular orbit) 

i» 0 P 0 «7'=-N«’7' 2 , 

and sin ci <>* = c* (1 — l/{3 0 ®) «e get 

(Po 2 -D/Po--N «7«V*' 

or for small values of r 

?o = — Nie'/iWuHr (20) 

If wc make the final assumption that m the case w« arc i onsid* ring the 
“ wave ” function V does not contain tf, so that terms hht 

av , aw 
a7 dnd 


vanish, then equation (11) becomes 


dq* 


,>■ 




= 1, 2, i, 4), 


since (a is constant From (13), (15) and (17), and from 
II, = p, (k -= 1, 2, 3), 


we get 




K(JjV,( a = 1,2,1), (21) 


where E -=■ f e'<f> is the energy of the electron This equation Incomes 

identical with Schroedmger’s equation for tho hydrogen atom, as originally 
given, ♦ if (3 is sensibly constant 

Equation (10) referred in the first instance 1o the immediate neighbourhood 
of the path of an electron or particle, while, in the guise of the wave equation, 
it is extended to hold everywhere This assumes that II has a m< aning at 
places where there is no electron at all In the wav< equation 1 1 K d/fkh, but 
not II„ is supposed to be given as a function of position, as arc the p‘\ etc , 
and the equation is therefore linear A solution of it gives V, and consequently 
1 3V 

V ‘ & t cver y P° mt K therefore any point and any direction, k, whatever 
are selected, the solution of the wave equation gives the appropriate value of 
* K Sohroodingor, ‘ Ann d Pbys vol 79, p 361 (1926) 
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IT,, even if the electron is not present Consequently the meaning to be attached 
toll is the momentum the electron or particle would have if present at the point 
in question We can now find a meaning for the wave function V (Schroedinger’s 
<J/) If a particle at some instant is actually within a “ volume ” V 0 it will be 
within a volume V, which is the parallel displacement of V 0 , at some later 
(or i arlier) instant If its position at any time is unknown, the probability 
that it is in a specified volume will depend m some wav on V This is, m fact, 
the usual vit w of the meaning of V or ^ 

It is easy to see that in the case of neutral particles not under the influence 
of a gravitational or electromagnetic field, the vrau* equation (21) reduces to 


or 


I v*V 


i d*y 




DW _ 4n a w 0 j c 2 . 
> 3f» ~ h* 


( 22 ) 


and therefore if then are neutral particles whose masses are sufficient^ small, 
their wave equation (in the absence of a held) will la the familiar one for the 
propagation of light in empty space This is in conforunfv with the original 
suggestions of L de Broglie ind it would appear that light (radiation) is a 
corpuscular phenomenon after all as Newton supposed it to he 
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An X-Ray Study of wine Simple J)crn aUve* of Ethane —Pait i 
By Kathleen Yabdlly, M Sc (Mrs Lonsdale), Amy Lady Tate Scholar 
(ComTminHRti.fl by Sir Willi mi lhnji<r,FKS - Km i\ id Ih comber 1C 1*^27 ) 

Hexachlorethane — OjCIu Molecular weight, 236 76 
This substance is typical of the halogen derivatives of ethane and will there- 
fore be considered m some detail 

Tnmorphum - -C 2 Clfl is orthorhombic at ordinary temperatures, but at about 
46° 0 it changes over to a tnclmic form and at 71° the tnclmic form becomes 
cubic * The process is reversible — 

45 1 - 4b 6 711 

Rhombic ,7 "* triclunc _ _7 cubic f 
43 1 71 1 

Gob? nor points out that this tnmorphism is also commOn to C 2 Br, and to 
the so-called symmetrical and asymmetrical forms of C a Cl 4 Br 2 , the four sub- 
stances forming a completely lsotrimorphous senes The transition tempera- 
tures ill the case of syirnn C 2 Cl 4 Br 8 are 80° and 108°-I09° C Those of the 
other two substances are not gi\en m the literature In the following paper 
only the orthorhombic forms have been studied 

Crystal iorm —This has been desenbed by Brooke, | Goszner§ and Federow || 
Goszner gnes 

Orthorhombic bipyramidal 

a b c = 0 5677 1 0 3160 
Density p = 2 091 grs /c c 

The X-ray investigation desenbed later shows that the o and c axes must be 
doubled Tho forms observed on crystals grown from an alcohol + ether 
solution named in accordance with the true unit cell, are {100} {210} {101} 
and occasionally {010} {ill} The crystals, when viewed along the [010] 
direction, present a pseudo-hexagonal appearance (fig la) and this fact is 

* Lehmann, ‘ Z f Kr>st vol l,p 100(1877), , vo 1 6, p 684(1882) 

t Schwarz, ‘ Z f Krysfc vol 20, p 014 (1890) , Goszner, t bid , vol 38. p 151 (1904) 

J 4 Ann Philos vol 23, p 304 (1824) 

$ Loc etl , noe also Groth, 4 Chem Krystallographie,’ vol 3, p 38 
|| Federow, 4 Das Krv stallreich ,’ p 254 
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emphasised- m Federow’s sotting He defines the crystals of C a Cl 8 and of its 

/ 6 \ 

uomorphous relations as having the “complex symbol” I 61 I and renames the 

\ -M / 

forms mentioned above as follows {0101} {110T} {0110} and {1000} {1110} 



Fio 1 

It should be noted, however, that in the [001] direction the crystal also 
presents the appearance of a hexagon with two truncated comers (fig 16) It 
will be seen later that the arrangement of the molecules in the unit cell accounts 
very simply for the pseudo-hexagonal appearance m the [001] direction, but 
not so readily for that m the [010] 

No twinning or cleavage planes could be observed, nor were etch figures 
obtained for C t Cl 6 Goszner, however, records the following results of etching 
with ether on C 2 Br e and C a Cl 4 Br a (symm ), which may conveniently be 
inserted here, since they indicate the holohedry of the senes 

On {100} Eight-sided figures, having two edges parallel [010], two parallel 
[001] and two similar pairs parallel to tho (100) (111) edges 

On {010} Similar eight-sided figures, but with the last four edges having a 
different inclination 

On {210} The figures were symmetrically disposed about all three s> mractry 
planes 

X-Ray Oontomelno Measurements —It was thought advisable to repeat the 
gomometnc measurements for 0 2 C1, as well as for the other members of the 
senes, using the Bragg spectrometer simply as a goniometer The method 
adopted was as follows The position of tho X-ray reflection on one side of a 
particular plane, say (210), was carefully found, the slit of the ionisation chamber 
being wide open Leaving the chamber in position the crystal was rotated 
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about the axis of the instrument until the reflection on tho same side of the 
(2l0) or (2l0) entered the chamber The angular distance between tho two 
positions of the crystal gives tho angle between tho two planes Other angles 
(110) (llO), (230) (230), etc , can very qmchly be measured, whether these 
planes occur as faces or not In fact, the number of angles that can be measured 
in any zone is limited only by tho intensity of the reflections from planes in that 
zone and by the patience of the observer In the case of the optical goniometer 
the number and perfection of the occurring faces is the principal factor to be 
considered This X-ray method is only applicable, of course, to orthogonal 
crystals, for which, however, it can give very accurate results The X ray 
method usually adopted, that of determining the exact angular positions of tho 
reflecting planes, by observing the reflections from each side of them is much 
less accurate, since it involves a shift of the ionisation chamber It is howi \ cr, 
the only available one if the crystal is not orthogonal or if the angle between 
planes of different spaemgs is required Photographic methods arc far less 
rebable for gomomctric measurements A comparison of results for (\C1# 
follows - 




Brooke 

Goszner 

Yurdley 

(210) 

(210) 

59 20 

59 10 

(oh* ) 

59 9 

(calc ) 

(230) 

(230) 

- 

- 

119 b 

119 8 

(101) 

(101) 

58 0 

58 12 

58 5 


(102) 

(102) 

- 

- 

il 2 

31 2 


Since the (23d) and (102) planes do not occur as crystal faces, they were not 
available for optical measurement The axial ratios calculated from the 
X-ray measurements are 

a b c = 1 1350 1 0 6302 

VotatiUmtxon of Crystal* —On exposure to the air tho edges of the crystals 
soon became rounded, and within a few hours the crystals had often disap|>eared 
A series of tamo-intensity observations wero therefore earned out, using a fr< '•h 
crystal to begin with A comparison was first made of the reflections from the 
(100) plane (fourth order), which is a well-developed face, and from the (001) 
plane (second order), which does not oocur as a face at all The complete 
reflection was plotted (ionisation current v angle of deviation) for each plane 
at intervals of 30 minutes to 1 hour, the ionisation chamber slit being kept 
wide open throughout the observations The “ integrated reflection ” obtained 
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by turning the crystal slowly and uniformly through the reflecting position was 
also measured at intervals, and a comparison was made with the NaCl (400) 
reflection 

Curves a b and o (fig 2) were obtained using a fairly small crystal After 
about two hours the crystal unfortunately began to slip m its mount in such a 
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way as to tilt the (100) plane while leaving the (001) plane vertical The faces 
on the crystal, however, were still sufficiently recognisable for it to be replaced 
in position and the readings continued The results showed that 

(1) The effects of volatilisation upon intensity arc similar whether the 
plane examined is an occurring face or not 

(2) It is not dependent to any discernible extent on the spacing (2 88 A for 
(400), 3 20 A for (002) ) 

(3) The decrease m “ peak intensity ” is very nearlj proportional to the 
tune of exposure for the first few hours 

(4) The same is true of the “ integrated intensity ” 

Other curves wore obtained for the (400) and (002) reflections from a larger 
crystal, measuring about 5x3x2 mm , which lasted for about 24 hours 
At the end of the period of observation (23 hours) there were still quite moderate- 
sized {100} faces, though all other faces had completely disappeared and the 
crystal had become very thin in the [100] direction, with tho result that after 
prolonged exposure the (400) reflection had diminished relatively less than the 
(002) In actual practice the crystals were never used when they had reached 
this stage It is evident that the process of volatilisation is a simple surface 
effect and that the diminution of intensity with time is largely due to the 
decrease m area of the reflecting planes In order to allow for this the crystals 
were chosen so that the planes in the zone to be examined were as far as possible 
of equal area, and one set of readings usually lasted about three hours The 
reflection from one principal plane was measured at intervals and the reflections 
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from the remaining planes in the zone were increased proportionally to tho times 
at which they were measured Most of tho intensities given m the tables are 
in terms of “ peak ionisation current ” The “ integrated reflection ” was only 
measured for the various orders of the main planes (100) (010) (001) (210) 
because, owing to the presence of a considerable amount of general radiation 
from the Rli target used, the peak current was much easier to measure during 
the limited time available for observations on each zone Moreover, the two are 
found to be roughly proportional, and the integrated reflection is only really 
necessary where accurate calculation is to be based on the intensity observations 
In order to make quite sure that the process of volatilisation would not affect 
tho relative intensities of the reflections of different orders from any one plane, 
a separate investigation was carried out, the intensities of the two orders of 
(1(H)) and of the four orders of (010) being measured at tho beginning and end 
of an interval of some hours, during which time each intensity dropped to about 
one quarter of its former value It was found that the intensity decreased 
proportionally for all the orders of either plane Tho impossibility of grinding 
different faces on these soft, volatile crystals made accurate measurement of 
the “ absolute intensity ” quite out of the question The intensity figures 
recorded for C a Cl 8 and for the other substances may therefore only be regarded 
as relative Also, it is not safe to compare the intensities of different planes 
except in a very general way Those of the different oiders of one plane may 
be compared with accuracy 

Size of Unit Cell It was mentioned above that the relative lengths of the 
original a and c axes had to be doubled to obtain the true unit coll This was 
found necessary because, although the spacings of a largo number of axial 
planes could be accounted for by assuming u unit cell of the original dimensions 
which would contain one molecule, the spacings of all planes {hit) having no 
zero index were double the calculated values if k were even and only normal if 
k were odd The true unit cell contains four molecules of C a < ’1, and is of 
dimensions 

a^ll 51 s, b = 10 14,, o = b 39 4 A 

Brawns lattice Adopting this new cell as a basis for calculation it is found 

(а) That no measured spacing is a multiple of the corresponding calculated 
spacing , 

(б) That those planes whose measured spacings are sub-multiples of the 
calculated spacings belong exclusively to axial zonos 

The latter fact proves that the Bravais lattice is r o , while both show that, as 
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far as can bo judged from the massed experimental data, the cell now chosen is 
the correct one The volatilisation of the crystals made rotation photographs 
difficult and complete sets of oscillations oven more so, but such as wore obtained 
agreed with the ionisation results and showed no spots which were not in agree- 
ment with the above cell Lauo photographs were easier to obtain, since larger 
crystals could be used, and photographs taken with the beam perpendicular to 
(100) showed a largo number of spots, all of which could be assigned indices 
without further enlargement of the axes 
Results of Observation — Table T gives the spacmgs and intensities observed 
on the ionisation spectrometer All axial planes (and all general planes in the 


Table T 



Spacing 

Intensities olwcnrd 



Plam 

- 

- 

- — — - 

Remarks 


( ak 

01* 

1 2 3 4 6 6 7 8 



100 

11 31, 

2 87, 

116 — 12 

Quartered 

010 

10 14, 

6 07 

74 - 18 — 72 — 28 

Halved 

001 

0 39* 

3 20 

— 41, — 4 - — 



on 

n 40, 

6 44 

00 4 16 1 

Normal 

021 

3 07* 

2 01 

0 6 - 

Halved 

012 

3 04, 

1 62 

— 1 — 



031 

2 98, 

3 02 

13 2 

Normal 

041 

2 35, 

1 18 

2 

Halved 

032 

2 32, 

1 19 

— 0 5 



013 

2 08, 

2 00 

28 — 

Normal 

023 

1 96, 

0 98, 

— 3 

Halved 

053 

1 46, 

1 40 

1 5 

No 

rtnal 

101 

5 r .8. 

6 60 

32 02 2 0 2- — 



201 

4 27, 

4 28 

19 24 8 1 — — 



101 

3 29, 

3 20 

12 5 — — 



102 

2 08, 

3 07, 

113 11 - — 



401 

2 62, 

2 00 

24 



302 

2 46, 

2 44, 

33 2 - — 



601 

2 17, 

2 10 

10 



103 

2 09, 

2 06 

5 - 



203 

1 99, 

1 97 

12 



001 

1 831 

1 80 

2 



403 

1 1 71, 

1 70 

4 



104 

1 68, 

1 67 

4 5 



205 

1 26, 

1 24, 

7 



406 

1 10, 

1 17 

1 6 



606 

1 06* 

1 00 

3 



110 

7 61, 

1 80, 

- - - 1C - - 2 

Quartered 

210 

6 00, 

6 01 

100 22 41 1 — — 

Normal 

120 

4 04, 

1 16 

— — — 11 

Quartered 

230 

2 01, 

2 92 

11 18 

Normal. 

410 

2 77, 

1 38 

0 

Halved 

250 

1 91, 

1 91 

7 

Normal 

010 

1 88, 

1 87 

26 — 



111 

4 89, 

4 90 

36 3 9 4 



211 

3 94, 

3 90 

0 3 



122 

2 63, 

2 63 

10 3 
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zones which were examined) with indices simpler than those actually recorded 
were looked for, but without success Thus it may be inferred that the reflec- 
tions from the different orders of the planes (043) (014) (105) (304) (130) 

(310) (140) (311) (233) , etc , were too weak, m general, to bo observod 

Altogether, the number of different orders of different planes looked for amounted 
to several hundreds m tho case of C 2 C1 8 , although oidy about 87 actual reflec- 
tions were observod on tho spectrometer 
The following planes gave first order reflections — 


1 

Cali. j 

Obs 

1 Intensity 

1 

( all 

Obs 

| Intensity 

121 | 

3 75, , 

3 72 

! MS 

332 

l 98, j 

1 98 

1 M 

221 

3 27, , 

J 2(1 

MW 

1 213 

1 9(>, 

1 90 

W 

112 1 

2 94, 1 

2 9.1, 

, M ft 

1 311 

I l 8.7, 

1 82 

MW 

131 1 

2 89, 

2 83 

1 VS 

141 

1 82, 

l 83 

MS 

321 

2 76, 1 

2 78 

i VV 

331 

1 82, i 

1 82, 

! w 

212 | 

2 09, i 

2 09 

w 

till 

l 80, 

1 79 

W 

331 1 

2 33, 

2 33 

. s 

• 432 

1 80, 

1 81 

! w 

421 

2 33, ' 

2 32 

M 

133 

1 78, 

1 78 

1 V1V 

141 | 

2 Jl, 

2 29 

XL 

522 

1 75, 

l 73 

| vw 

322 

2 21, , 

2 21 

W 

<21 

1 74, 

1 73 

MW 

232 | 

2 13, 

2 23? 

w 

431 

1 81, 

1 (11, 

i MS 

111 i 

2 11, ! 

2 11 

• \ w 

433 

1 52, 

1 53 

MW 

113 

2 03, 

2 05 

i Ms 

1 144 

1 34, 

1 35 

! V W 





344 

1 27, 

1 27, 

VW 

Vb 

- Very strum; 



- Modi rate 

" 

~ 

s 




V \\ 

— MVult rately w c»k 


MS 

=* Moderately strong 

\\ 

Weak 







vw 

Vi ry weak 




Space-Group and Moleculai Symmetry ('ertam planes on the [001 1 rone 
gave no reflections from any orders except tho fourth, eighth, etc , their spu< uigs 
thus being apparently quartered The only space group in the orthorhombic 
bipyramidal class for which quarterings would be expected is Q* 4 In that 
case, however, all the axial zones should show quart* rings m urtain planes* 
Since that is not so, it is evident that tho explanation of these quarterings must 
be looked for not from space-group but from intensity considerations 
Reflections were absent in odd ordors from all planes in the [001] zone for 
which h was odd , also from all pianos in the [100] zone for which k + l was 
odd All other planes were, m general, normal Assuming that all these 
halvings are real, the only possible space-group is QJ 6 . If the crystals should 
prove to be pyramidal only ft e , if there is no real plane of symmetry parallel 
to (010) ), then the space-group would be (*„ No suggestion has ever been 
* Nlggli, ‘ Geora. Kryst (lea Liskontwuoms,’ Leipzig (1019) , Astbury and Yordley, 
‘ PhiL Trans ,’ A, vol 224, p 221 (1924) 
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made that the crystals are not holohodral, but this possibility is not dismissed 
by the X-ray evidence It will be assumed throughout this paper, however 
that the crystal class is correc t In that cose each of the four molecules in the 
unit cell must possess either a plane or a centre of symmetry * Intensity 
considerations verv definitely eliminate the latter possibility The halvings 
found show that 

(010) is a pure plane of symmetry, 

(100) is a glide plane, translation ^ I 

(001) is a glide plane, translation ? 

The co-ordinates of equivalent points referred to a 1 centre of symmetry as 
origin ( ef Wyckoff.t who adopts a different origin of co-ordmates) are — 

t y z, z, 1 hr y\-z , } H* \ ~ '/ 2 " « 

— a: — y — - s, — x^ + y-2, \ — c —y \ -z, j-J J -'/J+* 

If the molecules possess 

(o) A centre of symmetry (fig 3<i), the points at which the centres of the 
molecules must lie are 

0 0 0, 0£0, i<>4, JH- 

(b) V plane of symmetry (fig 36), the co-ordmates of corresponding points 
m the planes of the molecules are 

x\z, - jr -- \ z — 

and there are two parameters x and s to be determined 



Jia 3 


* >nggli, , foe at 

t WyckofF, * The Analytical Expression of the Results of the Theory of Space Groups,' 
Carnegie Institute, Washington (1022) 
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The planes in the [001] zone may be divided into three < lasses according to 
their behaviour to X-ra)8 (see Table I) — 

(1 ) Planes (A Jc 0) for which h is even but not a multiple of 4 give normal 
reflections, e g , (210) (610) (230) (250) 

(2) Planes (A k 0) for which A is a multiple of 4 are halved (010) (410) 

( 1) Planes (A k 0) for which A is odd are quartered (100) (110) (120) 

The disappearance of all but fourth, eighth orders for (3) and of odd orders 
for (2) was remarkably complete m the case of CjCl e and was confirmed by the 
absence of any observable reflection for planes such as (140) (320), whose second 
orders should, if present, have been easily measurable, and for (430) (810), 
whose first orders might have been evpected from space-group considerations 
alone Now these results can only be obtained by an arrangement of units 
as shown m fig 4a, the pro]ection of all four units, A, B, P, I) on the (001) 
plane being identical 
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Smce the centro-symmetncal molecules would have no degrees of freedom 
(» e , no variable parameters), they would not be free to take up these positions, 
nor could any arrangement of their atoms cauw such a complete disappearance 
of expected planes 

The parameter r ( ( b ) alternative) can, however, be adjusted so that four plano- 
symmetncal molecules would lie in the A, B, P, D positions For such an 
arrangement a; = £ ( j, f or f ) According to the space-group A and C (and 
similarly B and D) muBt be mirror-images of each othei m the (100) plane In 
order that their projections on (001) should be identical, the molecule itself 
must possess, m addition to its real plane of symmetry parallel to (010), a 
pseudo-plane parallel to (100) or a pseudo-centre (fig 46) It is now easy to 
see a possible reason why the crystals present the appearance of a truncated 
hexagon when viewed along the [001] direction (fig 5) 

VOL CXVUI— A 2 H 
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If the molecule possesses a pseudo plane parallel to (100), the projections of tho 
four molecules on (010) would be as show n m fig 6a, the projections of A and 



C being identical, as are also those of B and D This would cause a complete 
disappearance of the second orders of (101) (102), etc (and ui general those 
of (h 0 1) where h is odd) and of tho first orders of (401) (403), etc (t e , of ( h 0 1) 
where A is a multiple of 4) Now many of these reflections not only occur but 
are very strong The molecule, therefore, docs not possess a pseudo-plane at 
right angles to its real plane of symmetry 
In the case of a pseudo-centre the projection on (010) would be as shown in 
fig 66 Here the apparently identical molecules are an undefined distance 2 z 
apart m the [001] direction, and it is theoretically possible to adjust the value 
of 2* so that none of the reflections actually found would be expected to vanish 
A third alternative, fig 6c, is possible, though highly improbable This is 
the case m which the projections on (001) of the two “ arms " of the molecule 
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are similar, though they are otherwise quite unlike each other This possibility 
will not be considered in any detail 

We are therefore left with a molecule having a real plane and a pseudo-centre 
of symmetry, which, as a whole, possesses one unknown degree of freedom, 
the parameter z Simple mathematical considerations can be used to limit the 
possible values of z 

The pseudo-centres of the molecules lie m the positions (J J z) (— | — J — z) 
(— lii — *) (J — H + 2), and thus for each atom lying at (£ p, £ + q, z + r) 
there will be other atoms at (| — p, \ — q, z — r) (| 4- p, \ — q, z + r) 
(i ~ P< i + ?. 2 — r) and 12 other positions The resultant effect of all those 
atoms will be proportional to 


,^, Ap, "{ C08 27 ™|ji + 4 + lz + (hp + kq + ir)J 

-1- cos 27 tn[ g + | + Iz - (hp + kq 4- lr) j 
1 cos2«»[|+. | + fe \.(hp-kq + lr)\ 

+ cos 2im | ^ + £ + k — (hp — kq + lr) j + 12 other terms j 

- ^ r [cos 2 nn (| + | + ) [cos 2 im (bp + kq + lr) 

+ cos 27 m (hp — kq + lr)] 


+ cos + 4 + | — fej [cos 2im (hp f kq — lr) 

-f cos 27m (hp — kq — ir)]j 

— r hp,* [cos 2 thi (| + g + fe) cos 2 tcm (hp -f- lr) cos 27 tn kq 


+ cos 2 tc« ( +■ | + j — lz ) cob 2 nn (hp — lr) cos 27m fcgj 
b 

cos 2 tw (hp + lr) = X, cos 2 tto (hp - lr) = Y, 

Exp — ^ cos 27 m kq [x cos 27tn (| + | + hi) 

+ Y cos 2tt» + J + ± - to)}, 
X — Y if h = 0 or 1 = 0 


2 H 2 
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Then expression vanishes when 

oos2rcn(| + | + b) + cos2™l^i + | + f ~ fe ) = °* 

te , when 

cos2th^+ *+ j) cos2nn(~ + - — kj = 0, 


* e , when 


= odd integer, 

( 1 ) 

or when 

»(h + l-4Iz) 

= odd integer, 

( 2 ) 

I = 0 for zone [ 001 ] 





Then from ( 2 ) odd orders must vanish if A is odd, and from ( 1 ) odd orders 
vanish if A is odd and A a multiple of 4 
» = 2, 6 , 10 4N — 2 orders vanish if A is odd 
Table I shows that these conditions are fulfilled A = 0 can be considered 
in the general case where 

X * Y 


Then the expression vanishes when the terms vanish separately That is, 
when 

« f ^ ^ + 4lzJ — odd integer 

and 

» [2h + 21 + 5 + 1 — 4k) sa odd integer 
These conditions are both fulfilled if 

— -4- nk -f 4nlz = odd integer 


There are eight different cases to be considered — 


«A = 4N ] 

4N] 

,4N + 1] 

4N + 11 

4N — 1} 

4N — 1] 

4N + 2] 

4N + 21 

ni = 2M + lJ 

" 2 m] 

2M + 1J 

2 M J 

' 2M + 1 j 

2 M J 

2 M + lJ 

2M j‘ 


For example, 

If nA = 0, 4, 8 4N) 

and nA = 0, 2, 4 2M j 


then reflections will vanish for which nlz = 


1 3 5 

4’ 4 ’ 4 


2P + 1 
4 
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There have been observed — 

(401) (421) (441) therefore s 

4 4 

(002) (022) (042) (062) (082) (402) (422) therefore s * *, | | 

(043) then fore z ?£■ — 

12 4 12 

(004) (024) (044) (064) (404) (804) (114) therefore z * 1 5 

lb 16 1<) 

(406) therefore 3 y* - - — , - 

v ' 20 20 1 

(046) therefore s ^ 

By similar reasoning we find that the obt>a ltd planes exclude all the following 
values of z - 

oiliiiii 1 !! 1 1 1 ^ 1 ' 

32 24 20 16 12 32 10 8 20 32 6 10 5 24 32 4 

M J 5 1 U T 3 2 U 5_ 9_ 1_L H 1 

32 24 10 lb j 32 20 8 5 32 12 16 20 24 12 2 

showing that z is not equal to any ver> simple fraction It was hoped that by 
estimating the average corrected intensity ( I ob< — °f reflec- 

tions which eliminate any particular value of z and plottmg a curve for intensity 
v z, a distinct minimum would be obtained which would point to the most prob- 
able value of the parameter The curve obtained, howevtr, showed a number 
of minima corresponding to the higher values of l (t e , to the reflections of 
large 6), no doubt because the correction made for 0 was insufficient, since 
it did not allow also for the falling off of scattering power of the constituent 
atoms with angle It was not, therefore, possible to obtain a definite value 
for the parameter z 

In spite of this failure, a considerable amount of information about the position 
of the atoms can be deduced from the [001] zone alone The details are best 
left, however, until results for some of the other isomorphous members of the 
series have been given. 
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Hexabromkthank — C a Br # M = 603 82 
Crystal Data —The habit is similar to that of CjCl* Goszner* and Sohimperf 
have measured the angles between faces and their results are compared with 
those found as before on the Bragg spectrometer — 




(ioszm r 

Schimpcr 

Yardley 

(210) 

(210) 

= 58 50 

58 50 

58 50 

(101) 

(101) 

- 58 15 

57 50 

58 6 

(102) 

(lo2) 

- 

- 

31 7 


Readings on the spectrometer were difficult to obtain because of the high 

absorption of the Rh K* radiation by the Br atoms Using the values of £ 

P 

for Mo Ka given in Wingardh’s tables} and extrapolating for Rh Ka by means 

of the relation ^ « X 2ft , we find that for C,Cl a £ = 47 7, whereas for C a Br a 
P P 

£ — 269 7, a value nearly six times as large For this reason the intensity of 
P 

nearly all the reflections was small and often the peaks were ill-defined and 
difficult to measure The spectrometer readings give an axial ratio of 

a b c = 1 1278 1 0 6270 

as compared with Goszner’s value 

a b c — (2 X ) 0 5639 1 (2 x) 0 3142 

The latter is possibly the more correct in this particular case, but the difference 
is small 

The density p = 3 823 grs /c c * 

Results of Observations — This substance was much more stable than C t O a 
and would stand a longer exposure 


* hoc cti 

f Groth, ‘ Chem Kryetallographie,’ vol 3, p 39 
} ‘ Z f Physik,’ vol 8, p 363 (1922) 
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Table II 



Spacing 

Intciwity observed 

Plane 





('ale 

Ob« 

1 2 3 4 5 6 

100 

12 07, 

3 00, 

— — 12 

010 

10 70, 

6 36, 

<» 4 19 

001 

8 72, 

3 36 

— 4 — 0 5 — 

Oil 

5 69, 

5 68 

10 — 4 

031 

3 16, 

3 19 

2 (viry brood) 

013 

2 19, 

Olw only 


101 

5 87, 

5 82 

8 5 8 — 

201 

4 49, 

4 45 

2 2 

102 

3 23, 

3 22 

10 2 

401 

2 76, 

2 70 

2 

102 

2 68, 

2 52 

2 

210 

6 25, 

6 29 

2 16 2 5 

230 

3 07, 

Olio only 


610 

I 97, 

1 <18, 

l 

— 

— 

— 




Lauc photographs were taken with the X-rays perpenchrular to the planes 
(1U0) and (Oil)) These showed reflections from about M) planes, the minimum 
value of «X found being 0 39„ A (using a Cu antitathode) 

Tktraihlokdibromi-ihame— C 2 Cl 4 Br 2 M — 325 68 
Two crystalline forms have been described The firat is said to be the sym- 
metrical compound, CCl 2 Br CCl 2 Br, and its preparation is given l>y Bour- 
gom * This substance volatilises slowly m the an- at ordinary temperatures 
without decomposition, but on heating m a closed capillary tube it melts with 
decomposition at 197 l >° C The second, the so-called asymmetrical com- 
pound, CC'lj CC’lBr 2 , has been prepared by Bourgomf and Patcmo % 
The crystals do not volatilise at ordinary temperatures, but on exposure to 
the air they go cloudy, eventually becoming quite opaque and falling to 
a white powder This applied to crystals prepared in the lilioratory by 
both the methods referred to Probably the change is due to a slow 
alteration of crystalline form On heating in a closed capillary tube 
the substance melts with partial decomposition (and sublimation) at 211 s C 
A mixture of the two compounds melts v ith partial decomposition at 198° C 
Bourgoint found that on heat treatment with aniline the symmetrical com- 
pound decomposed into Br 2 and C 2 C1 4 , whereas the asymmetrical compound 

* ‘ Bull Soc Chim vol 24, p 114 (1875) 
t ‘ Bull Soc Chim \ol 21, p 4 (1874) 

+ ‘ Jahrb Fort Chomie,’ p 259 (1871) 
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gaveCJj and C s Cl 2 Br a Bourgoin himself suggested (a) and ( b ) as the probable 
structural formula) of the two molecules, but in all subsequent literature the 


Br 

Cl 

Cl 

| 

Cl- C-Cl 

j 

Cl C-Br 

| 

Cl-C -Cl 

I 

ci— c-n 

i 

| 

Cl-C Br 

1 

1 

Br— (’ — Br 

1 

1 

Br 

1 

Cl 

1 

Cl 

symm (a) 

aysram (ft) 

asymm (c) 


formula (c) has been adopted for the asymnu tnc molecule, ns for a tetrahedral 
carbon atom (a) and (h) would be identical 
Crystal Data —Goszner* gives 
Syram compound p = 2 713 

a b c ■= (2 < ) 0 5016 1 (2 ) 0 3129 

Asymm compound p = 2 794 

a b c = (2 ) 0 5012 1 (2 < ) 0 3149 f 

The majority of crystals of both compounds showed well-developed {101} 
and {210} forms, with smaller {100} and {010}, the latter occasionally being 
absent altogether In general, however, the crystals of the syrnni substance 
were found to be elongated m the [001] direction, and those of tlip asymm 
substance in the [010] direction Tbs fact made the comparison of Laue 
photographs of the two substances more dithcult than if then: habits had been 
precisely similar The two sets of crystal angles, according to Goszner, differ 
only by a few minutes, and they were therefore repeated on the Bragg 
spectrometer 



Hymm C,Cl,Br, 

Asymm CjC^Br, 


G owner 

Yardley 

Goszner 

Yardley 

(810) (210) 

58 54 

58 58 

0 , 

58 38 

58 35 

(101) : (101) 

57 50 

58 0 

58 38 

58 32 

(102)i(102) - 

~ 

31 0 

~ 

31 18 


* Loc at 

f Wrongly given as 0 3171 throughout the text of Gostner’s paper , his actual measure- 
ments lead to the value 0 3149 
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The spectrometer readings give as axial ratios 

9ymm a b c = l 1 SOS l 0 6270 

Asymm a b c — 1 1220 1 0 6288 

The small differences between the two crystalline forms are therefore full) 
confirmed Apart from these geometrical differences however, the X-rav 
evidence shows that the two isomers are remark aid) alike 

Results of Observations — The three axial lengths were found to be 
Symm a - 11 73 A b 10 17 V c = 6 50, \ 

Asymm a - 11 61 A b — 10 35 \ r = 6 51 A 

The results for tho asymm form led to a density of 2 745 instead of 2 791, and 
attempts by m< ans of tho flotation method to repeat Goszner’s high \ alue were 
quite unsuccessful The intensity measurements for the two substances show ed 
none of the distinct differences that might be expcctul if the two mole- 
cules were really CCJ 2 Br CCl a Br and 0Cl 3 CClBr 2 respectively Even the 
intensities of the different orders of (100) were ver) much alike, although this 
plane shows the biggest difference in spacing In both cases the quartering 
discussed in connection with C 2 C 6 was not so complete as for that substance 
or for C 2 Br 6 A small, but quite distinct, second order was observed for both 
forms This might be explained either by a slight variation m x (£ for C a (_'l a ) 
or to a sbght departure from the pseudo-symmetry postulated for (J 2 C1 0 The 
terms symmetrical ” and “ asymmetrical ” are misleading from a cr)stallo- 
graphic point of view Whatever their molecular stru< tures may be, both forms 
possess the same amount of real symmetry, i e , one plane There is no wav of 
giving the “ asymm ” molecule, CC1 3 COBr a , a pseudo-centre of symmetry, 
but it is still possible to think of ways of arranging the atoms so that their 
projection on one particular plane would apparently have two planes of sym 
metry, without requiring the disappearance of observ ed planes One such way, 
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which would permit a tetrahedral arrangement of the carbon valency bonds is 
shown in fig 7 (p 4G5) 


Table III 


Symmetrical C,Cl,Br, 


Intensities observed 

14 6 6 7 8 


100 II 73, 5 86 

010 10 37, 5 1«I 

001 « 60, 7 2% 

011 I 6 5(1, i 7 47 

011 2 12, 2 IS 

101 6 08, | 6 t>0 

201 1 4 36, | 4 33 

102 3 13, I 3 14 

401 2 67, ! 2 08 

302 1 2 60, , 2 72 

110 i 7 77, 1 05 

210 | 5 10, i 5 10 

120 ! 4 74, 1 10 

610 1 92, 1 91, 

111 . 4 08, ' 4 92 

121 3 83, , 7 89 

131 ' 2 96, I 2 01 



3 

3 — 

- 2 6 

12 2 5 5 - 

- — — 0 5 

4 5 

8 — 

J 5 — 

8 — 


10 


2 

2 5 


Asymmetrical C ,(. l,llr, 


100 

, 11 61, ! 

5 80 

_ 

0 5 

_ 

20 - — — 2 

010 

10 35, 1 

6 19 


12 6 


3 10 — 2 

001 

, 6 60, i 

3 26 


12 


l 

101 

, 6 67, i 

S 66 

4 

12 



201 

1 4 31, 1 

4 31 


4 

1 


102 

3 13, l 

3 11 

20 

3 



no 

' 7 72, 1 

l 96 

_ 



3 5— — _ _ 

210 

1 0 06, ! 

5 10 

39 

4 

12 6 

0 6 

120 

4 72, 

1 19 




— 

25 -- - 

230 

2 96, 

2 98, 

3 5 

6 5 

— 


610 

1 90, 

1 91, 1 






Laue photographs of the two substances taken with the X-rays perpendicular 
to (100) (010) and (001) showed a large number of spots, but revealed no obvious 
differences The presence or absence of some of the weaker planes may quite 
well have been due to slight missetting of the crystals or to their slightly different 
habits 
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Pbntabromfluorethanb -C,Br r> F M = 442 fil 
A pure specimen of this compound was very kindly lent to me by Prof 
Swarts* and beautiful crystals could be grown from ethyl alcohol 
Crystal Data — The crystals obtamid were in the form of thin and rather 
brittle plates, which were found to lie completely lsomoiphous with C a Cl 4 , etc 
The tabular faces were {100}, the {010} and {101} were well-developed boundary 
faces, while the {210} were either absent or very small Thi pseudo hexagonal 
appearance m the [001] direction was therefore no longer obvious, though two 
or three small spec imens were found which, instead of being tabular on {100}, 
were pseudo-hexagonal prisms on {010} as basal plane, bounded by almost 
equally developed {100} {101} faces The following angles were accuratily 
measured as before , 

(210) (210) = 67° *3'/ (101) (101) 57" 54' 

(210) (2l0) = 62° 21' (102) (102) - 10 59' 

giving an ixial ratio 

a b o = 1 1012 1 O 0098 

Experimental Technique — This compound absorbs the 1th Ka radiation almost 
as much as C 2 Br 6 , and in order to obtain good reflections a very thin flake 
was used (these were not available for C 2 Br„) mounted on a crystal holder, which 
was a modification of that described by W L Bragg and G B Brow n f Instead 
of a rotating circle, a fixed vertical circle A was us« d, of c\t< rnal diameter 10 
cm A scale was marked on the front of the circle and an arm carrying a vernier 
and a third small rotating circle B could be moved through about 190° on the 
circle A and clamped m any desired position By miuiis of simple X-ray 
measurements the {100} planes were adjusted to be paiallel to the plane of A 
and then any plane in the [100} zone could be brought into a vertical position by 
a suitable motion of the arm, and the reflection from it measured The advan- 
tage of this method of adjustment was that the X-rays could always travel 
through the least possible thickness of the crystal Other /ones wero arrangod 
so that the same condition was fulfilled , the inevitable absorption was greatest 
m the case of planes making a small angle with (100) At the same time the 
ionisation chamber slit could be shortened vertically so that no extraneous 
reflection could enter from any other plane that might be nearly vertical also 
[This precaution was taken throughout the measurements on the series, and m 

* ‘ Bull Acad R Belg vol 33, p 473 (1897) , abstract in * Rec Trav China Pays Ban,’ 
vol 17, p 238 (1898) 

t ‘ Roy Soc Proc ,’ A, vol 110, p 50 (1920) 
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tho case of the more important intensity measurements the comparison of the 
orders was made with three different directions in the plane set vertical m turn 
No variation of the relative intensities was found, showing that m nono of these 
positions did any extraneous reflections enter the chamber ] 

Results of Observations —The crystals of 0 2 Rr o F \ olatihsed very slowly, a 
large plate lasting for about a week e\en when left exposed The density 
measured by flotation in Rokrbach’s solution was 3 46 grs /c c , but this value 
was probably about 1 per cent too low , calculated from the X-ray measure- 
ments tho density would be 3 49, 

, Table TV 



A Laue photograph taken with the X-rays perpendicular to (100) showed a 
minimum value of »X of 0 35 5 A 


Tbichlortribromethane — CjCl 3 Br 3 M = 370 14 
This compound, whose structural constitution is uncertain, was prepared by 
Mouneyrat’s method * It is isomorphous with the rest of the senes 
Crystal Data -~J Good crystals were grown from the mother liquors and these 


‘ Bull Soc Chim vol 10, p SOI (1808) 
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were considerably elongated in the [001 1 direction They showed well- 
developed {160} and {101} forms with smaller terminal faces {210} and occasionally 
{010} On recrystallisation from binzenc, however, the relative importance of 
the faces was completely changed The {210} and {101} were now the main 
forms, {010} being fairly well developed and {100} quite small The following 
angles were measured on the Bragg spectrometer, 

(210) (210) = 58° 49' (101) (101) = 58° 7' 

(230) (230) = 61° 13' (102) (102) = 31° 3' 

(120) (l2()) = 47° 53' 

giving an axial ratio 

a b o — l 1270 1 0 0202 

Structural Formula —This substance may be cither CC1 3 CBr 3 or CCl 2 Br 
CClBr 4 A compound which according to its synthesis is most probably 
CCl 2 Br CClBr 2 has been prepared by Besson* by the action of Br on 
CC1 3 CCIBr in sunlight at 100° C This substance melts under pressure 
at 178°-180° and its density is given as 2 41 The compound prepared by 
Mouneyrat and described here does not melt under pressure but begins to give 
off Br at 200° in a closed tube and at 236° lias completely disappeared The 
density calculated from the X-ray data is 3 03„ It appears, therefore, to bo 
quite a distinct isomeric form, and the belief expressed by Mouneyrat that the 
formula is CC1 3 CBr s is possibly justified 
Results of Observation —The crystals do not volatilise, but on exposure they 
rapidly grow cloudy Laue photographs were taken with the X-rays per- 
pendicular to (100) (010) and (001), and the minimum value found for nX was 
0 48 A From the spectrometer results (Table V) it will be seen that the (100) 
plane now shows weak sixth and tenth orders as well as a doubtful second order 
(The latter was difficult to measure accurately because it was superimposed on 
tho “ wash ” of general radiation from the largo fourth order ) 


• Bull 800 Chim vd 11, p 920 (1894). 
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Table V 



Spacing 

Intenaitice observed 

Plane 

Calo 

01* 

1 2 3 4 5 0 7 

100 i 

11 77, 

5 89, 

_ v — |J7 — 2 — 

010 

10 44, 

5 22, 

- - 28 Si 3 1 - 

001 

0 54, 

3 25 

— 40 - 

Oil 

5 54, 

5 57 

7 8 > 30 

031 

3 07, 

3 011 

11 

013 

2 13, 

2 IS 

12 

101 

5 71, 

5 71 

n 57 1 2 

201 

4 37, 

4 35 

1 9 4 3 — 

102 

3 15, 

» 14, 

0(1 10 — 

401 

2 72, 

2 (W 

10 

302 

2 51, 

2 31 

1 17 - 

310 

6 12, 

5 12 

7 2 1- 

120 

4 77, 

1 20 


230 

2 99, 

3 00, 

0 5 

111 

5 01, 

5 03 

7 - 1 

121 

3 85, 

3 92 

20 3 

131 

2 97, 

2 97, 

2 5 

331 

2 42, 

2 42 

9 

441 

1 88. 

1 87 

2 5 

— 

- 

— 

_ 


TETHABBOMDmKTHYwrHANF CH 3 CBr 2 CBr, 0H 3 M = 373 75 

This compound was prepared by the v Pechmann-Baucr method * Federowf 
describes two crystalline modifications The first, a stable tetragonal form, is 
described in Part II of this paper The second is an unstable orthorhombic 
form 

(a) Low Temperature Orthorhombic Modification — Federow grew this form 
from hgroin at — 10° C , ho gives very approximate angular measurements 
(110) (lid) = 56°— 56f (Oil) (Oil) = 59°- GOf 

and also mentions the presence of {010} planes From these he deduces the 
ratio 

a b c = 0 535 1 1 746 

f f wc change his a, b, c axes into c', a', b' axes, the occurring forms become 
{101} {110} and {100} and the new axial ratio 

a' b' o' = 0 573 1 0 306 

This bears a close resemblance to the original form of the axial ratios of 
CjClj, etc , and the crystal habit is the same as for those substances 

* * Ber d Deut Chem Ges vol 42, p 668 (1900) 

t * J Prakt Cbcm ,’ vol 42, p 146 (1890) , also ‘ Z f Kryat / vol 21, p 399 (1893) 
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Some oi the C s Br 4 (CH,) S prepared in the laboratory was allowed to crystallise 
from ether -f ligrom surrounded by a freezing mixture in a vacuum flask, and 
a few orthorhombic crystals were obtained These showed well-developed 
{101} and {210} forms, with smaller {100} and {010} fates A Laue photo- 
graph of a small crystal taken with the X-rays perpendicular to the (100) 
plane was entirely similar to those of the other memliers of Hit scries The 
crystal, however, was not qiute single The spectronu ter reelings wire made 
using a fairly large crystal and in some haste because of its probable instability 
The crystal did, in fact, go cloudv and fall to pieces after a few daj s 
The following angles arc probablj correct to witlun 5 '-Id' — 

(210) (100) = 28" 17' (102) (1W) = 71 25' 

(101) (100) = G0° 10' (210) (210) = 20° 47' 

Those give an axial ratio 

a b c -- 1 073 1 0 601 

= 2X0 51b 1 2 X 0 300 

It will be seen that the a/b ratio is about 7 per cent smaller than Federow s 
admittedly inaccurate value The X-ray data lead to a density of 2 045 


Table VI 


Plano 

Spacing 

Interim tic# olwertcd 

Calo 

Ob# 

1 2 3 4 0 0 7 8 

100 I 

11 70, 

2 04, 

r, „ _ _ 

010 

10 00, 

0 42, 

— a _ u — o — j 

001 

6 60, 

3 27, 

— i 

101 

5 72, 

0 84 

* 1 1 

102 

3 10, 

3 20 

3 3 — 

210 

0 10, 

0 20 

2 0 — 11 

230 

3 08, 

3 10 

3 5 

111 

0 06, 

0 10? 

Very broad 

311 

3 20, 

3 12 

3 


(6) Second Orthorhombic Modification —It was found during the attempts 
to obtain fresh batches of tetragonal crystals that an orthorhombic modifica- 
tion, lsomorphous with the senes but quite distinct from the low -temperature 
form, could be obtained by recrystallisation from benzene at ordinary tempera- 
tures It yielded very good crystals, many of which were plates on {010} (not 
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on {100} as in the case of other members of the series) elongated in the [001] 
direction, and bounded by small {101} and smaller {210} and {101} faces These 
showed the full symmetry of the bipyramidal class Others, however, were so 
unequally developed that their symmetry was not obvious The latter were 
tabular on a pair of {101} faces, tho remaining pair being very small These 
plates were bounded by {210} faces, the {010} and {100} being entirely absent 
The following angles are correct to within l' 2' 

(210) (210) = 58° 12' (0 13) (035) = 64° 25' (101) (101) = 68° 42' 

(610) (8l0) = 21° 10' (013) (01?) = 21° 42' (102) (102) = 31° 25' 

Hence 

a b c -- 1 1206 1 0 6296 


Table VIT 


Plane 

Spacing 

Intensities observed 

Colo | 

| Obs 

1 4 3 4 6 0 7 8 

100 

11 70 0 

2 92, 

— — —46 — — 16 

010 

10 44, 

5 22, 

! — 17 — 3 5 - 15 — 15 

001 

0 67, 

3 27, 

— 21 - 1 5 — — 

Oil 

6 56, 

5 57 

5 4 12 

013 

2 14, 

4 16 

8 - 

101 

5 73, 

6 71 

10 35 — — 

201 

4 37, 

4 34, 

2 4 5 5 

102 

3 10 4 

3 14 

42 4 — 

401 

2 67, 

2 66, 

10 

302 

2 61, 

2 49 

17 

210 

5 10, 

6 09, 

21 4 13 5 

230 

4 98, 

Obs only 

— 

010 

1 91, 

1 92 

7 

111 

5 02, 

4 99 

9 — — 

118 

3 02, 

3 02 

10 

131 

2 97, 

2 00 

0 


It will be seen that there are marked differences between Tables VI and VII 
The (010) plane shows tho biggest change both in spacing and in the relative 
intensity of its Various orders 

General Survey of the Isomorphous Senes —There are certain conclusions 
common to all members of this isomorphous senes 

The space-group is Q} 9 

There are four molecules m the unit cell, each possessing a plane of symmetry 
parallel to (010) 
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In the case of 0,01*, CjBr # and probably C,Br 4 (CH 3 ) 2 , the molecules also possess 
a pseudo-centre, the four pseudo-centres lying in the positions 

a i *) -i -*) (-1 i * -*) (i -H + *) 

The parameter i does not appear to equal any very simple fraction 

Considering the [001] zone alone, the number of possible atomic arrangements 
is, to a certain extent, limited 

(1) The two C atoms may lie in the (010) plane or at equal distances on either 
side of that plane — one parameter x 

(2) The six halogen atoms (or methyl groups) must be arranged in one of four 
possible ways — 

(а) All six may lie in the (010) plane 

(б) Two may ho in the (010) plane and four outside it. 

(o) Four may he in the (010) plane and two outside it 
(d) All six may he outside the (010) plane 

Possibility (d) may be eliminated at once because C a Br.,F and C 3 Cl 3 Br 3 arc 
among the molecules possessing a piano of symmetry, so that at least hco halogens 
must he m that plane 

(a) may also be eliminated because if the halogen atoms all lay in successive 
(020) planes, the intensities of tho second, fourth, sixth, etc , orders of (010) 
should fall off very nearly “ normally,” the scattering power of tho C atoms being 
comparatively small In general, however, the sixth, eighth order reflections 
are relatively far more intense than tho second and fourth, showing that heavy 

D«Pl 

r° r f o 

— Q- tol0) -O 

o | o 

(4> 

atoms must he between the (020) planes. Since the projection of the molecule 
C a Cl, on (001) must also possess an apparent plane parallel to (100), the possible 
arrangements left are (fig 8) 

(b 1 ) is highly improbable It would mean either that the four atoms lay in 

VOL oxvm —A 2 l 


m m 



(4/1 (D 

Fio 8 
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a row along the b axis, or that the projection of the atoms on (100) must be of 
the form shown m fig 9, which seems almost impossible for a molecule such as 
C t (\ liq~0otr — 0, this would reduce to a special case of (o), or if r = q y* 0 
to a special case of ( b ) 

The twe most probable arrangements, therefore, are (6) and (c) In each of 
these the halogen atoms have only one variable parameter r m the (010] 



Fid 0 — Three variable parameter* m [001J direction 


direction, and it is possible to calculate all probable values of the structure 
factor S Assuming the crystal to be ideally imperfect (an assumption which 
must be nearly true for soft organic crystals), the following relation holds — 


1 + cos 8 20 
sm 20 


Here 0 is the angle of reflection and K is a constant independent of 0 If the 
crystal were not assumed to be ideally imperfect, K would contain a factor 
dependent on the intensity The temperature factor e" 08 *”'* cannot yet be 
evaluated for these crystals and is therefore neglected Then 


K« 

V sm 20 


Now R is the product of the structure factor S and the composite Hartree 
factor 2 F, which allows for the falling off of scattering power of the constituent 
atoms with angle Hence the ratio R /S should be a function of 6 which decreases 
as 0 increases * Table VIII gives observed values R for the different orders 
of (010). 


Bragg, ' Roy Soo Proc A, vol 105, p 16 (1924) 
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Table VIII 



In each case R for (060) has been taken as 100, to emphasiso the fact that the 


values are only relative Where maximum values a<D>— r 

of R are quoted for (0100) and (0120), it means r 

that those orders were carefully looked for and that D fE) 

they could have been observed if R had been greater 

than the given value n(E>-- f 

The structure factor 8 for any plane (0 n 0) a (.0) 1 b 

where n is even is given by (fig 10) r 

B (E) — -* 

(6) 8 x A + 2B cos 27tn £+ 4C cos 2:rwf , 

b b B <E) — t 


(c) Soc D + 2Ecos2w»^ + 4Ccos2jmf, A© 1 

b b Fio 10 


where C is the scattering power of carbon and A, B, D, E are the initial scatter- 
ing powers of the atoms given below 

Table IX 



ca 

C.Br, | 

CABr, 

C,Br,P 

C|Cl,Br, 

l' t Br,(CH|), 

(«) and (4) 

A 

4C1 , 

4Br ! 

4Br f 

4C1 1 

2Br+2K 

2Cl+2Br 

4(CH a ) (• 4Br 

B 

4C1 1 

4Br 

4C1 " 1 2Cl+2Br 

4Br 

2C1 )-2Br 

4Br \ 2Br+2(CH l ) 

~D~ 

8C1 

8Br 

4Cl+4Br 


6Br(-2P 

SCI+2Br r SBr | 2tl 

4Br+4(CH,) f 8Br 

B 

2C1 

SBr 

SCI l. SBr 

2Br 

2Br [ SCI 

2Br ^ 1 2{CH.) 


2 i 2 
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Only two values of x have been considered — 
x = 0 (C - C in (010) plane) 

1 54 

x — — — = 0 77 A (C — C perpendicular to (010) plane) 

For the purposes of calculation we must know whether the atoms are ionised 
or not The following are the initial scattering powers (0 = 0) in each case — 



C 

F 

CH, 

Cl 

Br 

Not ionised 

6 

9 

9 

17 

34 

Ionised 

A 

10 

10 

18 

35 


/ 

(partly sharing) 

The values of S for the following different arrangements have been worked out 

for all possible values of <f> = 2rc \ 
b 

(1) Arrangement (6) , atoms not ionised , x = 0 

(2) Arrangement (6) , atoms ionised , x =- 0 

(3) Arrangement (6) , atoms not ionised , * = 0 77 A 

(4) Arrangement (6) , atoms ionised , * = 0 77 A 

(5) (6) (7) (8) Corresponding conditions for arrangement (e) 


It was found from these calculations that only for one substance, CgBr^CH,), 

(6), could decreasing values of 5 = / (0) be found for arrangement (c), whereas 
S 

arrangement ( b ) gave some sort of agreement for every substance examined 
It may definitely be stated, therefore, that of tho six halogen atoms (or methyl 
groups) m each molecule, two lie in the plane of symmetry (010) and the other 
four are arranged m pairs on either side 
It was also found that for three of the senes a decreasing/ (6) could not be 
obtained with the C atoms at distance 0 77 A from the (010) planes This leaves 
arrangements (1) and (2), results for which are tabulated below 
A value of <f>ioi whichR/S is a decreasing/ ( 0) cannot be found for either symm 
or asymm C,Cl 4 Br tl assuming that the two Br atoms lie in the (010) plane 
This would indicate that the formula of both isomers is CC1 S CCIBr, It is 
true that the agreement even for the latter formula is not good, /(0) for the 
first order being distinctly large , but this may easily be due to the fact that 
we have assumed only one variable parameter in the [010] direction, whereas 
for the molecule CC1, CCIBr, there would probably be two, one for the pair 
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of Cl atoms outside the (010) plane, and one for the Br atoms similarly placed 
This would apply in a greater or less degree to the other “ uneven ” molecules, 
CBr, CBrjFandCCl, CBr, (or CCljBr CCIBr,) 

For C,Br 4 (Cfl,) 2 (both modifications) a decreasing/ (8) was only obtained by 
assuming the CH, groups to lie m the (010) plane, so that the formula 
CBr, (CH,) . CBr,(CH,) is verified by this analysis. 

For each of the eight isomorphous crystals examined, a decreasing /(0) 
could be found for arrangement (2), which assumes ionised atoms In most 
cases agreement was possible and sometimes even better for arrangement (1), 
which assumes not ionised atoms, and it seems likely that the real truth of the 
matter is somewhere between the two extremes The deciding factor is, of 
course, the ratio of the scattering powers of halogen and carbon atoms The 

values C = 3, Cl = 18 ^ = 0 17 j imply that the C — C bond consists of two 

equally shared electrons, but that each C atom gives up its three remaining 
valency electrons to the three Cl atoms surrounding it The values C = 6, 

Cl 17 =ss 0 35) imply that all the valency bonds are two-eleotron link- 
ages The C/Cl ratios used above are only really correct for 0 = 0, and since 
we do not know exactly how each ratio vanes with increasing values of 0, the 
calculations cannot be applied ngidly An intermediate value of the C/Cl 
ratio could be attained by supposing that the C — C bond consists of two 
shared electrons, while the C — Cl bonds consists of one shared electron (originally 
a C valency electron) This arrangement would be m agreement with Mam 
Smith’s statements* that chemical bonds in general consist of only one shared 
electron, but that the single bonds between C atoms m organic chemistry 
frequently consist of di-electromc junctions 
The values of r corresponding to the selected values of <f> for arrangement 
(2) are — 

C,C1 4 r = 1 45 (3 62) ± 0 04 A 

C,Br, r = 1 58 (3 77) ± 0 04 A 

(a) CABr, r = 1 55 (3 64) ± 0 04 A 

(a) CABr, r = 1 55 (3 63) ± 0 04 A 

CjBrsF r = 1 58 (3 80) ± 0 03 A 

C,Cl,Br, r = 1 52 (3 70) db 0 09 A 

(а) C,Br 4 (CH,) 2 r = 1 59 (3 86) ± 0 05 A 

(б) CjBr^CH,), r = 1 78 (3 44) ± 0 01 A 

* * J Soo Chem Ind vol 43, p 323 (1924) (Chem and Ind Rev ) 
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Fig 11 shows the final arrangement of atoms in the [001] zone , the values 
of the parameters x, p, q have not yet been determined That there are interest- 



ing differences in respect of these values between the different compounds is 
shown in the following table, giving observed values of R for the ( 100 ) planes 
[R 400 ~ 100 throughout ] 

Table XI 



CA 

C,Br. 

C|d|Br g 

symin 

Cfilfi r. 
wymm 

C.Br,]? J 

C,Cl,Br, j 

C,Br,(CH,)J 

(») 

f.Br^CH,), 

a =* 

11 61, | 

12 07, 

n 73, 

11 81, 

11 84, ! 

11 77, 

11 70, 

11 70,. 

200 

< 9 

<12 6 

10 

11 

< 0 

<86 

<22 

< 7 5 

400 

100 

100 

100 

100 

100 

100 

100 

100 

600 

<12 

<22 

<18 

<20 

22 6 

21 

<40 

<13 

800 

47 

72 6 

41 

46 6 

37 6 

44 

<48 

266 

1000 

<16 5 

<29 

- 

- 

<30 

24 

- 

<17 6 

1200 

<17 6 

<32 6 


1 

<33 6 

<28 


<20 


There are also interesting resemblances between the reflections from various 
orders of the (210) planes and those of (010) It is hoped that further investiga- 

tion will help to fix all the remaining parameters (three in the [ 100 ] direction 
and four m the [ 001 ] direction) with some certainty 
It is interesting to compare the form of the curves given by plotting R/S 
against sin 0 with Hartree’s F curves * Hartree’s curves for Cl" (18) and 
* • Phil Mag vd 50, p 289 (1926) 
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C* + (2) are given m fig 12 together with the “ observed ” curves for ionised 
0,0, and CgBr ( Since only relative intensities were measured, the It/S scale 



has been arbitrardy adjusted so as to bring the curves into a position suitable 
for comparison. The falling off of R/S for higher orders is more rapid than 
would be expected from Hartree’s curves 
Symmetry of the Carbon Valencies — The projection of the molecule Bhown m 
fig 11 ib obviously consistent with a pseudo-trigonal molecule of the type 
usually assumed by chemists and indicated by other experiments Mark and 
Pohland* have investigated the structures of ethane and of diborane by the 
powder method and have found that in these the molecule, C a H e or BjHg, 
apparently exists as a distinct entity and that the symmetry of the C (B) atom 
is at least C 3 , the axis of the C — C dumb-bell lying along the principal axis of the 
cell They give the distance between the C centres as 1 65 A and the distance 
between centres of nearest C atoms of neighbouring molecules as 3 6 A The 
exact positions of the H nuolei could not be fixed More recently, Mark and 
Noethlingt have shown that the methane G atom in tetramethylmethane lies 
* 1 Z f Kryst vol 62, p 103 (1928) 
t'Zf Kryst voL 68, p 438 (1927) 
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on a trigonal ass, the probable symmetry of the molecule being T '* and C s , 
that of the substituted CH S 

It is also true that any other orientation of a pseudo-trigonal molecule m 
the unit cell of CjCl* etc , would give results inconsistent with experimental 
observation. Now in these crystals the molecule, which apparently might have 
had a trigonal axis in addition to other symmetry, actually possesses only one 
plane The C atoms he in this plane and so do two of the Cl (or other halogen) 
atoms Therefore two of the valency directions of each C he in the plane, the 
other four being disposed m pairs about it In other words, of the four valencies 
belonging to each C atom, two lie in the plane and two outside it Thus each 
C atom may be regarded as having two “ A ” and two “ B ” valencies The 
difference between the C atoms which leads to the absence of any other real 
symmetry must be that in the one case the A valencies ho in the plane and the 
B outside it, whereas for the other carbon atom m the molecule the B valencies 
lie in the plane and the A outside it (fig 13) 


doo» 

iiooi : a \ 



Fio 13 


This is the simplest arrangement of two similar four-valency atoms which 
combine to possess a plane but no other real element of symmetry Com- 
bined with six like atoms the whole system could obviously, however, very 
closely simulate centro-symmetry (fig 14) It seems reasonable to trace a close 



Fio. 14 
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connection between these two pairs of A and B valencies for the carbon atom 
and the nature of the four so-called “ valency ” electrons According to Bohr’s 
original scheme free C has four (2, 1) electrons whose orbits are tetrahedrally 
arranged Later Fowler* showed that the doublet spectrum of ionised C (C II) 
is immediately explained if C + has two (2, 1) and one (2, 2) electrons, but is 
not consistent with the idea of four (2, 1) electrons in neutral carbon The 
work of Mam Smithf and of S toner, J now generally accepted, indicates that the 
four outer electrons are arranged, two m (2, 1) orbits and two m (2, 2) orbits 
The tetrahedral symmetry so generally attributed to the carbon atom is not, 
therefore, a necessary property of the outer electrons, and in the case of 0,01, 
it is shown to be non-existent The most reasonable explanation of the exist- 
ence of A and B valencies is to suppose that in the case of the A valency it is a 
(2, 1) electron that is shared with, or transferred to, another atom, and that the 
B valency similarly corresponds to a (2, 2) electron In that case, the evidence 
shows that the junction between the two carbons in C,C1„ is effected by the 
mutual sharing of a (2, 1) and a (2, 2) electron. If this is always the case, then 
it is not difficult to see why the C atom in diamond, for example, appears to 
possess complete T d (hexakistotrahedral) symmetry Fig 15 shows that each 
C atom, originally possessing two A and two B valencies (or electrons) in the 
crystal shares four pairs of (AB) electrons with its four neighbours The atoms, 
therefore, attain a much higher degree of symmetry in the crystal by means of 
electron-sharing, if it is understood that the sharing is completely mutual, 
that is, that an (AB) electron-pan is equivalent to a (BA) electron-pair This 
involves either the sharing of a single now orbit by the two electrons or the 
mutual influencing of each orbit by the other so that they become equivalent, 
or, finally, the absolutely equal sharing of tho two distinct orbits by the two C 
residues As it stands, fig 14 possesses at most tetrahedral symmetry, but 
by replacing both (AB) and (BA) by “ P ” junctions, the symmetry becomes 
cubic (hexakisoctahodral) It is nevertheless true that though the internal 
arrangement is Btnctly cubic, the external surface might, if the orbits can be 
regarded as capable of location in space, have a predominance of (2, 1) electrons 
on one side and of (2, 2) on tho other The question is, could this difference be 
detected by any physical or chemical means ? It is difficult to see how such a 
difference is to be avoided by any arrangement of the Mam Smith-Stoner type 


* ‘ Roy Soc Proc A, vol 165, p 299 (1924). 
f Lot eft 

\ * Phil Mag ,’ vol 48, p 719 (1924) 
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of C atoms, unless the true cell of diamond is considerably larger than has 
hitherto been determined 

The problem suggests itself as to whether there is any chemical difference 



between an A and a B valency , whether, for example, an atom attached by 
means of an A valency might be more easily replaced than one attached by a B 
valency, or vice versa If so, this might possibly account for the two forms of 
C,Cl 4 Br„ both of which appear to have the formula CC1 3 CClBr g , and which 
resemble each other so closely m other ways In the one case the Br atoms 
might be attached by means of A valencies, and in the other case by B valencies 
It would similarly be possible to have two formB of CCl,Br CClBr s There 
are serious difficulties m the way of this idea, but since the two ends of the 
molecule are definitely unlike, the possibility of isomers ib worth consideration 

Summary of Part I 

The following substances have been examined in detail and are found to 
belong to an isomorphous senes CjCl*, C,Br e , CjC^Br, (two forms), CjBrnF, 
CjCljBr* CgBr 4 (CH 8 )j (two forms, one obtained at temperature below 0° C ) 
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They crystallise in the spaoe-grcrap QJ 8 and the maximum and minimum values 
of the axial lengths are 

o = 11 51,-12 07 o A. 
b = 10 14 5 — 10 90q A 
c == 6 39 4 — 6 57, A 

There are four molecules in the unit cell, each possessing a plane of symmetry 
parallel in the crystal to the (010) plane This plane passes through the two 
carbon atoms and two of the halogen atoms (or through the two methyl groups 
in the case of CjBr^CH,),) The throe molecules C a Cl„ C,Br# and C,Br 4 (CH,), 
also possess a pseudo-centre of symmetry which produces additional halvings 
not expected from space-group considerations The formula of both forms of 
C,Cl 4 Br, appears to be CC1, CCIBr, From the molecular symmetry the 
symmetry of the carboy valencies is deduced, and it is shown that the carbon 
atom must possess two A and two B valencies It is suggested that these ore 
closely allied to the two (2, 1) and two (2, 2) electrons in the outer group of 
neutral carbon Composite F curves are obtained for C,C1, and CjBr,, which 
ure compared with Hartree’s curves for ionised Cl" and C + 1 h+ 
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An X-ray Study of some Simple Derivatives of Ethane — Part II 
By Kathleen Yard ley (Mrs Lonsdale), Amy Lady Tate Scholar 
(Communicated by Sir William Bragg, FR8 —Received December 15, 1927 ) 

Tetrabbomdimbthylbthanb CH a CBr, CBr, CII 8 M = 373 75 
Two orthorhombic forms of this substance have been described m Part I 
of this paper There is also, however, a stable tetragonal modification Grown 
from ether or hgrorn at ordinary temperatures, this modification shows only 
two forms, which Federow* calls {ill} and {110} The latter are small and often 
absent At the first attempt a number of large (about 3x3x4 mm ) 
bipyramids of this type were obtained overnight Measurements on the Bragg 
spectrometer gave — 

(111) (110) = 28° 55' (Federow, 28° 50') 

(111) (111) = 76° 29' 
leading to the axial ratio 

a c = 1 1 280 

The density found by the flotation method was 2 818 gr /c c Unfortunately 
the absorption of such large crystals for Rh rays was too high for measurements 
to be made with any accuracy except for plants occurring as faces on the crystal 
Moreover, the crystals were too soft to permit of any grinding of other planes 
Only a very few measurements could be made, therefore, and these were insuffi- 
cient for a reliable determination of the unit cell All attempts to obtain Laue 
photographs of these large crystals were unsuccessful and when subsequent 
attempts were made to grow fresh smaller crystals, only the orthorhombic (6) 
modification could be obtained In fact, no subsequent recrystallisations gave 
the tetragonal form 

On the ionisation spectrometer reflections were measured from the following 
planes — 


Plane 

Intensity 


Plane 

Intensity 

220 

12 


111 

14 

002 

T very broad 


222 

2 

004 

8 


333 

18 

SO 2 

7 


444 


381 

2 


500 

0 0 


• Loc (At 
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The lengths of the axes are 

a = 8 80, A e = 11 27 A , 

and this possible unit cell contains four molecules, which may lie in the “ face- 
centred” positions Doubling of the spacings of any of the above planes 
was carefully looked for but not found Since, however, it is almost incon- 
ceivable that the molecule should itself possess four-fold symmetry, the four 
molecules m the above cell cannot be exactly alike, and some axial planes 
must be present in odd orders, though these may be very weak The molecule 
might simulate four-fold symmetry quite easily if the four Br atoms (which are 
the principal diffracting centres) happened to he in one plane and at the comers 
of a square 

Dibromtktrameth YTiETHANE C,(CH 3 )<Br 2 M — 243 97 
Preparation and Crystal Data -The symmetrical compound (CH s ) t CBr 
CBr (CH 8 ) 2 was prepared by Couterier’s method,* and recrystallisation from 
alcohol gave crystals m the form of long tetragonal needles, which were very 
volatile These were bounded by prism faces {100} and terminated by pyramid 
faces {111} They were flexible, being easily bent about the [100] directions 
and there was a good cleavage parallel to {100} No orthorhombic modification 
could be found An attempt was also made to obtain the asymmetrical com- 
pound (CH a ) a C CBrj(CHj) using the methods described by Couteriert and 
Delacre X This compound, however, proved to be absolutely identical with that 
first prepared The X-rays results were the same, the melting-points (under 
pressure) were the same, 182° C , and a mixed melting-point showed no depres- 
sion The crystals looked the same and behaved in the same way, and in 
fact it would appear that both methods of synthesis merely give the symmetrical 
compound 

No previous crystallographic measurements were available The following 
angles were measured on the spectrometer — 

(201) (20l) = 114° 30' 

(101) (101)= 75° 51' 

(111) (111) == 95° 32' 

o c = 1 0 7798 


Hence 


* ‘ Ann Chun Phys ,’ vol 26, p 433 (1892) 
t Loo c%t 

t ‘ Chem Zentndbl vol 2, p 497 (1906) 
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Results of Observation — The density was found by tbe dotation method to 
be 1 811 gr /c c at 21° C The spectrometer results are as follows — 


Table I 


Plauo 

Spacing 

Intensities observed 

Ole 

Obs 

l 

2 

3 4 3 6 7 


100 

10 44, 

5 22 


100 

— 17 6 

001 

8 13, 

4 00 


21 

— 15 — — — 

no 

7 38, 

3 68, 


61 

10 — 

120 

4 07, 

2 33 


26 

— 0 5 

130 

3 30, 

1 64, 


5 5 


101 

6 42, 

3 21, 


36 

— 1 r > — (17 

201 

4 39, 

2 10, 


JO 

— 

102 

l 70, 

I 07,7 


0 V 


301 

1 20, 

1 50 


6 5 


111 

5 47, 

5 46 


16 

0 — 1 0 . 

112 

3 50, 

1 70 

| 

3 


221 

3 36, 

1 67 


1 r » 


m 

2 54, 

2 53 

1 n 

- 


115 

1 69, 

1 58, 

1 2 



211 

4 05, 

2 0) 


15 7 


311 

J 06, 



3 05 

15 5 

4 5 



The needle-like shape of the crystals made it possible for them to be enclosed 
m a fine glass capillary which could be sealed at both ends So enclosed, they 
did not volatilise and small crystals could be examined fairly easily by photo- 
graphic methods Rotation and a complete series of oscillation photographs 
were taken with the principal axis vortical and a few oscillations were obtained 
with the [100] and [110] directions vertical These confirmed the spectro- 
meter results, the following reflections being recorded — 


200 

220 

400 

420 

440 

111 

311 

331 



002 

202 

222 

402 

422 

113 

313 

333 



004 

204 

224 



116 






No doublings of any of the spacings could be observed by either method 
There are four molecules in this unit cell 
Laue photographs were taken perpendicular to (001), (110) and (100), with the 
object of no nfirming the size ot the unit cell and also of determining the crystal 
class These photographs, and the intensity measurements on the ionisation 
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spectrometer, showed the existence of apparent planes of symmetry parallel 
to {110} and {100}, thus indicating that the class is D&,, C#* D 4 or The 
crystal habit shows no polarity, but since only two forms were observed, the 
evidence either way is not conclusive 


Table II 


Plane 

Intercity 

Spacing 


Flam 

Intensity 

| Spacing 

hX. 

X rays j* (100) 

X raya nearly x r (100) Extra planes 

120 

W 

4 67, 

4 20 

100 

VS 

10 44, 

1 73 

100 

M 

2 04, 

0 84 

320 

M 

2 89, 

2 70 

211 

VS 

4 00, 

3 12 

310 

W 

3 30, 

2 66-1 66 

311 

M 

3 06, 

1 79 

111 

M 

5 47, 

4 03 

321 

W 

2 73, 

2 82 

031 

VW 

1 70, 

1 20 

31S 

w 

1 40, 

1 22 

421 

MW 

2 24, 

2 11-1 39 

330 

w 

1 30, 

1 05 

101 

va 

0 42, 

4 82-2 74 

102 

s 

3 79, 

2 76 

314 

W 

1 73, 

O 89-0 49 

113 

s 

2 04, 

1 22 





110 


1 59„ 

0 48, 





112 

M 

3 06, 

2 42 


X rays ±r 001 


Additional plane* found with X ray* 

221 

MS 

3 36, 

2 78 


nearly J_ r (HO) 


211 

M 

4 00, 

4 00 





322 

MW 

2 73 

0 90, 





311 

M 

3 06, 

2 26 

013 

VW 

1 S3, 

1 03-1 39 

011 

MW 

1 98, 

0 94, 

313 

VW 

2 09, 

1 16-1 14 

301 

MW 

3 20, 

2 46 


As far as the spectrometer and oscillation photographic resultrf were con- 
cerned, no odd order reflections were found except for planes with “ all odd ” 
indices This points to a face-centred arrangement of the molecules, each of 
whioh must possess nearly, if not quite, all of the symmetry of the class to which 
the crystals belong If, however, the molecule (CH,),CBr CBrfCH,), does 
possess a tetrad axis, either of pure or of alternating symmetry, the 
JBr— C— C— Br atoms would have to be collinear, lying along the principal 
axis, an arrangement which is at least unlikely Any evidence that would 
reveal differences between the four molecules m the cell was therefore looked 
for most carefully From the table of Laue results it will be seen that on a 
photograph taken with the X-ray beam not quite perpendicular to the (100) 
plane four distinct spots appeared, due to reflections from (314) planes The 
values of nX corresponding to these spots were 0*89, 0*83#, 0*55# and 0 49 A. 
Now the minimum wave-length of X-rays issuing from the Shearer tube (Ou 
anticathode) used in the investigation was not less than 0*34-0*86 A , and 
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therefore nX for the second order of (314) should be at least 0 68 A Since 
the valued 0 55s end 0 49 were found, these reflections must have been of the 
first order No other first order reflections from planes with “ mixed indioee ” 
were found, showing that the four molecules, though not quite alike, must be 
very nearly so. 

Space-group and Molecular Symmetry —The unit coll containing the four 
molecules has, therefore, dimensions 10 45 X 10 45 X 8 11 A a , and the 
molecule must have at least two-fold symmetry By analogy with the sub- 
stances examined in Part I of this paper, one would expect a plane of symmetry 
m the molecule The intense reflections from (200) and (220), as well as the 
more or less normal falling off of the intensities of the higher orders of these 
planes, indicate that the Br atoms lie in pairs along the directions 

[001 ] ou [OOllo, I00ll 4 o [OOlhi 

The methyl groups belonging to any one molecule can be so arranged as to 
give the molecule an apparent tetragonal axis The deviation from tetragonal 
symmetry would then be due only to the deviation of the lino joining the 
centres of the two carbon atoms from the tetrad axis (fig 1) 



Such a molecule could have — 

(1) A plane of symmetry perpendicular to the (001) plane 

(2) A centre of symmetry 

(3) An axis of symmetry perpendicular to the [001] direction. 

(4) A combination of all these elements, giving four-fold symmetry 

VOL OXV1II — A 2 K 



490 


K Yardley. 


An examination of the theory* shows that there are a large number of 
spaoe-groups to which this substance might belong. Those m the classes given 
above which agree with the results found are — 

ifl) DJd DJd Did 

(6) ci, cj, cj. cj. a Cl, 

(e) DJ D* DJ DJ 

(d) DJ* DJ* DJ* DJ* DJ* DJ* DJ* DJJ DJ? DJJ DJJ 

In the majority of these, most of the halvings found would have to be 
regarded as accidental (as, m fact, many probably are) A number of these 
can be eliminated because the symmetry required by each of four unite in the 
cell is highly improbable in the case of this molecule (e g , a plane parallel (001) 
and so on) Others could not lead to an oven approximately face-centred 
arrangement of molecules, and we are finally left with — 

(a) DJd D|d Molecular symmetry plane H 1 {110} 

(b) CJ, CJ, Molecular symmetry plane ||* {110} 

(c) DJ DJ Molecular symmetry dyad axis ± f {110} 

(d) DJ* DJ* Molecular symmetry dyad axis -L r plane ||* {110} 

[Supposing that the planes of symmetry shown in the Laue photographs do 
not really exist, the space-group CJ*, in which the molecule would have centro- 
symmetry, would also bo a possibility ] 

It is not possible to decide between these eight space-groups at present, but 
if the molecule illustrated above (fig 1), with its pseudo-tetragonal symmetry, 
be adopted, the structure must be one of two, and only two, types, whatever 
the actual space-group may bo These types are illustrated m fig 2 Type (a) 
corresponds to the space-groups CJ, DJ and DJ*, and type (6) to the 
space-groups Did CJ, DJ and DJ* 

As actually drawn, the molecule has a dyad axis perpendicular to a plane 
which is parallel to {110}, and the class would then be D u , but if, as is more 
likely, the molecule has a real plane and a pseudo-centre (by analogy with 
C.C1*, etc ) then the class would be D M or C 4 , 

Attempts to place the atoms more accurately by means of intensity con- 
siderations have not been successful up to the present, but m every possible 
arrangement the diameter of the methyl group, oonsidored as a whole, is at least 
2 6-3 0 A and possibly more , the distance between adjacent C and Br centres 
♦ Niggli, toe nt. , Astbury and Yardley, toe 



Simple Derivatives of Ethane 


491 


is at least 4 07/2, and, therefore, if the diameter of the C atom is taken as 1 54 
and Br atoms of neighbouring molecules are assumed to be in contact along the 



% Br atom 
O CH , group in (001) 

© CHj group in (002) 


• G atom above level of CH a groups 


O 0 atom helow livel of CH, groups 


principal axis, the diameter of the Br atom must be at least 2 53 A The 
cleavage parallel to the {100} planes must take place at methyl-bromine contacts 
It is very interesting to notice that for 
C s (CH,) 4 Br, a c = l 0 7798 


while for the tetragonal modification of 

C,Br 4 (CH,), o c = l 1280 

The cell in each case contains four molecules approximately in the face* 
centred positions. 

It seems likely that, whereas in the case of CyCH^Br, the Br atoms lie 
along the [001] directions and the CH, groups along the [100] directions, for 
C^Br 4 (CH,) s the reverse may possibly be the case , but scarcity of data for the 
latter substance makes any such speculation rather dangerous. 

Hsxambthtlbthans C,(CH 8 ) 4 

The preparation of this compound is described by Henn * The evaporation 
of an ethereal solution in an almost closed flask gave small flaky crystals, 
obviously not single , but these volatihsed so quickly that nothing could be 

* ‘ Bull Aoad R Belg vol 8, p 382 (1906) , also ‘C R voL 142, p 1078 (1906) 

2 K 2 
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done with them In any solvent other than ether the volatilisation of the 
substance was quicker than that of the solvent 

The same applied to the compound 

Pentamkthylbromethanf (CHj) 5 Br 

Pentamethylktbanol (0H 3 ) 3 C C(CH s ) 4 OH M = 116 1 

This was an intermediate product in the preparation of C a (C‘H 3 ) 6 and though 
extremely volatile, it could be exposed to the air for a few seconds without 
completely disappearing. 

It formed needle-like crystals remarkably like those of C 2 (CTI 3 ) 4 Br a , showing 
what appeared to be the same forms and capable of being bent m the same 
directions Crystals were grown from ether m a corked flask (the slight leakage 
round the cork enable d evaporation to take place very slowly) Those were 
then quickly removed and placed in fine glass eapillanes which were immediately 
sealed The whole operation had to be performed in a few seconels in order to 
avoid volatilisation The sealed- up crystals remained apparently unchanged 
for a few days But gradually they disappeared and it was found that this 
was due to slight temperature variations along the length (generally about 1cm) 
of the tube, the substance having sublimed to form smaller crjstals in the 
cooler parts of the tube 

Results ofObsermtion —A few spectrometer observations were made, especially 
for the purpose of determining the system and olass, and the axial lengths and 
angles Also a complete series of 10° oscillation photographs were made about 
the axis of the needle as axis of rotation The crystals were so fine and, by the 
tune they had been transferred to the capillary tubes, their faces were so indis- 
tinct that it was most difficult to obtain good photographs with other mam 
directions vertical The results are therefore incomplete , but even at their 
present preliminary stage they arc most interesting Laue photographs 
were attempted, but these were not very successful, since it was extremely 
difficult to get a good setting of the crystal m the limited tune available before 
sublimation had spoilt the specimen The angle (100) (010) was fairly easily 
measureable on the spectrometer and proved to be 90° ± 5' The remaining 
axial angles could not be measured accurately but were also nearly, if not 
exactly, right angles The cell is therefore probably orthorhombic (or pseudo- 
orthorhombic) The angle (210) (2l0) was found to be 90° 29', giving an 
anal ratio 

a b s- 1*9830 1 
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The mean of a large number of observations of the spacings of (400) and 
(020) gave 

a = 21 35 A 
ft = 10 77 A 

and a less accurate measurement of the spacing of (002), whose area was 
extremely small, gave 

r = 7 84 A 

Tliesi load to the axial ratios 

a ft c -= l 9824 1 0 728 

The axial lengths may be compared with those of C_,(CH 3 ) 1 Br a For the 
latter substance the strongest reflations observed were due to planes of 
spacing — 

dttoo — ^020 — 5 22 4 \ 
d gjS0 = 3 69 4 

The strongest reflections for <J t (CH 3 ), OH wore due to - 
rf 400 - 5 33 a A 
d 0 2o == ft 38, 
d it0 3 79„ 

The followmg reflections were found on the Bragg spectrometer — 

Table III 

Plant Spacing Intense ich o beer vod 

talc Olie 12 14 

100 — 10 67, — 1 31 

010 — 8 38, JO — 

001 — 3 92 7 — 1 

210 7 58, 3 79, — 18 — 

410 4 78, 2 37, — 1 

211 5 45, 6 48 25 — 

Table IV gives the planes observed on 10® oscillation photographs taken with 
the [001] direction vertical 


Remarks 


Spacing* of axial planes are 
twxco tlie measured values 
Area u mall therefore inaccurate 
Vory carefully mi ami red 
Not so carefully nuasured 
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Table IV 



The strongest reflections m the above tables are (400) (020) (420) (211) (213), 
the first four of which were also observed on the ionisation spectrometer If 
the a axis were halved, so as to divide the cell into two pseudo-tetragonal parts, 
each containing four molecules, these planes would become 

(200) (020) (220) (111) (113) 

That these reflections are particularly strong shows that the molecules in 
each of the two halves are nearly in the face-centred positions, and are similar 
m scattering power This is verified by most of the “ moderately strong ” 
reflections, such as 

(840) (422) (802) (042), 

and by the fact that the rotation photographs of this substance and of 
Cf(CH t ) 4 Br t show strong resemblances 

That the molecules do differ m orientation is shown, however, by the com- 
paratively strong reflections from (200) (110) and by a number of weaker 
reflections No reflections were observed from “ all odd ” planes, so that the 
Bravais lattice is r„ the cell being centred (fig 8) 
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A glance at the tablos shows that — 

(1) All planes { Md) are halved if h + k -f 1 is odd. 

(2) (hOl) planes are only observed if h and l are both even— (200) (400) 
(600) (800) (002) (004) (202) (602) (802). 

(3) (0 W) planes are only observed if h and l are both even— (020) (040) 
(002) (004) (042) [Data insufficient ] 

The following space-groups are possible — 

C|S— dyad axis of cell parallel to [100] [010] or [001] 

C|i — dyad axis of cell parallel to [001] 

CIS— dyad axis of cell parallel to [100] [010] or [001] 

Q\ Q° 

Q“ — molecular symmetry a piano or centre 
Qf — molecular symmetry an axis, plane or centre 
Q* 8 — molecular symmetry an axis or plane 

Only two of these space-groups, CjjJ and Qf, permit any approximation to 
a double face-centred cell of the type illustrated m fig 3 In the case of Qf* 
the molecule would have to possess a plane of symmetry parallel to (001 ) Now 
if, as seems almost certain, the molecules of this substance are arranged very 
much like thoao of C s (CH 8 ) t Br 2 , which it resembles so closely, then a plane 
parallel to (001) would be out of the question, sin-c a hydroxyl group must 
lie on one sido and a methyl group on the other side of that plane 

This leaves the space-group C|J, the [001] direction being unique Thero are 
ghde-planes parallel to (100) and (010) which intersect m a screw dyad axu 
The projections of the molecules on the three axial planes are shown in 
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Fig B shows tho probable arrangement of the molecule which may, however, 
be tilted to some extent, though not much, because o/2 and b are so very nearly 
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equal The fact that the scattering power of tho methyl group is not much 
different from that of tho hydroxyl group makes it difficult to distinguish between 
a molecule and its reflection m the (001) plane 
The density calculated from the X-ray data, assuming 8 molecules in the unit 
cell, is 0 85 grs /c.c It was found that the crystals floated in water, so that 
this assumption as to the number per cell is almost certainly correct It was 
also noticed that when placed in the water the crystals danced about on the 
surface in a way entirely Bimilar to the behaviour of camphor in similar circum- 
stances 


Summary of Part II 

The tetragonal form of C a Br 4 (CH s ), has an axial ratio a c =» 1 I 280, and 
density 2 818 grs /o o There are probably four molecules in approximately 
face-centred positions in a cell of sue 8 81* x 11 27 A* The data obtained 
are inadequate for a determination of the space-group C I (CHj) 4 Br l forms 
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needle-like tetragonal crystals of axial ratio a c = 1 0 7798 and density 
1 811 There are four molecules in a unit cell of dimensions 10 48* X 8 14 A J 
These molecules arc in approximately face-centred positions and possess either 
a plane or dyad axis of symmetry or both They also simulate tetragonal 
symmetry, showing that the lino joining the Br atoms must be nearly perpen- 
dicular to the plane containing the four CII 3 groups There are only two 
possible types of structuro, which are illustrated Attempts to obtain X-ra) 
data for C a (CH a ) 4 and C S (CH 3 ), Br failed because of tho extreme speed 
with which these substances volntibsed C(CH 3 ) 3 C(CTl a ) a OH is closely 
allied to C(CH 3 ) 3 Br C(ClI 3 ) 3 Br , the orthorhombic cell has dimensions 
21 36 X 10 77 X 7 84 A 8 , and tho density is <1 The unit cell may be divided 
into two pseudo-tetragonal parts, each containing four molecules m approxi- 
mately face-ccntrcd positions , the space-group is Cm} 

In conclusion, I wish to express my deep appreciation of the constant interest 
that Sir William Bragg, PR8, has shown in tho progress of tho work The 
investigation was earned out at the Davy Faraday Laboratory of the Royal 
Institution, to the Managers of which I am indebted for all the usual facilities 
My thanks are also due to Sir William Pope, F R S , for specimens of C s Clg and 
CjC^Brj (symm ) and to Prof Swarts for a fine sample of C„Br F The remain- 
ing substances were all prepared at the Davy Faraday Laboratory by Mr 
W B Saville and Dr Helen Gilchrist, and I am deeply grateful to these fellow- 
workers for the tune and trouble so generously expended 
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The Behaviour of a Single Crystal of a-Iron subjected to 
Alternating Torsional Stresses 
By H. Gough, M B E , D Sc , Ph D 

(Communicated by Sir Thomas Stanton, F R S —Received December 22, 1927 ) 
[Plat*s 8-13 ] 

The object of the investigation described in the present paper was to obtain 
some information relating to the mechanism of deformation and failure of a 
single crystal of a-iron subjected to alternating torsional stresses With 
this particular type of applied straining action it has been shown previously 
that complete fracture of a metallic specimen may be produced while the total 
distortion of the specimen as a whole is extremely small and, in some cases, 
inappreciable This has been shown to apply to ductile metals m the form of 
a finely divided aggregate* and also to the case of large single crystals of 
aluminium f Fracture of this kind is of considerable scientific interest , its 
practical interest is due to the fact that a very large proportion of the failures 
of components of modern machines and prime movers arc of precisely this 
type The absence of change of shape of the specimen under these conditions 
of test does not permit of the employment of the method of distortion measure- 
ments devised by Taylor and Elam,J but expcnence§ has shown that careful 
observation of tho characteristics of the slip bands formed affords a valuable 
and unique method of relating tho mechanism of deformation with tho crystal 
structure and the applied stressing system, and this method has been employed 
in the present experiment 

Apparatus Employed, 

1 Alternating Torsion Machine —The machine used for the application of 
cycles of reversed torsional Btrainmg was originally designed by Mr C E 
Stromeyer It has been folly described elsewhere, both in its original form 
and in the somewhat improved form|| in which it is now employed 

2 Measuring and Photographs Apparatus —It was necessary to devise some 

* Gough ud Hanion, ‘ Roy Soo Proo A, voL 104, p 588 (1923). 

t Gough, Huron ud Wright, ‘ PhiL True A, vol 228, p. 1 (1926) , Gough, Wnght 
sod Hanson, 1 J Init Metals,’ vol 35, p. 173 (1928) 

$ * Boy. Soo. Proo A, voL 102, p 843(1923). 

) * Roy Soo. Proo ,* voL 90, p. 411 (1914) 

I) * Fatigue of Metal*,’ H. Gough Soott, Greenwood A Son, London, 1924 




Roy Soc Pioc , A, rol 118, PI 9 








(j OVfjll 


Roy Sot Riot , ,1, mi 118, PI 10 



121) i L 











Gough 


Roy Soc Proc , A, vol 118 , PI 11 




hu 21 X-1MI ]L 


hiu i\ x - no 



1* io 2 r > X 120 JL 


ha 20 X - IfMt 0 


Hioh 21-20 Photo micrographs (x 80 dianiH ) 




Fiu 27 (x 120 dianiH ) 







499 


Single Crystal cf a-Iron, 

accurate form of apparatus whereby measurements could be made of the slope 
and position of slip band markings with reference to some datum lino on the 
specimen. The apparatus shown in fig 1 has been fitted up for this purpose 
It oonsists of a dividing head (fitted with the usual index) and a loose tail-stock 
(with screw adjustment) all mounted on an accurately machined bed plate 
The specimen is earned on the centres of the head and tail stocks, and is clamped 
to the former, while being free to rotate on the latter A metallurgical micro- 
scope, appropnately mounted, can be moved— m a machined slot in the base- 
plate— in a direction parallel to the axis of the specimen The microscope can 
also be traversed m a horizontal direction perpendicular to the axis of the 
specimen. Attached to the eye-piece of the mioroscope and free to rotate with 
the eye-piece, is a circular disc accurately divided into degrees (permitting 
estimations of angles to one-tenth of a degree of arc) For photographic purposes 
the same apparatus is used merely replacing the eye piece of the microscope with 
a Letts micro-camera attachment (Plate 8 shows this attachment in position) 
A thread is Btretched directly under the plate holder of the camera, and means 
have been devised whereby this thread coincides with the image of the datum 
line with reference to which the slopes of the slip bands are measured. The 
shadow of this thread is photographed and reproduces accurately, on tho plate, 
the position of the datum line The apparatus thus enables the following 
operations to be performed with great accuracy, (a) the mounting of tho speci- 
men so that the position of the plane of reference is vertioal, ( b ) the determina- 
tion of the exact angle through which the specimen has been rotated in order to 
examine any required point on the surface, (c) the measurement of the slope of 
any surface mark with reference to the intersection on the surfaoe of a plane 
perpendicular to the axis of the specimen and passing through the point under 
examination, and, finally {d) photographic record of tho microstructure at any 
required point, the trace of the above reference plane being clearly indicated 
It may be added that the above order of accuracy was found to be essential in 
the present experiment and that the apparatus proved very successful in 
operation. 

Form of Specimen — The specimen is visible m fig 2 It is cylindrical in 
shape The central portion is 0 35 inch in diameter and 0 6 mch in length 
The enlarged ends are 0 45 mch m diameter and 0 75 inch long Transition 
curves of large radius join the several portions The specimen was machined 
from a crystal 0 48 mch m diameter and 9 2 mch long, kindly supplied by 
Prof. Edwards and Mr. Pfeil. On one enlarged end of the spooimen eight fines 
axe marked, each line being parallel to the axis of the specimen and spaoed at 
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equal intervals apart These lines are marked 0, 1, 2 7, and that numbered 

0 will be referred to as “ the zero reference mark of the specimen.” 

Conventions Employed -The specimen axis is the axis of reference The 
rt furence plane is a plane passing through the axis of reference and containing 
the zero reference mark The position of the normal of any plane is then denoted 
by 0 and where 0 is the angle between the normal of the plane and the axis 
of reference, while is the anglo between the projection of the normal on a 
plane perpendicular to the axis and a radial line (lying m this plane) drawn 
from the centre of the specimen and passing through the zero reference mark or 
the mark produced The position of any point on the surface of the specimen 
is denoted by the symbol X which represents the angle between two planes both 
containing the axis of reference, but while one piano contains the zero reference 
mark, the other contains the point under consideration ( X and <J; thus involve 
similar measurements, but it is convcment to restrict the use of these terms to 
points on the surface, und to the normals of planes respectively) The inclina- 
tion of any mark (slip band, etc ) on the surface of the specimen is measured 
with respect to the trace of the surface at the point of a plane which ib per- 
pendicular to the axis of reference , this inclination is denoted by tho symbol 
0, prefixed by a ± sign according to the usual convention 
Description of Experimental Work —After careful machining to the required 
form, the central portion of tho specimen was deeply etched to remove tho effect 
of the machining on the crystalline structure 
An X ray analysis was then made and the results obtained are as stated in 
Table I 


Table I — Spherical Co-ordinates (uncorrected) of Dodecahedral Planes as 
determined by X-ray Analyses 


Stago of experiment 

Plane 

no 

110 

Oil 

on 

101 

101 

Before test 

9 

87 8 

74 5 

32 8 

67 3 

66 0 

37 6 


* 

318 7 

60 2 

383 7 

192 2 

266 2 

110 2 

After test 

6 

87 0 

74 3 

33 7 

67 8 

65 7 

37 4 


* 

318 8 

80 5 

349 2 

192 0 

264 7 

110 7 


The surface of the parallel portion was then carefully polished Using a 
gauge projection apparatus the envelope of tho cross-section of the specimen 
was determined , the cross-section was found to be truly circular and concentno, 
the actual diameter being 0 3308 inch 
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The specimen was then placed in the alternating torsion machine and sub- 
jectedtol.llO.OOOreversalsof arangeof torqueof ± 17 “1 inch -lbs (/, = J- 1 0 
tons /inch 1 ), at a frequency of 1000 eyr lea per minute It was the n n moved and 
examined in a metallurgical microscope, using a 4 mm Apochromut objective 
(Zeiss) A searching examination of the complete circumference in the middle 
of the parallel portion of the specimen failed to reveal any slip band markings 
The specimen was replaced m the alternating torsion machine and the range 
of torque adjusted to ± 34 5 mch-lbs (/, — -fc 2 0 tons /inch 2 ) After a 
further 1,720,000 reversals (frequency 1000 cycles per minute) the specimen was 
removed and carefully examined Again no slip bands could be detected A 
large amount of time was spent in this examination, in which both direct and 
oblique illumination were employed as it is contrary to previous experic n< o to 
expect that a “ single crystal ” would exhibit such perfect elasticity under the 
range of shear stress ( ± 2 tons per inch*) employed "When it w as certain that 
there was no apparent change in the surface of the specimen, the mstal was 
replaced m the testing inaohmc and a range of torque of ± 69 0 mch-lbs 
(/, = ± 4 tons/inch*) applied at a frequency of 1020 cycle s per mmuti Afti r 
4,280,000 reversals the specimen was again removed and examined \s before', 
a most careful examination failed to disclose any surface markings apart from 
mechanical scratches The specimen was then subjected to 1,410,000 rutrsals 
at a range of torque = _t 104 mch-lbs (/, — ± 6 tons/inch*) On examina- 
tion, certain portions of the surface showed distinct slip-band markings, the 
majority of the surface, however, being entirely free from all signs of slip The 
slip-bands were widely spaced and comparatively few m iiuinlier In appear- 
ance they varied from a very close approximation to straightness to a wav) 
appearance which could, in some cases, lie resolved into a combination of 
shorter straighter bands of two different slopes A careful survey was made of 
the entire circumference of the specimen and the inclinations of the Blip-bands 
recorded The general appearance of the nncrostructure was not such as to 
suggest that the limiting range of stress had yet been applied to tho specimen 
The specimen was, therefore, replaced in the testing machine and the range of 
applied torque adjusted to ± 140 inch-lbs (/, = ± 8 1 tons/inch 2 ) at a fre- 
quency of 900 cycles per minute The automatic cut-out of the machine was 
finely adjusted, so that if the specimen failed, the test would be stoppod before 
the fatigue crackB had time to develop to a great extent The machine was 
found stopped after 118,000 reversals Tho specimen was removed from the 
machine and cleaned and a survey was made of the microstructuro The general 
appearance of the specimen can be described briefly as follows — 
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Cracks —The specimen had cracked m 14 different places , the general 
direction of these cracks being longitudinal (parallel to the axis of the specimen) 
although two of the cracks developed along two distinct branches All of these 
cracks were confined to the left-hand half of the specimen, the central and right- 
hand portions being free from cracks (An exact survey of these cracks on the 
developed surface of the specimen was made and is reproduced in fig 2 ) 


pcrclopcd Oeumfcrvnct a I iptcmtr, Va Kies ol from Rrf* rtrxi Plan* 



Fio 2 —Developed Surfaoe of a Specimen showing Positions and Shapes of Cracks 


Gaps in Slip Bands —Four well-defined zones existed in the central and right- 
hand portions of the specimen in which no slip bands could be detected The 
centres of these gaps occurred at, approximately, 

X -= 5°, 95°, 185° and 275°, 

the width of each gap subtending an angle of, approximately, 10°, at the centre 
of the specimen 

Slip Bands —With the exception of the gaps noted above, the remainder of 
the surface exhibited clearly defined slip bands These slip bands differed 
entirely m appearance at different portions of the specimen but may be described 
as belonging at any point to one of three main types — 

(i) One set of straight parallel slip bands 

(u) Two sets of slip bands of differing slopes, those of each set appearing 
to be straight (or nearly so) In some oases, portions of one set joined 
portions of the second set, giving at a first glance a “ wavy ” appearance 
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(m) Distinctly “ wavy ” slip bands, having a well-defined average slope, 
and limitB of slope, but impossible to resolve into combinations of 
straight slip bands 

Different Appearance of Structure at Centre and m the Neighbourhood of the 
CiacJcs — In the left-hand half of the surface of the specimen, the local deforma- 
tion— as judged by the microstructure — had been more severe (in the cracking 
stage) than in the centre or m the nght-hand third Thus at various positions 
along the same generator of the surface, it was possible to Bee the same slip bands 
in various conditions of development For example, at values of X = 5°, 95°, 
185° and 275° no slip bands (or very faint traces only) were visible at the centro 
(see, for example, Plato 10, fig 21), but at the centre of the left-hand third of the 
specimen, at these same points, junctions of two entirely different sets of well- 
developed slip bands were observed (see Plate 9, fig 11) Again, at the points 
X — 138° and 318°, very straight slip bands were visible (seo Plate 11, fig 24), 
but very careful manipulation of tho lighting system was necessary to reveal 
these clearly at the centre , at the left-hand side, however, the Bame slope of 
slip bands was observed, but the bands themselves were of much closer pitch 
and easily visible over a wide range of lighting angles (see Plate 11, figs 23, 25) 
Again, m many places at the centre where the structure showed clearly two sets 
of straight bands of different slopes (see Plate 10, fig 19), the corresponding 
position towards the left revealed a closely-pitched system of wavy bands 
possessing the same limits of slope as at tho centre but not resolvable into com- 
binations of straight bands (see Plate 10, fig 20) 

Some emphasis has been laid on the differing appearance of the structure 
at these positions as it will be seen later that valuable information regarding 
the probable cause of the “ waviness ” of slip bands in won has been obtained 
by a careful comparison of Buch differences 
(Survey of Slip Bands —A complete survey was made of the slopes and appear- 
ances of the slip bands (X = 0° to 360°) both at the centre of the specimen 
and also at a position towards the left-hand end of the parallel portion The 
following were recorded — 

(l) general average slope of bands and their characteristics (whether 
straight or “ wavy ”), 

(u) limits of slopes of “ wavy ” bands, 

(in) individual slopes where two sets of bands were observed, 
together with general notes on appearance, change-over points, etc Considera- 
tions of space forbid the presentation of these data m a complete form It will 
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be sufficient to record the mean slope, also the limits of slope, of the slip bands 
at a number of points spaced round one-half of the circumference of the specimen 
(at points 180° apart, the slopes were of the same value but of opposite sign) 
These readings ate as stated in Tablo II A senes of representative photo- 
micrographs accompany tho paper and illustrate various typical features 
exhibited by the micro-structure In order to determine to what degree of 
a< curacy the readings of the inclinations of the slip bands could be n peated, 
three complete series of measurements were mode at different times The results 
were found to be in very good agreement 


Table II - -Some Data relating to Observed Slip Bands 


Position 

1 Slope of Blip bund* > 

Position 

Slope of alip bands 

of aurfare 



of surface 






t xaminod 



(lal of A) 

I Mian slope J 

Limits of slope j 

(vol of A) 

Moan slope 

I tmds of slope 

0* 

j - 

0 and - 01 1 

00* 

- 82 

80J and -80 

M / 

» 7 

(n) 8 and —8 1 


(«) -801 

80 j and -78 

\ 

(b) 77 

(5) 73 and 80 i 


['<) 0 

0 


10* 

80 

74 and 87 

100* 


15 

S3 

741 ami 87 

75 and 87 ! 

105 

.2* 


JO 

84 

110 

12 

2,7 

84 

70 and 87 

115 

14 

17J aud 1 t 

to 

87 

75 and 89 

120 

101 

18 and 13 

15 

87 

751 and 88 

125 

18 

10 and 17 

40 


77 and -81 

130 

181 

10 and 17 

45 

50 

80 

80} 

80 and -81 

87 and -82 

135 

140 

10 f 
10 

Straight parallel 

slip Iwuds -difti 
cull to foiua in 

55 

801 

88 and -81 

145 

10 \ 




mioroscopt 

00 

-80 

87 and - 80} 

too 

18J 

101 fttl d 10 

05 

-88 

87 J and 81 

87 and —81 

153 

lot 

20 and 10 

70 

— 87 

100 

15 

101 and 14J 

75 

-80 

87J and -80 

107 

121 

141 and G 

SO 

-85 

871 «»<• 

170 

0 

121 and 11 

85 

-SJJ 

87 and -80l 

175 

7> l 

11 and —2 


* (k ntral portion of specimen freo from Blip band* at these point* 


The specimen was again submitted to X-ray analysis, the results of which 
are as stated m Table I Using a projection apparatus (magnification 50 1) 
it was found that no change m the form of dimensions of the cross-section of 
the specimen had occurred during the test No permanent relative twist of 
tho ends of the specimen could be detected Thus the distortion of the speci- 
men, as a whole, was inappreciable 

Interpretation of Slip Band Phenomena —It is now necessary to deduce a 
mechanism of slip, with relation to the crystalline structure of the material. 
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which is consistent with the changes in micro-structure resulting from the 
applied straining action The complete surface of the specimen was, as men- 
tioned previously, divided into four rones, namely, 5°/95°, 957185°, 185°/275°, 
275° /5°, the junctions of these zones being marked by an absence of slip bands 
in the central portion of the specimen. 

Previous experience with other single metallic crystals has shown that such 
gaps can be due to one of two changes, either (a) the applied stress system is 
insufficient to produce plastic strain, or (6) the direction of slip is tangential 
to the surface of the specimen at the point An examination of the surface at 
corresponding points (X = 6°, 95°, 185° and 275°) m the neighbourhood of the 
cracks, showed, however, that an abrupt change occurred m the general direction 
of the slip bands at these points Hence, the possibility (6) can be ignored and 
it is apparent that the stress governing the distortion reaches minimum values 
at these four positions In previous work dealing with aluminium single orystals 
subjected to torsional straining, similar abrupt changes m the slope of slip 
band markings have been observed, and have proved to be associated with those 
positions on the surface where the direction of slip is replaced by another slip 
direction of the same crystallographic type It appeared to be very probable 
that a similar mechanism of distortion had oocurred m the present case, slip 
in the zone represented by X = 5° to X = 95° being confined to one slip direction 
which was replaced by a second slip direction (crystallographically similar) 
in the second zone represented by X = 95° to X = 185°. Slip band measure- 
ments Bhowed that the remaining two zones were merely a repetition of the 
first two zones 

Regarding the identification of the direction of slip the appearance of the 
micro-structure at X = 139° was very suggestive At this position and at the 
position diametrically opposite (X = 319°) the slip bands observed were 
straight, and entirely free from any suggestion of “ waviness ” or of duplex 
structure, which characterised the slip bands observed at all other parts of the 
surface Further, it was extremely difficult to focus accurately these slip bands 
under direct ill umina tion. By changing the lighting system in a number of 
ways it became apparent that a fairly close-spaced system of slip bands was 
present, but the differences of surface level due to these bands were very small 
Now this appearance is typical of a position where the direction of slip is tan- 
gential to the surface of the specimen If 0* fa denote the spherical co-ordinates 
of the direction of slip, then whatever the type of shp may be, whether on a single 
plane or on duplex planes, or even of an irregular nature not confined to planes, 
straight shp bands will be formed at a value of X equal to ± 90°), and the 

rob. oxvin. — a. 2 l 
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•lope of these slip bands will be given by 0, =« ± (90° — 84 ) In the present 
experiment the slopes of the straight sbp bands at the points X = 189° and 
X = 319° were ± 19J° Now all previous experiments on single crystals have 
shown that the slip direction corresponds to a line of high atomic density (e.g., 
110 for aluminium,* 111 for iroa.t 111 for tungsten, J ll20 for nnc§) The 
principal lines of atoms in the body-centred structure of iron correspond with 
the diagonals of the elementary cube Calculation showed that the cube 
diagonals, of the present specimen, were situated as follows — 


Table III —Spherical Co-ordinates of Cube Diagonals (Normals to Octahedral 
Planes ) 


Norms! 

e 

* 

111 

64 10 

308 0 

111 

39 0 

61 44 

111 

70 28 

228 21 

III 

68 18 

149 42 


It is apparent that sbp m the ill direction would be tangential to the surfaoe 
of the specimen at the value of X = 228° 21' ± 90°, % e , 138° 21' or 318° 21' 
and that the slope of the sbp bands at these points would be represented by 
± 19° 34', is, ± (90° — 0„), and this is identical with the nature of the sbp 
bands observed at these points Hence, strong evidence bad been obtained 
that one of the sbp directions concerned was a principal line of atoms of the 
lattioe (Them principal bnes, corresponding to the diagonals of the elementary 
cube and to the normals to the octahedral planes, will be referred to as the 
octahedral directions ) 

Previous work on the deformation of single crystals of a-iron has been earned 
out by Pfeil, || also Taylor and Elam J| From his experiments Pfeil concluded 
that “ slip in an iron crystal does not occur on cubic or dodecahedral planes, 
but on looeitetrahedr&l planes Movement on an icositetrahedral plane takes 
place in the direction of the trigonal axis to that plane ” The observed deforma- 
tions were not considered with regard to stress considerations In the following 

• 8m notes, *, f. t> P 408 

t Pfeil, ‘J Iron * Steel Imt/roL 15 (1928) , Tsytor and Elam, • Roy Soo. Pros..’ A, 
roL 112, p. SS7 (1028) 

J OoooW, ‘ Phil Msg.,’ voL 0, p. 48 (1024). 

} Muk, PoUnyi sad SofcmkL 

|| Loo. c*. 
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year, Taylor and Elam published the results of distortion measurements on 
single crystals of iron subjected to- statio tensile and oompreaaive straining 
The strain analysis indicated that distortion proceeded by a uniform shear, the 
direction of slip coinciding with that of the most highly stressed octahedral 
direction The slip plane, as determined by distortion measurements, 
did not, however, coincide — m the general case -with a crystallographic plane 
of low indices, but was apparently determined purely from shear stress con- 
siderations Distortion measurements were not sufficient to determine whether 
the resulting distortion was produced by duplex slip on two planes Information 
on this point was sought by a study of the sbp band markings appearing on the 
polished surface of the specimens Arising from this study, Taylor and Elam 
suggested a “ rod ” theory of deformation according to whioh “ the particles 
of the metal Btiek together along a certain crystallographic direction, and the 
resulting distortion may be likened to that of a large number of rods which slide 
on one another The rods stick together in groups or smaller bundles of irregular 
cross-section, and the slip lines which appear on a polished surface are the 
traces of these bundles on that surface When the distortion of the crystal m 
bulk ib a uniform shear these bundles stack together to form plates of irregular 
thickness, but lying in general with their planes parallel to the plane of slip 
determined by external measurements of the surface The plane of these plates 
is determined by the direction of the principal stress It has no direct relation- 
ship with the crystal axes The slip lmea appear to have no direct 

relation with any of the principal crystal planes ” 

Thus, the experiments of Pfeil and of Taylor and Elam indicated a common 
direction of slip The suggested mechanisms of distortion, however, were 
fundamentally different, for whereas Pfeil considers that slip is confined to 
planes of one definite type (112) Taylor and Elam suggest that planes of low 
crystallographic indices do not necessarily enter into the distortion, the outlines 
of the “ bundles of rods ” concerned being irregular and not being controlled 
by stress considerations at all At the same time, their observations do not 
exclude altogether the possibility that the outlines of the “ rods ” may coincide 
with portions of crystallographic planes, although a perusal of their work leads 
to an impression that Taylor and Elam do not favour this as a probability 
Tungsten crystallises in the same type of lattice — body-centred cubic — as that 
of a-iron, and Gkmoher* has studied the deformation of single crystals of tungsten 
He con c lu ded that deformation may be accounted for in all cases by slip on 
loootetrahedral (112) planes and in the octahedral direction, with the single 
* Loo, oit. 
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exception of a crystal subjected to special constraints which slipped on cube 
faces (100) and in the 100 direction With regard to the present experiment, 
some evidence has been obtained that the 111 direction is a slip direction, thus 
agreeing with all the previous investigators The general appearance of the 
micro-structure did not appear to be consistent with the hypothesis that dis- 
tortion occurs by slip on planes of one type (Pfeil and Goucher), and while being 
generally similar to the structures recorded by Taylor and Elam, there were 
definite indications that the bents of slope of the slip bands followed some regular 
law and were not entirely irregular as the rod theory would indicate 
It was decided, as a first step, to examine the micro-structure of the specimen 
with regard to the general hypothesis that slip occurs on a plane (not necessarily 
of low indices, crystallographically) containing an octahedral direction and on 
which the resolved shear stress is a maximum When torsional straining is 
applied the general case of four octahedral directions (as possible directions 
of slip) has to be considered For the sake of sunpbcity, it is convenient to 
consider, mathematically, each octahedral direction individually, after which 
the significant direction at any point of the specimen can be exhibited graphically 
Considering any given octahedral direction (denoted by 0* <{/*) a single infinity 
of planes contains this direction (apphed to the stereographic projection, the 
normals of all such planes be on the great circle corresponding to the inter- 
section of the octahedral plane, 0„, vjj* with the sphere) We require to find 
which of these planes gives the maximum value of resolved shear stress (in the 
octrahedral direction), at any given point (denoted by X) on the surface of the 
specimen The spherical co-ordinates of this plane, also the slope of the trace 
of the plane on the surface of the specimen at the given point, are also required 
These expressions have been deduced in the following manner — 

The Shear Stress Analysis of a Single Crystal of Iron subjected to a Pure Couple 
At any point on the surface of a cybndncal torsion specimen, it is required to 
find - 

1 The maximum value of the shear stress on all planes containing the normal 

to an octahedral plane and resolved in the direction of this normal 

2 The spherical co-ordinates of the plane subjected to this maximum resolved 

shear stress. 

3 The slope of the trace of this plane on the surface of the specimen at the 

point under consideration. 

Notation —Let the pole of the spherical co-ordinates used be the axis of the 
specimen , and let the reference plane be a plane containing the pole and passing 
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through the reference mark 0 on the specimen. Any point on the circum- 
ference of the specimen is then denoted by the angle X, when X is the dihedral 
angle between the reference plane and a second plane which contains the pole 
of the specimen and the point in question Also let X be considered of positive 
sign when it is measured m a counter-clockwise direction from the reference 
plane 

A plane is denoted by the spherical co-ordinates 0, <p, of its normal, where 0 
is the angle the normal makes with tho axis of the specimen, while ^ is the angle 
made with the reference plane of tho projection of the normal on to a plane 
perpendicular to the axis The same convention of signs is employed for (]> 
as for X 

Let 0* refer to the normal to an octahedral piano, and 0 O , <]>„ to the normal 
to any other plane containing this normal Let S r denote the value of tho 
shear stress on piano, 0 e , ^ 0 , resolved in the direction 0* <]^ Let S = maxi- 
mum shear stress at the surface of the specimen Then 
S = 2T/rrr* 

where T ==* applied couple and r = radius of specimen 
Then it has been shown previously* that 

S, = S [am 0 O cos 0„ sin (^ 0 — X) + cos 0 O sin 0* sin (tj/* — X)] (1) 

The oondition that the plane 0 O , ip 0 , shall contain the direction, 0 d , ^4, is 
given by 

tan 0 O = — cot 0< sec — ^ 0 ) (2) 

Substituting for sin 0 O and cos 0 O in (1) we obtain, after simplification 
S r — S [sin* 0* sin (<{»* — X) cos — <^ 0 ) — cos* 0* sin (<^ 0 — X)] 

/cos 0* V tan 1 0„ cos* (<J/ 4 — t}< 0 ) + 1 (J) 

It is now required to find tho maximum value for S r Differentiating with 
respect to <p 0 , and equating to zero, we obtain 

= 0 = S [{— sin* 0< sin — X) sin (<J* 0 — <{/,,) 

— cos* 0< cos (ip 0 — X)} {sin* 0< cos* (<{/„ — i]>s) + cos* 0<} 

-1- {am* 0* am (^ 4 — X) cos (i|i 0 — +4) — cos* 0 4 Bin (<]/ 0 - X)} 
X sin* 0 4 cos (t{/ 0 — M sm (<|> 0 — +4)], 

which reduces to 

sm* 0 4 cos (2 i |»4 — <J/ 0 — X) •+■ coe* ©4 cos (^ 0 — X) = 0 
* Gough, Wright and Hanson, ' J Inst. Metals,’ vol 30, p 173 (1926) 
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(<K - X) = K + P and — X) — K 

we obtain 

sm* 64 cos (K — (3) -f cos* 0„ cos (K -j- p) = 0, 

whence 

tan (3 = cot K/cos 20* (4) 

and substituting in (3) we obtain 

8,^ =r S [sm* 04 am K cos [1 — cos* 04 am (K -f (3)]/V sm* 04 ooa* (3 + cos* 04, 
which reduces finally to 

^mwc = S Vcos 4 K COS* O4 -f- Bin* K COS* 204 

= SVcos* (4'<— X) cos* 04 + am* (^4— X) cos* 204, (5) 

giving the value of the maximum resolved shear stress at any point on the 
circumference of the circle, denoted by X, in terms of S, 04 and ^4. which was 
required (The sign must bo otherwise determined ) 

Determination of Co-ordinates of Plane of Maximum Resolved Shear Stress 
The co-ordmates, 0 O , <j/ 0 , are determined from the relations 

tan (<Ji 0 — ^4) = cot (^4 — X) seo 20 d (4) 

and 

tan 0 O cot 04 sec (1(14 — <J< 0 ) (2) 


To determine Slope of Trace of Plane of Maximum Resolved Shear Stress on 
Surface of Specimen 

The tangent plane at the point considered (<J; — X) is expressed by 
x cos X-j-ysm X = 0 (direction only considered) 

The equation to the plane of maximum resolved shear stress (0 O , 4» 0 ) lS 
x sm Q 0 00s <Ji 0 -j- y sm 0 O sm cj/o + * 008 % — 0 
The general plane through the intersection of these planes is 
x (sm 0 O ooa 4*0 + K cos X) + y (sm 0 O sin -f K sin X) -f- z cos 0 O = 0, (6) 
and is perpendicular to the tangent plane if 

sm 0 O cos 4»o 008 * + 8111 80 sm 'J'o 8111 * + K- = 

te, if 

K = — sm 0 O 00s (4» 0 — X) 

Substituting, we obtain 

— * am 8 0 sm (iji 0 — X) am X y sm 0 O urn (^ 0 — X) cos X + * oos 0 o = 0 
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The “ 6 ” co-ordinate of this plane (perpendicular to the tangent plane and 
containing the intersection of the plane of maximum resolved shear Btress with 
the tangent plane) is equal to the slope of the trace of the plane of maximum 
resolved shear stress measured with relation to the perpendicular to the axis of 
the specimen Denoting this slope by 0„ it can be shown that 

tan 0, = ± tan 0 O sin («|/ 0 — X) (7) 

Using the relations (2) and (4), by suitable expansion and substitution, the 
following expression is finally obtained 


tan0 — 1 ~ 2 8 m»(4>4— X)8in» 9 d 
' sm — X) tan 0j cos 20* 


( 8 ) 


Thus giving the slope of the trace m terms of Q d , <p d and X only, as was required 


Correction of X-Ray Crystal Analysis and Deduced Spherical Co-ordinates of the 
Octahedral and other Crystallographic Planes 
The spherical co-ordinates of the dodecahedral planes of the specimen (before 
and after test) given in Table I require correction In previous work on 
aluminium crystals it was found that sufficiently accurate and consistent cor- 
rections could bo obtained using the stereographic net This is much more 
difficult m the case of the iron crystal where readings of reflections from six 
dodecahedral planes were usually obtained from the X-ray analysis In 
addition to giving due consideration to each of the six readings, the limits of 
accuracy placed on the experimental readings for each plane are ± 1° for 0 
readings and ± 2° for the 4» readings As will be seen, it became necessary, 
at a later stage, to obtain, accurately, the spherical co-ordinates of a much larger 
number of crystallographic planes At first, these were all deduced using the 
net, but undesirable errors crept in Accordingly the correction of the X-ray 
readings and the position of the required planes have been calculated throughout 
The X-ray readings were first corrected by the method of least squares,* and 
0 and iji readings being weighted according to the ascribed accuracy of deter- 
mination The cube faces wore then found by bisecting the angles between 
appropriate dodecahedral faces The spherical co-ordinates of any required 
crystallographic plane were then calculated, using these co-ordinates and the 
Millenan indices of the required plane 
Thus if Jy iMj, »h (0i, 4h)» l„ m t , n, (0,, i|»,), l„ m s , n, (0„ 4»,) refer to the 
cube axes of the crystal (as found after correcting the X-ray analysis) while 
0 and refer to any crystallographic plane whose Millenan indices are denoted 
* 8ss “ Combination of Observations,” Brant, * Cambridge Unlv. Press' (IMS) 



512 H. Gough. 

by a, b and e Then, using the usual method of transformation of axes it 
can be shown that 


cos 6 = (o cos 6j -f b cos 0 , + e cos 0,) (o* + ft* -f e^)"*, 


a sin cos ^ -f b Bin 0, cos tj^-f c sin 6, cos ^ 


( 9 ) 

( 10 ) 


The calculated co-ordinates for various planes are given in Table IV 
At present we are concerned only with the co-ordinates of the octahedral 
directions, t e , 

r e iu = 54° 10' r Diu = 39° 0' r^, = 70° 26' rOm = 58° 18' 

<■ + m = 308° 0'l«Jr m = 61° 44' = 228° 21' = 149° 42' 


Curvet of Maximum Resolved Shear Stress and their Significance when studied in 
Relation to the general features of the Cracks and Slip Bands present on the 
Specimen 

Using equation (5) and inserting the values of the co-ordinates of the four 
octahedral directions, the maximum resolved shear stress curves were plotted 
(see’fig 3) (Note that for complete reversal of stress, the stress curves should 
be reflected about the zero stress line) The curves show that if the maximum 



FiO. 3.— Diagram showing, at each point of the developed obo nmfa ranoe of the specimen, 
the value* of the maxima of the shear stresses on all planes resolved in the direction 
of the normals to the octahedral planes. 
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resolved shear stress hypothesis (octahedral direction) is correct, only the 111 
and the ill directions are of importance with the present specimen The 
following features of the curves are important — 


Direction 

| “ Peek " poution of ourve 

“ Effective ” portion* of ourve*. 

111 

A =. 188° 4 end 818° 4 

A - 88° to 187* »l*o A- 878° to A - 7° 

111 

A = 51° 7 and 831° 7 

A — 7° to 93° *lao A = 187° to A - 273° 


The “ change-over ” points being at X = 7°, 93°, 187° and 273° 

The positions of the cracks found on the specimen (see fig 2) were situated 
at the following approximate positions — 

Group 1 X = 36° (+ 7°, - 11°), 53° (± 1°), 67° (+ 23°, - 10°) 

Group 2 X = 130° (± 1°), 140° (± 5°) 

Group 3 X — 213°, 219°, 228°, 239°, 252° 

Group 4 X = 295°(±5°), 310° (± 3°), 320°, 328° (± 3°) 

Thus the cracks are situated about four general positions which coincide, 
approximately, with the crests of the stress curves of fig 3 The “ significant ” 
Blip direction in fig 3 changes at values of X equal to 7°, 93°, 187° and 273°, 
and the effective resolved shear stress u a minimum at these pomts Reference 
to Table II will show that, at these positions on the specimen, no slip bands were 
visible m the central portion of the specimen, while Budden changes in the 
direction of the ahp bands were observed at corresponding positions m the left- 
hand third of the specimen Thus the positions of the cracks, zones free from 
slip bands, change-over pomts of the direction of slip and the special nature of 
the slip bands at the positions X = 139° and 319°, are in such exact agreement 
with the stress distribution illustrated in fig 3 as to leave no room for doubt 
that the general hypothesis on which the curves are calculated— maximum 
resolved shear stress in an octahedral direction— is the most important factor 
governing the process of distortion of the specimen. The slip band markings 
at any point on the specimen will now be considered in relation to the trace of 
the plane subjected to this maximum resolved shear stress at the point in 
question. It has been shown that the slope of the traoe of this plane is given 
(see equation (8) ) by the expression 

tan 0, = (1 — 2 sin* (iJj* — X) sin* 0 4 )/sin (i|fc — X) tan 0* oos 20* 

Inserting the values of the spherical co-ordinates, 0* for one of the given 
octahedral directions, the expression can be evaluated for all values of X (0° to 
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360°) Thu has been done for all the font octahedral directions and the results 
represented graphically Figs 5 and 7* refer to the significant directions 111 
and ill Each diagram represents a development of the complete circum- 
ference of the circle , values of X arc shown horizontally while positive and 
negative slopes are shown vertically above, and below, respectively, thu datum 
line Each curve refers entirely to one only of the octahedral directions The 
values of 0, (calculated using equation (8) ) give the dotted curves , the full 
curves will be considered later If the data given in Table II m the column 
headed “ Mean Slope ” are plotted on figs 5 and 7, the points agree extremely 
well with the dotted curves of those figures m the following areas 

Fig 6 (111 direction) agrees at 

Fig 7 (ill direction) agrees at 

and, as fig 3 shows, these are the particular octahedral directions which are 
significant according to the deduced stress analysis The accompanying senes 
of photo-micrographs illustrate the correspondence existing between the 
average Blope of the slip bands at vanous points and the slope of the trace of the 
plane of maximum resolved shear stress on the surface of the specimen In 
general, the photographs were taken at the centre of the specimen except in 
some cases where it ib desired to bnng out special features not easily seen at 
the centre Such special positions are indicated by notes JL, JL, etc , meaning 
that the spot u to the left of the centre and i or ^ way from the centre towards 
the end of the parallel portion of the specimen The vertical black line is the 
datum line, of zero slope, photographed in the manner previously described. 
Passing through the centre of each photographic negative, a line has been ruled 
at an angle corresponding to the calculated slope of the trace of the plane of 
ma x i mum resolved stress as given by equation (8) and shown by the dotted 
curves in figs 5 and/or 7 This line appears as a full white line m the print. 
In fig 11 two white lines are seen (ill and 111) At this point (X = 190° or 10°) 
the change over in direction of the slip bands has just been completed, and 
several widely-spaced bands of the 1 II senes come to an end m the upper portion 
of the field Figs 14, 23 and 25 (Plates 9-11) show the appearance of typical 
araclw Kg. 21 shows some of the slip bands in an early stage of development 
as seen occasionally m those areas otherwise free from all slip band markings 
A careful examination of the photographs will show that the white line is in 
good general agreement with the average slope of the slip band m a rkin gs 
* See pp. 623, 524 


| X = 7° to 93°, 

1 X= 187° to 271° 
f X - 93° to 187°, 
1 X 273° to 7°, 
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Previous reference has been made to the nature of the slip bands in the region 
X = 139° and X = 319° Plate 11, fig 24, shows the structure at X = 139° , the 
lighting had to be very carefully adjusted to obtain this photograph Fig 23 
taken slightly to the left of this spot, shows that a very closely spaced system of 
slip bands is present As mentioned above, the nature and slope (19 6°) of 
the slip bands at the point X = 139° are sufficient to identify the normal to the 
ill direction (0 = 70° 26', tp = 228° 21') as the slip direction 

The evidence so far obtained is considered to have demonstrated in a satis- 
factory maimer, the following details concerning the mechanism of distortion — 

1 The direction of slip coincides with that of the most highly-stressed 

principal lrne of atoms 

2 The average slope of the slip bands, at any point is a very close approxi- 

mation to the slope of the trace of the plane of maximum resolved shear 
stress 

In these important respects, therefore, an iron crystal subjected to reversed 
torsional stresses deforms m a similar manner to that previously shown by 
Taylor and Elam to govern distortion under static tensile and compressive 
stresses 

More Detailed Consideration of the Appearance of the Slip Band Markings and 
tie Bearing on the Mechanism of Deformation 

The remaining step is to deduce the exact type of distortion that, governed 
by the chief condition of resolved shear stress (octahedral directum), would pro- 
duce the observed forms of slip band markings Several possible types of dis- 
tortion will be discussed 

1 General Case — The most general case assumes that slip will take place, at 
any point in the specimen, on that plane subjected to the shear stress denoted 
by the maximum ordinates of the stress curves of fig 3 at the particular value 
of X concerned (This plane will not, of course, m general, be a crystallographic 
plane of low indices , see fig 4 (6) ) Should this type of slip occur, then the 
slope of the slip bands should, at any point on the surface of the specimen, agree 
with that denoted by the dotted lines at the significant portions of figs 5 and 
7 Also these shp bands should have one definite slope at this point These 
features are not, however, exhibited by the micro-structure and the above 
hypothesis of deformation can be definitely rejected (as it was previously re- 
jected by Taylor and Elam in connection with their static tests) 

2 The “ Rod ” Theory of Taylor and Elam —It follows from this theory that 
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the form of the slip bands will, at any point on the surface of the specimen, 
correspond to the trace of the “ rods ” or “ bundles of rods ” on the tangent 
plane to the surface at this point Now, if the 0 4 , <|i 4 , refer to the direction of 
shp, parallel straight slip bonds should be found at values of X equal to ± 7t/2 
We have seen that the appearance of the structure at the point X = 139° and 
X = 319° agrees with this supposition But the “ bundles of rods ” are assumed 
to be of irregular cross section bearing no relation to the crystal structure 
Hence as X increases from a value of fo-fc w/2 towards ^ (or + n) the character 
of the shp bands should change from a system of parallel straight lines to a 
wavy irregular shape, attaining maximum “ waviness ” at the latter points 
These general characteristics are not consistent with the appearance of the 
micro-structure in tho present case At any point, the limits of slope of the shp 
band markings possessed very definite limits Now in the region X = 7° 
(187°) to X = 93° (273°) where tho 111 direction is significant from stress con- 
siderations, calculation showed that the limits of slope of tho slip bands were 
consistent with the traces of one definite pair of planes in the zone from X = 7° 
to X = 40°, also that these planes agreed with the crystallographic planes 321 
and 110 But in the area X = 40° to X = 93°, although tho observed limits 
of slope were again consistent with the traces of two planes on the surface, these 
planes proved to coincide with the 110 and 25l planes The spherical co- 
ordinates for the plane of actual maximum shear stress were calculated, from 
equations (2) and (4), and the positions of these planes have been plotted, for 
various values of X (intervals of 10°) on the stereographic projection shown in 
fig 4 ( b ) The positions of these planes in the portion of the specimen repre- 
sented by X = 7° to 93° are very significant when considered in relation to the 
crystal planes 321, 110 and 25l, and the limits of slope of the shp bands m the 
same area (as explained above) They suggest that the mechanism of deforma- 
tion is probably associated with slip on certain crystal planes— these planes 
being determined from shear stress considerations — rather than that of an 
irregular substructure of the material bearing no apparent relation to the 
crystal structure 

3 Examination of the Micro-structure with Relation to the Assumption that 
Deformation proceeds by Slip on a Crystal Plane (or pairs of Planes) of Low 
Indices — It becomes necessary to obtain data regarding the stress-distribution 
on certain types of planes likely to be involved and also, the slopes of the traoes 
of these p lanes on the surface of the specimen. The direction of shp being 
identified as the octahedral direction, the locus of the normals to all possible 
slip planes are represented— on the stereographio projection — by the great 
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circle representing the intersection of the plane (whose normal is the direction 
of slip) on the surface of the sphere (see fig 4 (a) ) All such planes are repre- 
sented by the 110, 112, 123, 134, , etc , senes of Millenan indices (» e , one of 

the indices represents the Bum of the other two), and it is necessary to limit 
in some way the number of types of planes to be examined Now, as previously 
mentioned, evidence had been obtained that 110 and 123 planes were con- 
cerned. Experience of the mechanism of strain in other types of crystal 
structure (face-centred cubic and close-packed hexagonal) indicates that 
planes of slip arc determined— to some extent yet unknown— by the atomic 
density of these planes (as well as by the condition that the direction of slip m 
the slip plane shall be a line of great linear atomic density) Now the planes 
containing the octahedral direction arranged m order of atomic density, are as 
follows — 

Plane (General Type) Atomic Density ( X a*) * 

110 0 708 (maximum for 

112 0 408 lattice) 

123 0 267 

134 0 1% 

etc 


Thus, if 110 and 123 planes are possible slip planes, 112 planes would also 
be expected to warrant consideration Planes such as 235, 145, and higher 
indices would not be expected to enter into the distortion as if shp could occur 
on these planes then, owing to their great number, the limits of slope of the 
resulting shp bands would not be as widely divergent as found in the present case 
Hence it was decided to consider 110, 112 and 123 planes only Fig 4 (a) is a 
stereographic projection of the cubic lattice showing these planes (the pole of 
the diagram being a normal to a cube face, 001) Fig 4 (b) shows the same 
system, the pole now corresponding to the axis of the present specimen The 
relative orientation of the crystal and specimen axes is as determined from the 
(corrected) X-ray analysis made after test 
Resolved shear stress equations for each of the 12 planes containing each 
octahedral direction were calculated as follows — 

Let 

0„ 4 * 9 * refer to the plane 

9* 4* re^r to the contained octahedral direction 


Whan a is tiw Uttioe parameter 
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Then if 

8, = value of the shear stress on the plane resolved m the given direction 
at any point on the surface of the specimen (denoted by X) 

S = 2T/w* where T is the applied torque and r is the radius of cross- 
section of the specimen 

wo have 

S,/8 = A cos (X - a) (11) 

where 

A = V— i (cos 20, + cos 20* -f 2 cos 0 P cos 28*) 
and 

a =s tan -1 [(tan* % — 1) cot («j/j — ^„)] -f- 

The sign of A is determined from the alternative form of equation (11), 
previously given as equation (1) 

The values of A and a for each of the 42 planes (110, 112 and 123 types, each 
dodecahedral plane being common to two octahedral directions) were calcu- 
lated, giving 49 equations, and the constants are as stated in column III of 
Table IV The stress curves calculated from some of these equations are 
plotted in figs 6 and 8, relating to the 111 and ill, directions, respectively * 
These curves give the stress intensity for a uni-directional torque , for reversed 
stresses they should be reflected about the zero stress line Note that the 
envelope to each family of curves is given by equation (5) and has been previously 
plotted m fig 3 

The slope of the traces of each of these planes on the surface of the specimen 
was also calculated in the usual manner 

0, «= tan -1 {tan 0, sin(X — ij;,)} 

These slopes are represented graphically m figs 5 and 7* Note that all these 
planes have a common slope at the points X = ± 90°. where refers to the 

direction of slip, and at these points straight parallel slip bands should be 
observed if the direction of slip contains the plane of maximum resolved shear 
stress at the point 

Fig 3 shows that the significant portions of these curves are as follows — 


* Similar carve* have been plotted relating to the 111 and I'll dlrectioni. Three alip 
[notion*, however, were found to have no inflnmo e on the distortion. 
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Table V 


Figure No 

Direction of slip 

hiKiufiuuit ]inrtiun» of nines 

6 } 

111 { 

A — 7 to '(3 , also 

A - 187 J to 273° 

7 > 

Hi / 

A - flV to 187’, also 

» / 

\ 

A 271’ to 7 


Consider one of the shear stress curves, for example, fig 0 At any value of 
X, the maximum value of the resolved shear stress is represented by the ordinate 
of the envelope of the stress curve The diagram shows also the two planes 
<of 110, 112 and 123 type) which most nearly approach this value Thus, at 
X = 30, the planes of nearest approach are the 110 and 321 planes (situated 
on opposite sides of the plane of actual maximum stress) But tig 5 also gives 
this general information, for we see that the dotted line representing the trace 
of the plane of maximum stress, at this point, is situated between the i urves 
representing the slopes of the traces of the 110 and 321 planes Hence, onlv 
the slope diagram, figs 5 and 7, need bo considered if the actual value of the 
resolved stress on the planes is not required, and this may be found a con- 
venient method of studying the problem 

With this data avadable, several possible types of distortion were studied 
with relation to the observed slip bands 

(а) Slip confined to one type of plane (110, 112 or 123) — This is the mechanism 
of distortion previously encountered with aluminium crystals It should result 
m definite senes of parallel straight slip bands with clearly marked “ change- 
over ” points * This mechanism is inconsistent with the observed micro- 
structure and needs no further consideration 

(б) Duplex slip on two planes of similar crystallographic type —Distortion might 
occur by slip on the most highly stressed pair of 110, 112 or 121 planes This 
possibility was examined at length but was rejected as it failed entirety to pro- 
duce those limits of slope exhibited by the micro-structure 

(o) Duplex slip on two planes, not of the same crystallographic type, being 
situated on opposite sides of the plane of actual maximum resolved shear stress, 
each plane being either a 110, 112 or 123 plane and subjected to greater resolved 
shear stress than any other plane of these three types situated on the same side of the 
plane of actual maximum resolved shear stress 

* See note* *, f, p 498 

VOL. OX VII I —A 2 U 
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Consider fig 4 (b) The position of the piano of actual maximum resolved 
shear stress, for various values of X, have been calculated (using equations (2) 
and (4) ), and their positions arc denoted by these vilucs of X The possibility 
now under consideration is dupk x slip on one plane on each side of the plane of 
maximum Tesolved shear stress, each slip plane to be that ono of the three 
general types 110, 112 or 123 subjected to greater resolved shear stress than 
any other plane of these tjpes situated on that side For example, the plane 
of maximum resolved shear stress, at the point X — 10°, is situated between the 
planes 321 and 110 On the left of this plane ne have m order the planes 321, 
211, 312, etc , on the right, wc find 110, 23l, 12l, etc From fig b, the \ slues 
of the resolved shear stresses at this point (X = 30°) are as follows 


Table VI 



Then the possibility under examination is that slip may occur on both the 
321 and 110 planes, the relative amounts on each being adjusted so as to produce 
an approximate distortion equivalent to slip on the plane of maximum resolved 
shear stress If slip of this type occurs then we see from fig 5, that the limits 
of slope of tho slip bands observed at the point (X — 30°) should make angles 
of + 7b° (321) and -f- 88° (110) with the datum line, while the mean slope should 
be -f 86°, corresponding with the trace of the plane of actual maximum resolved 
shear stress 

Analysing the complete surface of the specimen in this manner, the relations 
between the limits of slope of the slip markings and the slip bands become aa 
given in Table VII 
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Table VII 


Value of A (olno A 4- w) 


T to 41) 


40 

40 to *13 


Mip (lireition 
(wi tip 4) 


111 


Planin witli whiwe traci-s the limit* of 
slopi of tin Klip bandit should be in 


121 and 110 

110 ilwi jxiKHihly 121 or 23 1 
I IO and 21l 


III 


2l 1 and lol 

211«1ho |>oH»ibly 101 or 112 
211 ami 1 12 
Ml plain a 

(Moot - ')0 - 8... - 11) 11 ) 
Il2 and 121 

12 1 also poiwihly 1 1 2 or 01 1 
121 and Oil 


(It is of interest to note, that with the type of distortion now under discussion 
tho geometry of the body i cntred lattice restricts the pairs of possible slip planes 
into two general types only, 1 e , 1 10/12 1 and 112/121 The form 112/110 cannot 
occur Reference to fig 4 ( b ) will make this apparent ) 

A very careful comparison was then made of the mn.ro structure of the 
specimen and the limits of slope deduced from figs 5 and 0, also 7 and 8 
according to the hypothesis stated above _The agreement found was remark- 
ably close Fig 9 illustrates this agreement The diagram represents a 
development of one-half of the circumference of the spec, mien The slopes of 



■n. r , - f Rhombic Dodocahodral (110) 

Fw 5 -Diagram showing the slope of J roositetrahedral fill!) 


■/ loom tetrahedral (112) 

(_ Hexakis-Octahedra (123) 


traoeeof the 

also of the planes of Maximum Resolvod Shear Stress containing the 111 direction. 


2 M 2 



Tlzfrf! 



** ’-“'si’SfS 8 “"**'"* (ss^s* 1 ' 110 ’ 

tr&oe* of the \ HexaJds-Ootabedrel (128) 

•Iso of the Plane* of Maximum Resolved Shear Stress containing the 1 ll direction. 


maximum resolved shear stress (for the 111 and ill directions) are indicated 
by the dotted lines The experimental data relating to the observed slip 
bands— as given in Table II— are plotted on the same diagram, circles and dots 
denoting, respectively, the mean slope and limits of slope, as recorded in Table 
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II It w evident that the mean slopes of the slip bnnds correspond very closely 
with the traces of the planes of maximum resolved shear stress But of much 
greater significance is the agreement between the limits of slope of the slip 



Fin 8 —Diagram of Resolved 
Shear Stress on 


{ 


Rhombic Dodecahedral (110) 
Ioositetrahedral (112) 
Hexakis Octahedral (123) 


} Planes containing the 111 
di rootion 



bands and the traces of certain crystal planes Seven distinct changes of slope 
are seen to occur over the half-circumference of the specimen, and these changes 
agree exactly with those given in Table VII and predicted by the suggested 
mechanism of distortion now under discussion In fact the agreement is so 
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close, holding over a wide range of slopes including many abrupt changes of 
slope, as to afford the very strongest evidence that this special type of duplex 
slip on certain crystallographic pianos is the actual mechanism of distortion in 
the present case 

On the photo-micrographs (Plates 9 to 1 1 , figs 11 to 26) certain white dotted 
lines appear These Iin«s correspond to the slopes of the traces of the slip 
planes, at the particular value of X concerned, according to the suggested duplex 
mechanism of distortion They should represent the limits of slope of the slip 
hand markings at the point, and the reader is thus enabled to form a personal 
opinion as to the degree of correspondence existing It should be remembered 
that the given slopes apply exactly onlv to the centre of the field , at some values 
of X these slopes are changing at a rapid rate 

Some of the micro-structures are of particular interest At the point X = 40° 
(fig 15) the plane of maximum resolved shear stress coincides with the 110 
plane, and provided perfect conditions of surface and crystalline structure 
obtained, a single system of slip bands n ould be expected In the centre of the 
field, this condition is closely approached Yet the total limits of slope over 
the whole field are the great! st encountered (about 25°) over the whole specimen 
This also would be expected, is from the stress considerations of the present 
theory, the point ( 1 — 40°) marks a change-over point of the pairs of planes 
concerned A clearly marked change-over would not be expected as similar 
tests on aluminium showed that, at such change-over points, the slip bands 
due to the two slip planes interpenetrate to some extent, producing a certain 
zone where traces of both planes are visible The structure at X = 75° (fig 
19) is also extremely interesting Here the plane of maximum shear stress is 
equidistant from the 110 and 23l planes, which are equally stressed The most 
obvious feature is the system of long slip bands, apparently straight and agreeing 
with the trace of the plane of maximum shear stress Closer examination, 
however, shows the “ rippled ” shape of these bands, and the slopes of the ripples 
agree with those of the 110 and 23 1 planes As the shear stress on both these 
planes is equal at this point, and should produce approximately the same 
amount of slip on these planes, it is understandable that if the portions of the 
planes entering into the duplex slip are sufficiently small, stiaight slip bands 
would result Thus the theory is consistent with straight slip bands in an 
entirely unexpected position (According to the “ rod ” theory of Taylor and 
Glam straight slip bands (due to the 111 direction) should only occur at the 
point X = 141° 44' and should exhibit marked irregularity of outline at the 
spot considered, X = 75° ) Also clearly discernible is a number of short 
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duplex bauds, whose slopes agree with those of the traces of these two planes 
Lastly there are many very short slip bands whose traces have one slope only 
some that of the 110, others that of the 23 1 planes These three slopes can be 
clearly seen if the photograph is held horizontally a little below the level of the 
eye Fig 20 shows the appearance of an equiv alent spot m the region of greater 
deformation (This has been purposely photographed without a datum line ) 
The appearance is given of a very “ ragged ” system of slip bands, bearing little 
or no apparent relation to the structure of fig 19 As a matter of fact, the 
limits of slope of the bands in the two photographs show marked agreement 
Similar pairs of spots were examined at many points on the surface of the 
specimen, and these suggested strongly that, in order to obtain a true picture 
of the mechanism of distortion by slip band markings (that is to Hay, in order to 
produce a structure as shown in fig 19) exceedingly small total deformations are 
necessary For this purpose, alternating stresses are particularly suitable 
Turning to the structure in the vicinity of a point at which the direction of slip 
is approximately tangential to the surface of the specimen, figs 22 to 20 will 
repay study At X = 120°, for example, the structure suggests a mixture of 
two sets of straight bands of slightly differing slope rather than that of one 
system of wavy bands The significance of the structure at X — 139° has been 
sufficiently discussed 

The theory of the mechanism of deformation of a-iron now presented for con- 
sideration may, therefore, be summarised as follows — 

1 Tho direction of slip is the octahedral direction 

2 At any point on tho surface of the specimen, there w ill e list a plane on w hicli 
the value of the shear stress resolved in the contained octahedral direction is a 
maximum for all similar resolved shear stresses 

3 Slip will not, in general, occur on this plane, unless the plane coincides 
exactly with a dodecahedral (110), icositctrahodral (112) or hexakis octahedral 
(123) plane of the crystalline structure (and then only when conditions of per- 
fect symmetry obtain) In other cases, tho distortion is produced by Blipping 
on two planes, each of which corresponds to one of the above crystal planes 
These slip planes are situated on opposite sides of the plane of maximum resolved 
shear stress, although not, in general, equidistant from that plane 

4 Each slip plane is determined by the consideration that it is subjected to 
a greater value of resolved shear stress than anj other possible slip plane on the 
same side of the plane of maximum resolved shear stress 

6 The slip bands will, in general, be of a duplex t\ pe, the average slope being 
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that of the trace of the plane of maximum shear stress on the surface of the 
specimen 

6. The limits of slope of the slip bands will agree with the traces of the planes 
of slip 

7 Under very small deformations, the slip bands appear either as short 
separate traces of the slip planes, or of a combination of these traces, and can bo 
identified as such Under great deformations, however, the component slopes 
of the slip bands can be resolved only with great diflhculty , sometimes they 
cannot be resolved at all In the latter case they present a very wavy, branched 
appearance hearing no apparent relation to the crjstallme structure 
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The significance of the above paragraphs numbered 2, 3 and 4 can be exhibited 
graphically as in fig 10 This diagram represents a view of the body-centred 
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lattice of a*iron situated such that the slip direction is normal to the plane of 
the diagram The traces of all the planes of the 1 10, 1 1 2 and 12.1 types which con- 
tain the slip direction are indicated Then, according to the conclusions derived 
from the present experiment, if MR represents the trace of the plane of maxi- 
mum resolved shear stress (in the slip direction) distortion will occur by slip 
on the crystal planes SS and S'S', » e , on the nearest pianos of the given types 
situated immediately adjacent, to the plane MR An important jioiut at once 
anses Why, if slip occurs on two planes, does not the micro-structure reveal 
a system of two interlacing straight sets of slip bands 1 On this point, the 
present experiment throws no light whatever It may be that owing to the 
presence of impurities, or to some other cause or causes, perfect lattice symmetry 
does not obtain, hence tho lmc of atoms representing the romraon direction of 
slip (and the intersection of the slip planes) will be irregular In such circum- 
stances, it can be imagined that distortion would oc<ur by movements of 
irregular obtuse angled wedges But tbs is pure supposition, unwise at this 
stage of experiment It does appear certain, however, that duplex slip of the 
type suggested (probably producing “ crystal break-up ”) must result m con- 
siderable lattice distortion, at a much earlier stage than in a crystal where slip 
is confined to one plane In fact if reference is made to the earlier work on single 
crvstals of aluminium (see fig 7, ‘ Phil Trans Roy Soc ,’ Senes A, vol 226) an 
example will be found of the micro-structure of a specimen slipping on two 
planes, wbch very strongly resembles the wavy irregular type of slip bands 
found in iron This photograph has been reproduced on Plate 11 as 
fig 27 It is considered to be very suggestive in connection with the present 
work 


Shape of the Cracks causing Failim 

The position and paths of tho 14 cracks present on the specimen after test 
are shown m fig 2 The positions of the cracks have already been accounted 
for from stress consideration It will be seen that the paths followed by the 
cracks bear no obvious relation to the traces of the planes of maximum resolved 
shear stress (c/ figs 2, 6 and 7) The cracks are mostly parallel to the axes 
of the specimen or develop into a fork in tho manner characteristic of iron 
The predominating axial direction suggests that the effect of slipping on 
two planes so breaks up the structure that the crack develops along planes of 
actual maximum, not maximum resolved, shear stress The bifurcation that 
occurs m some of the cracks probably develops at a later stage due to some 
local flaw in the material, and the effect of the presence of such a flaw in 
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producing a helicoidal nr double helicoidal fracture has been previously 
demonstrated * * * § 

It may lie of mtenst to recall some other experiments which seem to be 
consistent with the harmful effects of duplex slipping on the crystal structure of 
the type now suggested In the pioneer work of Stanton and Bairatowf on 
the resistance to impact of iron and steel, they drew particular attention to the 
changes in micro-strut ture of iron subjected to repeated shock They showed 
clearly that when a sper imen is fractured under a small number of heavy blows, 
Neumann lamella were produced in great profusion On the other hand, 
when failure occurred under fatigue, cracks resulted from the development of 
sbp lines, and the process was the same under impact as under gradually applied 
alternating stress Recently Pfeilf in hn w ork on single crystals of iron, showed 
that Neumann lamella) are formed on icositetrahedral planes by shocks of all 
magnitudes lie found, however, that a preliminary very small plastic deforma 
tion (0 28 per cent or more) was sufficient to prevent the subsequent production 
of Neumann lamellaa by shocks Rosenham and McMmn§ also found the same 
phenomena quite independently, m specimens consisting of a crystalline 
aggregate These experiments indicate that the mechanism of distortion of 
a-iron under static or fatigue stresses is accompanied by severe lattice distortion, 
and are especially interesting in connection with some of the features of the 
present research 


Total Deformation of the Test Piece 

The total distortion of the test piwe, as a whole, is most conveniently studied 
with regard to the relative movement during test between the specimen and 
crystal axes The spherical co ordinates of the cube axes as calculated from the 
corrected X-ray analyses, are as follows 


* “ On the Concentration of Stress in the Neighbourhood of a small Spherical Flaw, and 
on the Propagation of Fatigue in ‘ Statically Isotropic ’ Materials,” Southwell and Gough, 
‘ Phil Mag ,’ vol 1 (January, 1928) 

t ‘ Proc Inst Mech Engrs ’ (November, 1908) 

} hr at 

§ ‘ Roy Soc Proo A, 108, p 231 (1025) 
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Table VIII — Spherical Co-ordinates of Cube Axoh of Specimen as calculated 
from Corrected X-ray Readings 




Spherical <x 

> ordmuti- 


Plane 

Before teat 

Alter test 


e 

* 

6 


100 

81 7 

90 5 

80 31 

95 27 

010 

77 30 

4 0 

77 28 

3 21 

001 

15 1ft 

220 40 

15 51 

221 34 


The nature of the movement will, perhaps, be more apparent if expressed in 
terms of the movement of the specimen axis relative to the fixed crystal axes 
Referring to fig 4 (a), the normals to the 010, 100 and 001 planes may be con- 
sidered as x, y and z axes respectively , and the position of the specimen axis 
before and after test can then be calculated relative to these axes The follow - 
ing results are obtained 

0 = 15° 19' 0! 15° 51' 

= 35° 41' iji, = 17° 9' 

where 0, and 0 1 , refer to the axis before and after test, respectiv ely The 
dihedral angle represents the movement and its value is found to be 0° 39' only 
In view of this value, and of the possible errors in the X ray data from which 
it is deduced, it is obvious that the total distortion occurring during the test 
is of an extremely small amount and is, in fact, negligible 

Examination of the Cross Section of the Specimen 
In view of experience with single crystals of aluminium, it was considered 
that an examination of the polished and/or etched cross-section of the specimen 
might reveal interesting features Prof Hanson very kindly rendered valuable 
assistance in this respect, and the polishing, etching and photography of the 
cross-section of the present specimen was earned out under his direction in 
the Metallurgical Department at Birmingham University 
The specimen was carefully cut across in a plane perpendicular to the axis 
(the 0 of the plane thus having the approximate value of zero) Continuous 
polishing failed to reveal any structure (due to differential hardening) as had 
previously been encountered in aluminium crystals Etching with a dilute 
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HNOj solution in alcohol revealed the presence of a number (about 86) of very 
small crystals present (It is possible that the very high initial range of elas- 
ticity exhibited by this specimen may be due, to some extent, to the presence of 
these crystals ) The structure was, otherwise, featureless The section was 
then deeply etched with a 5 per cent solution of HN0 3 in alcohol, and the 
appearance of the structure is exhibited m fig 28 In addition to the small 
crystals the structure exhibits four distinct zones Ttefcrence to the scale 
surrounding this photograph and to fig 3 shows that the limits of these zones 
correspond to the change-over points of significant directions of slip This fact 
affords additional evidence that the direction of sbp is the octahedral direction 
While opposite zones are of approximately uniform shapes and equal depths, 
adjacent zones differ widely in these respects Now if the depth of the zone at 
any point was proportional to the value of the resolved shear stress at that 
point, we should expect to find maximum depths (see fig 3) at points X = 61°, 
138°, 231° and 318° This prediction is fulfilled But the shear Btress values 
at these points are nearly equal, yet the ratio of the depths of adjacent zones is 
approximately 2 3 1 (as measured from the photograph) This result, 
showing that the depth is not proportional to the shear stress, is not really 
surprising when we consider that the direction of slip differs in such adjacent 
zones The effect of the etching might, however, be expected to be related to 
the amount of distortion in a direction perpendicular to the plane of the section 
This possibility was examined A polar diagram was constructed m which the 
ordinate at any point was equal to the maximum resolved shear stress value at 
the point (from fig 3) multiplied by the cosine of the 0 co-ordinate of the 
direction of slip at that point It was found that, constructing this diagram 
tp a suitable scale, the Bhape of the diagram was in good agreement with the 
contours of the zones revealed by etching Thus, at any point on the surface, 
if the depth of etched zone measured radutUy from the surface be denoted by x, 
then, apparently 

* oc f„ x cos 0 * 

where /„ is the value of the maximum resolved shear stress at the point on the 
surface and 64 refers to the slip direction 
The specimen was carefully repobshed and etched with 4 per cent, iron alum, 
the specimen being moved, during the process, as specified by Dr Griffiths 
and Mr Lookspieser, the originators of the etching re-agent The appearance 
of the specimen is exhibited m Plate 13, fig 30 Again, the zones are apparent. 
But whereas using the HNO, etching re-agent, the portions within the zones 
presented no distinctive features, the white dots m fig 30 are all of the same 
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regular type Plate 13, fig 31 , shows this structure at a much higher magnifica- 
tion The white dots are now seen to be regular etching pits, whose trace on 
the surface is, roughly, a parallelogram The onentation of these pits through- 
out the surface does not differ appreciably neither do the parallelograms diffior 
appreciably m sue Although a few isolated pits are visible in the area situated 
between the zones and the centre of the specimen, there is a \ery marked drop 
in the density of population of these pits once the zone is passed This is seen 
in a most striking manner when the microscope is traversed along a diameter 
of the specimen It was found that the shape of these pits agrees extra- 
ordinarily well with the trace of a cube on the surface of the section, assuming 
that the faces of the cube are the cube faces of the crystal For, from Table 
Vni iv e see that the spherical co-ordinates of the cube faces are as follows — 

0ooi = 15° 51', 4-oic -= 3° 21' 4-roo - 95“ 27', 

and the trace of a uml cube on the surface will be a parallelogram of the follow- 
ing dimensions and shape (relative to the trace of the reference plane > = 0, 
on the surface) — 

Trace of 100 inclination 5° 27' included angle 

Trace of 010 inclination — 86° 39' J = 92° 6' 

Length of TOO trace _ j ^ 

Length of 010 trace 

The mchnation of the sides of the etching pits agree very well with the deduced 
values, but the actual dimensions of the sides are too irregular to compare with 
the required ratio, although the order of the results is the same Further, the 
shadow effects of the pits agree with the calculated “ tip ” of the 001 axes 

Further examination of fig 31 shows the existence of a sub-structure con- 
sisting of triangular markings and a senes of lines, approximately parallel It 
is hoped to make a detailed study of this sub-structure m the near future 
Plate 12, fig 29, shows the appearance of an etched cross-section m the neighbour- 
hood of some of the cracks 

It may perhaps be pointed out m view of the apparent regulanty of shape of 
the oubio etch pits that the p la n e of the surface examined makes an angle of 
nearly 16° with the nearest cube face Obviously, extreme care must be used 
in determining crystal onentation by such means as observations of the shape 
of etch pits, needle impression, etc , such methods appear to involve the 
adoption of large errors and cannot be substituted for X-ray methods if accurate 
results are required. 
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Some Physical Properties of Gas-freed Sulphur 
By C CoLERTDOk Parr, D Se , and I) B Macleod, D Sc 
(Connminicnti d 1>\ C Chiee, PRS — Retencd January 11, l ( )2fi ) 

In a paper by the authors* on the viscosity of liquid sulphur, it was shown how 
difficult it is to prepare a sample of sulphur whose viscosity is independent of 
previous heat treatment This uncertainty extends to all the physical pro- 
perties of sulphur and is noted in papers by Kcllaaf and by Smith and his co- 
workers J Smith regards liquid sulphur as consisting of two modifications S A 
and S„, the proportion of 8 M to S A increasing as the temperature is raised, with a 
marked increase m the neighbourhood of 160° C The presence, however, of 
such products as SO,, traces of H,SO„ and 11,8 exerts a considerable retarding 
influence on the attainment of inner equilibrium between these two varieties, 
thus causing a great variation in the physical properties at any given 
temperature 

Between the temperatures lb0° C and 180° C the viscosity increases several 
thousand times With sulphur purified in the ordinary way, by simple distilla- 
tions or precipitations, remarkable variations in the viscosity are possible over 
this range of temperature This property, therefore, provides an exceptionally 
sensitive test of the dependence of the sulphur on previous treatent, and a sample, 
whose viscosity was definite and constant at any temperature, would almost 
certainly be definite in its other physical properties 
* ‘ Roy Soo Proc A, vol 97, p. 80 (1920) 
t ‘ J Chem. Soc vol 113, p 903 (1918) 

% Smith and Holmes, • Z Phys Chem ,’ vol 42, p 469 (1903), and voL 64, p 267 (1906) , 
Canon, ‘ J Amer Chem Soc ,’ vol 29, p 499 (1907) , Smith and Canon, ‘ Z Phys Chem ,* 
vol 77, p 661 (1911) 
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Physical Proper ties of Gas- freed Sulphur 

At the time of the authors’ earlier work on this subject (foe at ) means were 
not available for obtaining the highest vacua, and the sulphur suffered from 
contamination with mercury vapour On the installation of an efficient liquid 
air plant in the laboratory it was decided to prepare a sample of sulphur as 
free as possible from all impurities, in a sealed vessel which could itself be used 
as a viscometer 

Method of Preparation of the Sulphur — Samples of purified sulphur were pre - 
pared, finally from sulphur crystallised from CS 2 and from commercial flowers 
of sulphur Crystallised sulphur imported as “ pure ’ showed on being distilled 
a considerable residue of carbonaceous matter, as, also, do any of the com- 
mercial samples 

The process of purification adopted consisted of two parts (1) a senes of 
five distillations under C0 2 and (2) a senes of three distillations under a vacuum 
the whole so arranged that no exposure to air was made during the process 
The distillation apparatus is shown diagrammatically m fig 1 A series of 



flasks and receiving bulbs, thoroughly cleansed with boiling nitric acid and 
chromic acid, and washed with distilled water, were sealed together as follows 
A and B were distilling flaskB of 300 c c capacity , the bulbs C were of 200 c c 
capacity, and D x and D s were 100 c c pipettes The bulbs E, which constituted 
the viscometer, were 25 c c pipettes sealed, usually, close together, but under 
some circumstances — for determining the viscosity at temperatures under 160° 
C — with a piece of fine bore tube between them about 16 cm long and 1 mm 
in bore F was a spare pipette to condense the vapour escaping from E G con- 
tamed activated coconut charcoal The U tube I, immersed m liquid air, pre- 
vented the diffusion of mercury vapour from the pump The whole of the 
distilling apparatus was glass sealed and free from glass taps and rubber 
junctions 

By a suitable arrangement a current of purified and dried CO a could be passed 
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through the distillation apparatus either m the direction from A to J or from J 
to A 

Crystallised sulphur, or ordinary distilled sulphur, was introduced into the 
flask A, which was then sealed off at the top, and only remained open to such 
currents of CO, as were desired through the side tube The charcoal in G was 
first thoroughly heated and evacuated several times to remove moisture, etc , 
and then distillation commenced under a stream of dried CO, During the first 
part of each distillation, the current of CO, was passed from J to A It was then 
reversed and the middle portion of the sulphur earned forward This was 
repeated, distilling from bulb to bulb until a suitable quantity had been dis- 
tilled into Dj The end portion of the apparatus was then sealed off at a point 
between D x and the last bulb C aud also at J ThiB cut off the CO, supply 
The charcoal in G was then heated strongly in an electric oven and the U-tube 
I was immersed in liquid air, and the whole remaining portion from D was 
evacuated by means of an efficient Gaedc pump Meanwhile the sulphur in 
D was remelted to remove as much dissolved gas as possible When a good 
vacuum had been secured a seal was made at H, leaving only the bulbs D and 
£ and the hot charcoal bulb G 

After cooling, the charcoal bulb was immersed in liquid air, and remained 
so during the rest of the process The viscometer bulbs £ were then heated 
strongly in order to drive off gases condensed on or occluded m its glass, and 
the sulphur was distilled into it from D It was found possible, by allowing 
the sulphur to condense and block the tube leading from D to E, to raise the 
tubes D to a temperature above 300° C , thus tending the more effectually to 
remove dissolved gases, and this blocking was allowed to take place several 
times during the distillation from D into £ When a suitable quantity of 
sulphur had beeu collected in E the bulbs D were drawn off The same process 
of raising the temperature to about 350° C by blocking and then blowing 
off into F was adopted several times in the case of the bulb E Finally the 
liquid air-cooled charcoal tube and F were separated from the viscometer E 
by sealing between E and F, the final seal being made whilst hot sulphur 
vajiour was streaming through 

As a matter of fact, the viscometer itself proved a very satisfactory index of 
the quality of the vacuum, and of the effectiveness or otherwise of the attempts 
to drive off the final traces of gas Where the heating had been insufficient, 
further heating would eliminate another slight trace of gas from the body of 
the sulphur, whioh would interfere with the even flow of the liquid through the 
constriction sufficiently to be noticeable towards the end of the flow Such 
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tubes became useless, and only those, in which the vacuum was, and remained, 
very efficient, could be used for very prolonged observation, and were the only 
ones considered 

Testing the Ft scosity The viscometer, which consisted of two 25 e c pipettes 
(fig 2 (a) ) contained about 12 c c of sulphur It was mounted on a frame 
which could bo rotated, the time taken for the sulphur to run 
from one end to the other being a measure of the viscosity of 
that tube An iron vessel, with mica windows, well lagged 
and filled with paraffin was used as a bath It was electrically 
heated and governed by an air thermostat, and with 
thorough mechanical stirring the temperature in it could be 
kopt constant to a tenth of a degree for a considerable time 
Measurements of the time of flow were always made within 
the range of temperature from 163° C to 169° C , that being 
the interval over which sulphur shows the most remarkable 
variations of viscosity The test experiments consisted of 
measuring the viscosity under the following different conditions 
of heat treatment— (a) that of a tube of freshly prepared 
sulphur, (b) that of the same tube after it had been kept for several 
days — on one occasion it was five months— at a temperature somewhere between 
130° C and 150° C in an electric oven , (c) tho same tube heated to 330° C 
for 15 minutes m an electric oven and transferred rapidly to the paraffin bath 
(in this case the temperature never fell below that of the bath) , (d) heated to 
330° C for 15 minutes and cooled rapidly to 140° C and then transferred to 
the bath , (e) heated to 330° C and allowed to cool very Blowly, remaining m 
and cooling with the oven until nearly the proper temperature for testing was 
reached, when it was rapidly transferred to the bath A plotted example - 
one only of a number of similar experiments — of a senes of readings with a 
satisfactory tube is shown in fig 3 The testing-bath having been adjusted 
to some temperature between the above-mentioned testing limits, 163° C 
and 169° C , the sulphur was removed from the heat-treatment oven into the 
bath and kept constantly moving for about 15 minutes so that it might acquire 
the temperature of the testing-bath It is essential to take readings as promptly 
as possible, as with sulphur as usually purified there is a slow creep of viscosity 
values 

An inspection of fig 3 shows that whatever the previous heat-treatment has 
been all the values of the viscosity, with the exception of one observation made 
at a bath temperature of 166° C , lie upon the same curve An error of observa- 
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tion of either seven or eight seconds in the time of flow, or of two-tenths of a 
degree in the temperature of the sulphur, would put this result upon the same 



curve Whilst the former error is unlikely, the latter is very probable as it was 
the first observation made with the sulphur after removal from the heat treat- 
ment oven, and although precautions were taken the sulphur may not have 
acquired the testing-bath temperature to that degree of accuracy Another 
observation after the same heat treatment at a slightly higher testing-bath 
temperature does he practically upon the curve 
In very striking contrast with these single valued results are those on p 85, 
fig 2, curves I and IV, of the authors’ previous paper, which show that sulphur 
purified as is usually done and subjected to similar treatment gives values 
ranging in the proportion of one to eight when measured at the same fixed tem- 
peratures It was found that a number of tubes prepared with considerable 
care, failed to give consistent values These, on examination, were found to 
contain traces of residual gas, given off from the sulphur, probably, in the sub- 
sequent heat treatment This indicates the importance of a small amount of 
gaseous impurity and the difficulty of removing it 
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The authors thus consider it established that provided Bulphur is prepared 
with sufficient care, and protected from exposure to air, it gives reproducible 
values of the viscosity 

Melting-Point —It is interesting to note that from sulphur purified m this 
way, the less common crystalline form known as “ Mother of Pearl ” sulphur 
separates out with great ease, and exhibits a considerable degree of stability 
For a description of the usual method of preparation of Mother of Pearl sulphur, 
or S IH , see paper by Smith and Carson (loc cit ) With sulphur purified as 
above it was found unnecessary to induce the formation of Sm crystals by 
scratching or by other artificial means The liquid sulphur was allowed to 
cool slowly to below 103° C when crystals of Sm would separate themselves 
Further it was noticed that in tubes less satisfactorily prepared the S m crystals 
settled out with greater difficulty and uncertainty In order to study the 
melting point of S in a tube as shown in fig 2 (6) was made An inner tube A 
into which a thermometer could be placed, dipping m mercury, was fused into 
an outer bulb B which contained the sulphur The bulb B was filled in a 
manner similar to the viscometer, the sulphur being sealed off under a 
vacuum 

The natural freezing point of 8 m was determined as follows After initial 
cooling of the tube of sulphur in air until crystals began to appear, the tube 
was quickly restored to the bath, and provided the bath did not remain below 
103° C or above 106° C for long, the crystals could be kept in contact with 
the liquid indefinitely The temperature of the liquid sulphur was raised above 
the approximate melting-point, but not sufficiently to remelt all the crystals 
present It was then placed in the paraffin bath, whose temperature was below 
the approximate melting-point The sulphur tube was vigorously shaken until 
a crop of crystals appeared and the temperature remained constant The 
process was repeated, each time the paraffin bath being raised to a temperature 
a httle nearer to the melting-point of sulphur In this way, with the tempera- 
ture of the paraffin bath at 103 2° C the inner thermometer gave readings from 
103 8° C to 103 9° C as the temperature of the liquid sulphur during crystal- 
lisation The thermometers were standardised against two sets of thermo- 
meters having N P L certificates Smith and Carson ( loc c»f ) by a different 
method and using sulphur treated with ammonia obtained a value of 103 4° C 
as the natural freezing piont of S UI 

The ideal melting-point of Sm, that is the melting-point m contact with 
pure S A , cannot be determined with the same degree of accuracy It was found 
possible with some of the tubes to crystallise the whole of the sulphur to Sm 
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and then remelt it, but more often the change to Si or S n would suddenly set 
in The heat generated by this change, causing expansion, would frequently 
break the tube The laboriousnesa of the work was greatly increased by 
tubes, prepared with much care, breaking after the sulphur had crystallised or 
on roraelting For this reason it was found desirable to prevent the sulphur 
crystallising as a whole, except in certain critical experiments The ideal melt- 
ing-point should be the tempcraturo at which the sulphur just begins to melt 
after being totally crystallised Observation showed this temperature to be m 
the near neighbourhood of 107° C , which is practically the same value as given 
by Smith and Carson 10G 8° 

When the sulphur did not separate out as Sj U it invariably crystalbsed as 
monocluuc, as indicated by a melting point between 119° C and 120° C By 
partly remelting, crystals of monoclinic sulphur were secured m contact with 
the liquid The natural freezing point of monoclmic sulphur was then deter- 
mined m a manner similar to that adopted for Sm The mean of a number of 
readings gave 114 6° C as its natural freezing point (compare Smith and 
Carson, 114 5° C ) 

With sulphur purified in the above way, the authors were unsuccessful, after 
repeated and careful efforts, in their attempts to obtain melting-points corre- 
sponding to the presence of rhombic sulphur When the sulphur had crystal- 
lised as Snj, recrystallisation set in after a few hours, and the final product 
invariably melted in the region of 119-120° C Tubes set aside for months 
remelted at tho same temperature, which would indicate either that the tendency 
to form the stable rhombic sulphur had been retarded, or that re-heating rapidly 
restored the monoclmic vanety after the transition temperature had been passed 
It is hoped to throw more light on this aspei l of the question by an X-ray study 
of the solid sulphur 

Supercooling — By slowly lowering the temperature of the bath, the sulphur 
could be kept hquid down to a temperature of 80° C , representing over 30° 
of supercooling It actually remained liquid at 105° for several weeks without 
crystallising It became of interest to obtain relative values of the viscosity 
over this range of temperature A visoometer was prepared and filled on the 
same principle as the others, but the pipettes were separate by a length of semi- 
oapillary tubing , tho sulphur, of course, being much more limpid below 160° C 
With this, comparative values of the viscosity were obtained from 81° C to 
1 59° C It was not found possible to cabbrate the tube so as to give the viscosity 
inGOS units, and so the table only gives the time of flow corresponding to 
various temperatures The minimum value was in the neighbourhood of 
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155° C At 80° C the sulphur is nearly four times as viscous as it is at 155° (.' 
These results are shown graphically in fig 4 
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Conclusions 

(1) Purified sulphur, freed from gaseous impurities, acts as a simple sub- 
stance, whose viscosity is definite at any given temperature, and independent 
of the previous heat treatment 

(2) From sulphur purified and prepared so as to be gas free, crystals of mother 
of pearl Bulphur separate readily 

(3) Efforts to obtain rhombic sulphur, from sulphur similarly prepared, were 
unsuccessful 

(4) No Bulphur, from which dissolved gases have not been very carefully 
removed, can be considered pure 
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The Solution of the Wave Equation for the Scattering of Particles 
by a Coulombtan Centre of Force 
By N F Mott, B A , St John’s College, Cambridge 
(Communicated by R H Fowler, F R 8 — Received February 2, 1928 ) 

The problem of the scattering of a stream of charged particles by a Coulombian 
centre of force has been treated by Wontzcl* and by Oppenhcimer,t who use 
Born’s method of successive approximations They have shown that, if 
ZZ'c*/Ati is small, the quantum theory gives the well-known Rutherford formula 
Furthermore, if ZZ'e*/At) is large, we know that the quantum theory result must 
tend towards the classical, and it. seemed probable that the two thconeB would 
agree for intermediate values of this constant In this paper we shall show 
that this is actually the case 

We shall first consider the more general problem of scattering by a field V (r) 
The wave equation is 

VV-k^(E-V)* = 0 (1) 

We want to find a solution of (1) which, when r is large, represents a plane wave 
e iw/ * together with a wave travelling outward / (w) e’^^/r Then |/(co)|* do 
will bo the probability that the particle will be scattered in the solid angle do 

We can solve (1) by separating the variables If h* (r) is the characteristic 
solution of 



then the most general solution of (1) that has axial symmetry is 

S A,P„ (cos 0) L„ (r) (3) 

We have to choose our A* so that (3) shall be the required solution 
The following not very rigorous investigation suggests what these coefficients 
should be The unit of length has been chosen so that pjh = 1 
Suppose that, for large t 

L„ (r) -*■ ~ sm (r + j> % ) 
where <f> H depends on n only 


* ‘ Z f Physik,’ vol 40, p 590 (1927) 
fZ f Phyeik,’ vol 43, p 413(1927) 
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Wave Eijuationfor Scattenng of Particle <t 
Now, a plane wave can be represented by the senes 

= (2 w/r)» 2 (» f $) TP, (cos 0) J„ h , (r), 

nm 0 

and hence we have to choose our coefficients A, in such a way that, when r is 
large, 

J P. (cos 0) [A.L. (r) - (2rr/r) J i" (» +.*) J» n (f)l (4) 

represents an outgoing wave only 

Suppose we replace both L* (r) and J* , t (r) by the first terms of their respec- 
tive asymptotic expansions — this, of course, we are by no means entitled to do 
The term within the square bracket in (4) becomes 

i [{A.** +(« + *) (- !)»} e ir - {A,e-** f (n + \) e"*}] 

We are thus led to consider the possibility that we should set 
A,= -(« + i)e** 
so that the solution that we require is 

JS ( (» + *)«* P„ (cos 0) L* (r) (5) 


The outgoing wave would bo 

z s (» + J) P, (COS 0) + (- 1)»}, (6) 

n=0 

but the senes does not converge It can bo summed as the limit of a power 
senes on its radius of convergence, and this does m fact give the right answer, 
in the case which we are about to investigate 
We shall now consider more ngorously the asymptotic behaviour of the 
function (5) for the case of the inverse square law, when Y — ZZ's'/r Z' may 
be either positive or negative, so that the results which we shall obtain aie 
applicable both to a and to (3 particles 
We know both the solution of the equation (2) and the asymptotic expansion 
of that solution * UBing these results, the function (5) is easily seen to be 


S (« + J) P* (cos 0) - 


<7) 


where 


p = ZZ' «*/*», 


and the closed path of integration C encircles the points ± 1 m an anticlockwise 


direction 


Cf Schrtdinger, 1 Ann d, Phy«ik,' vol 79, p 365 (1926) 
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The sum (7) converges absolutely , but since the terms do not begin to 
diminish until n is of the order of r, we cannot investigate the behaviour of (7) 
when t is large by using an asymptotic expansion for the integral 
We note that if p = 0, and if wo replace C by a Bingle hno joining the points 
— 1, -j- 1, then the integral becomes a multiple of the Bessel function of order 
n + and the function (7) reduces to e ir0o * < 

In what follows we shall use the following symbols 

F (x) J (1 - x*)/(x* - 2x cos 0 + l) s/2 (8) 

= £ (n + 1) x n P„ (cos 0) | x | < 1 

and 

& (x) = £ (n + i) P n (cos 6) x"/r (« + 1+ tp) (9) 


It is not difficult to prove that, if the real part of x is positive, 
fa (x) = -M (zx)~ <f e** F (z) dz 

2lt Jy 

where the path of integration y starts from — <*> encircles the points z = 0, 
z - e tU , and returns to — oo (See fig 1 ) 
If the real part of x is negative we must 
n fleet the whole figure m the imaginary 
axis 

We shall require the asymptotic bohaviour 
of fa (x) when | x | is large and arg x lies 
between 0 and it Most of the integral 
then comes from the neighbourhood of 
z = e' 4 ®, and we find that 

*>(»)-*“*(« T* *«,(*) (10) 

where fa ( x ) is the value of fa (x) wheu p — 0, namely,* 
fa (x) = x-* ^ {x» e*“»® J 0 (x sm 0)} 

Assuming still that | x | is large and that arg x Lies m the same quadrant as before, 
we see that 

fa(x) ~~ Sexp (xs* 4 ®) (11) 

where S is a function containing no exponential term 



Watson, 1 Bessel Functions,’ p 149 
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The function (7) that Me want is clearly 

02 ) 

We take the path o aa shown in fig 2, a curve on tho positive side of the real 
axis, with loops round the points t-il We will suppose that the integra- 
tion starts at the point P 



Fio 2 


We want to he able to use our approximation (7) for at all points of c, 
excepting the neighbourhoods of ± 1 We can do this so long as arg \ir (1 — t 2 ) 
lies between 0 and 7c , that is, so long as 

! R* cos 2a | < 1 (13) 


We evaluate the integral by the method of steepest descents The exponential 
part of the integrand in (12) is 

exp |m {< 1 \e-« (1 - t*)} J, (14) 

which gives us a saddle point at t - e**, and with this value of t, (14) becomes 
e ira*» should We can choose, further, a steepest descents path through 
this saddle point, without violating the condition (13) Let us do this , then 
since all tho integral (12) comes from the neighbourhood of the saddle point, 
we can set t = e'* in all the nou-oxponential part of the integrand (12) then 
becomes 

(e~ 2wp - 1) (hr sin* P)"*' J + ' <f > 0 (\ir ~t>) e iri dt 

The integral is equal to e ,,coM , as we have pointed out , we have finally for (12), 
writing x for r cos 0, 

— 2te~ irp sm mp exp (ir — tp log r — x) (15) 

still neglecting the contributions made by the neighbourhoods of the poles 
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The function (15) does not represent a plane wave Its wave fronts are the 
surfaces 

x — log (r — x) = const (16) 

mir 

(Here we are using the ordinary unit of length again ) It is nevertheless the 
wave that we should expect to represent the incident stream of particles, as a 
moment’s appeal to the Correspondence Principle will show 
Let us consider the problem in terms of the classical dynamics A stream 
of particles starts with velocity v parallel to the axis of x The trajectories 
of the particles form in space a family of hyperbola A family of surfaces is 
orthogonal to these hyperbola, and the wave fronts of the wave which repre- 
sents the oncoming particles should be just these surfaces Now, although on< 
asymptote of each of the hyperbola is parallel to the axis of x, yet, as we go a 
long way from the nucleus, the orthogonal surfaces do not become plane , 
the form to which they tend is, as a matter of fact, just (16) The wave is, as 
it were, distorted, even at infinity, by the nucleus which it is going to encounter 
We have now to sec what is contributed to the integral (12) by the neighbour- 
hoods of the poles t = ± 1 In the neighbourhood of / — — 1, put t -f 1 —z/tr , 
the integral becomes 

* (2tr)~ lp— 1 c~ ir | <f>, {z (1 - z/2»r)} ^ (1 - 2 /2»r)-‘V dz, 

and since r :> 1, and we are only interested in the region where 1 1 \ \ r, we 
may replace this integral by 

i (2tr)" 1 ' , - , e-‘ f j ^,(z)zV<fc (17) 

The path of integration c comes from — oo , enciroles the point z = 0 m an 
anticlockwise direction, and goes back again to — oo 
From the other pole we get a contribution 

I (2r)‘'-V'j^ (- z) r'Vdz (18) 

We have to evaluate the integrals m (17) and (18) We shall find that the 
integral in (17) vanishes, so that we are left with an outgoing wave only 
Let us consider the function 

/(X)=-j <f> p (zX) zV dz 


(19) 
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The integral (19) exists for all values of X lying in some neighbourhood of 
X = 1, and f(X) is a continuous function in this neighbourhood, so that 
bmf(X)=/(l) 

Furthermore, if 

|X|<1~8, 

we have 

/ (X) = - 2» ran tp 1 (n + J) (- X) H P„ (cos 6) 

it o 

It follows that, for the integral in (17), we have 

f 6,(s)*V(k = lini/(X) 

J<r \-*-l 

— 0, as we require 

We are therefore left with the outgoing wave (18) only 
For the integral in (18) we obtain in the same way 

f <M — s) z~V da = 2i sm tp hm 2 (n + J) £ ^ -7- r , X M P n (cos 0) (20) 
Jo wi»=ii 1 ( n +l + *P) 

It is interesting to see that (20) is of the form (b) 

The limit (20) can be evaluated as follows — 

We have* 

r ( -tp + « +■ i)/r (+ »? + » 1 - 1) = AjY'^u - tf^dt 

where A = e^/iV (2tp) sm mp sin 27ttp and P, the path of integration, starts 
from a point on the real axis, encircles the points 0, 1 according to the 
scheme (1+, 0-f , 1—, 0—), and finally returns to the starting pomt Hence 
we find that.f if | X | < 1, 

.1 <" + *> ffr+rf^) x " p - (cos 0) ■= A J/ (,X) , " (1 - *■ 

where the path of integration does not encircle the poles of F (<X) 

Thus, cos 0 not being equal to unity, we have 

=* A [ F (t) t ** (1 - 0-’ ,p - 1 dt (21) 
Jp 

• Cf Whittaker and Watson, “ Modem Analysm," 3rd Jbd , p 257 
t Of equation (8) 
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To evaluate this integral, it is convenient to assume for the moment that p is 
an imaginary number between 0 and — i, so that we can replace (21) by 

FSSJI'W '-a -<)*-'* 

The result that we shall obtain will clearly be valid for p real 
We evaluate the definite integral by the following set of substitutions — 

0 A 

y = cosec - sin 

We obtam finally for (21) 

^V. 2 - (1 _ cos G) V_I 

sm 2mp T (2tp) T (tp) T (^ — ip) ' ' 

We are now in a position to write down the asymptotic form of (7) Referring 
back to (16), (18) and (21) we see that it is 


— 2» e ’ a p sin 7ttp lo « <r- * ) 




— cos e)'"- 1 


sm 2 nip r ( 2 ip) r (ip) r (^ — ip) 

Let us divide through by the factor — 2i e* p sm mp , we obtam 

log (r *) _j_ JJ f -l gir+i(.log(r-*)+<« (22) 

where 

r _ i» n ~ti, 

and 

18^ ) 

r ( 2 « P ) r (<p) r(j-t P i 


" 2m v* 
a = arg 


The function (22), then, is the function that we want It represents an incident 
wave of unit amplitude, together with an outgoing wave , and it is the asymptotic 
form of a certain solution of the wave equation (1) The probability that a 
particle will be scattered in the solid angle do is R*dco, and this gives the Ruther- 
ford scattering formula exactly for all velocities of the incident particles 


In conclusion, the author wishes to express his thanks to Mr R H Fowler, 
F R 8 , and to Dr P A M Dirac, for much invaluable help and encouragement 
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Summary 

The scattering of particles by a Coulorabian centre of force is investigated 
A solution of the wave equation is obtained, which splits up into an incident 
wave, representing the oncoming electrons, and a scattered wave It is found 
that the quantum theory result agrees exactly with that of the classical theory 
The analysis ib applicable both to a and to [3 particles 


A Redeterminahon of the Velocities of a Particles from Radium C 
Thorium C and C 

By G H Briggs, B Sc , Ph D , Lecturer in Physics m the University 
of Sydney 

(Communicated by Sir Ernest Rutherford, P R 8 — lUoc i\ed February 2, 1928 ) 

§ 1 The first accurate determinations of the velocity with which an a particle 
is expelled from a radio-active substance and of the value of E/M, the ratio 
of the charge to the mass, were made by Rutherford and Robinson by measuring 
the deflections in magnetic and electric fields An a particle moving with 
velocity V perpendicular to the direction of a magnetic field H describes a 
circle of radius p where 

Hp = MV/E 

Rutherford and Robinson* found for a particles expelled from radium C Hp --= 
3 983 x 10 6 E M U and V -- 1 922 x 10 9 cm per second The mean value 
of E/M for a particles from radium emanation, radium A and radium C was 
4820 EMU, which agreed to within the limits of experimental error with the 
value 4826 deduced from electrochemical data taking the atomic weight of 
helium as 3 998 and the value of the faraday as 9647 This value of the 
velocity of a particles from radium C has served as a standard from which the 
velocities of « particles from other radio-active substances have been calculated 
from the Geiger relation V 8 = fcR 

The present paper gives an account of a redetermmation of the quantity 
Hp for a particles from radium C by a method which is essentially similar to 
those used in previous determinations of this land From the value of Hp 
• ‘ Phil Mag vol 28, p 662 (1914) 
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the velocity has been calculated using the theoretical value of E/M which can 
be found to a high degree of accuracy from more recent determinations of the 
atomic weight of helium and the value of the faraday, taking into account the 
relativity correction for the increase m mass of the a particle For the atomic 
weight of helium we may take 4 000, the value deduced by Van Laar* from a 
consideration of the density determinations! of Watson, Hcuse, Tayltfr, and in 
particular of Ouye’s discussion of Taylor’s results Taking the value of the 
faraday given by recent determinations 9649 4 E M U the value of E/M for 
a slow moving a particle is 4824 7 and on applying the correction for the 
relativity change of mass this becomes 4814 8 for the a particle from radium C, 
neglecting the mass of the lost electrons J It may lie noted that Rutherford 
and Robinson’s experimental result, 4820 agrees as well with this latter value 
as with the value 4826 which they calculated 
§ 2 Apparatus and Experiments with a Partides from Radium C —The same 
apparatus was used for producing the magnetic deflection, as has already been 
descnbed§ in accounts of experiments on the straggling and the decrease of 
velocity of « particles from radium C, so that only a brief description of it as 
modified for the present purpose will bo given here 
The poles of the electromagnet were 24 by 8 b cm and 2 7 cm apart The 
source was a platinum wire 0 125 mm diameter and effective length 8 mm , 
activated with radium B and C by exposure to radium emanation Thp source, 
slit and photographic plate were carried on three rigid supports permanently 
screwed to a brass base which could be slid into a brass box fixed between the 
poles of the electromagnet In addition to the usual single slit there was a 
second slit 2 2 mm below the first serving merely to give additional data 
These slits were 0 051 mm and 0 080 mm wide, and a shutter worked by a 
windlass was arranged over them to prevent <x rays reaching the plate before 
the pressure had been sufficiently reduced 
The uniformity of the magnetic field was investigated by exploration with a 
small search coil having a large number of turns and the variations were found 

♦ ‘ J Chim Phys ,’ vol 17, p 266 (1919) 

t Watson, ‘ J Chim Soo vol 97, p 810 (1910) , Heuse, ‘ Bor Deutsch Phys Ges 
vol 16, p 618 (1913) , Taylor, * Phys Rev vol 10, p 653 (1917) , Guyo, * J Chim Phys 
vol 16, p 46 (1918) 

} P W Aston (‘ Roy Soo Proc.’A, vol 116, p 487, 1927) using the mass spectrograph 
finds the mass ol helium 4 00216 1 understand this agrees with the corrected density 

determinations made by Baxter and Starkweather (' Proc Nat Acad Sci ,’ vol 12, p 20, 
1926) This make E/M for helium 4812 [E R ] 

§ Briggs, ‘ Roy Soc Proc / A, vol 114, pp 313, 341 (1927) 
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to be very small With a field of 8800 gauss the field at the source was 2 2 
gauss less than that at the slits, and for positions on the plate corresponding 
to the upper and lower deflected lines the differences were 4 4 and 0 5 gauss 
respectively The total correction which has to be applied to the value of H 
at the slits to give the effective field when determined by the method given 
by Rutherford and Robinson amounts to only 0 5 gauss This is the mean 
correction for the two deflections 

The magnetic fields were measured by a null method which was in principle 
similar to that described by Ellis and Skinner * A circuit is arranged consisting 
of a search coil, the secondary of a mutual inductance and a fluxmeter or galvano- 
meter connected in series The search coil is reversed or pulled out of the field 
and simultaneously the current in the primary of the mutual inductance is 
broken This current is adjusted until under suitable timing conditions there 
is no deflection of the detecting instrument In the present experiments the 
search coil consisted of 16 turns of No 37 bare copper wire wound on a polished 
cylinder of clear fused quartz whose maximum and minimum diameters deter- 
mined at the National Physical Laboratory were 3 30925 and 3 30905 cm 
This coil was held in an ebonite holder which ran in grooves on a slide, one end 
of which could be inserted into the box between the poles By means of a cord 
and falling weight the coil could be pulled out rapidly from a definite position 
between the poles In its motion it tripped a small key which reversed the 
current in the primary of the mutual inductance It was found that a high 
sensitivity low resistance galvanometer highly damped was somewhat more 
suitable than a reflecting fluxmoter as detector The sensitivity of the arrange- 
ment was such that the current for balance could be adjusted to 1 in 5000, 
though under the best conditions of timing there was always a rapid motion of 
the spot about 1 cm from and back to zero The current was measured by 
means of a potentiometer uBing a cadmium cell and standard resistance, both 
of which as well as the mutual inductance, had recently been tested at the 
National Physical Laboratory During the course of the work the cell was 
compared with two other recently standardised cells When pulled from 
between the poles the coil came to rest about 80 cm from the electromagnet 
The strength of the field at the resting point was. determined to within 0 2 
gauss as a function of the current through the electromagnet Pot the currents 
employed it was about 17 gauss The possibility of the ebonite holder which 
earned the coil disturbing the magnetic field in as tested experimentally and 
any such effect was found to be less than l m 10,000 

* ' Roy 8oc Proc A, vol 106, p (10 (1024) 
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A difficulty arose with this method of measuring the field, for it was found 
that the current for balance had to be altered by about 1 m 2500 if the con- 
nections to the galvanometer were interchanged This difference was found 
with several galvanometers and also with a fluxraeter, and it was not clear whether 
it indicated a possible source of error which would not bo eliminated by taking 
the mean of the two currents for balance It was, howover, found possible to 
reproduce this effect under conditions m which the total quantity of electricity 
discharged through the galvanometer is necessarily rero The effect showed 
itself as a slight lack of balance, but the direction of the final deflection of tho 
galvanometer was unaltered on interchanging the galvanometer connections 
This is the necessary condition that in the field measurements the effect should 
bo eliminated by taking the mean of the two currents 
During an experiment the current in the electromagnet was kept constant 
to within 1 m 10,000 The magnetic field for the first half of the exposure was 
measured before placing the holder carrying tho source, slit and plate m the 
box, and the field for the second half of the exposure, i e , with the field reversed, 
was measured at the end of this exposure after the holder had been removed 
The time of exposure in each half was about 15 minutes The field m the 
second half was generally less than in the first by about 1 in 250— a hysteresis 
effect since the current was allowed to fall considerably during the initial 
warming up of the coils of the electromagnet before beginning an experiment 
The two magnetic fields were measured m each experiment They ranged 
from 8200 to 8900 gauss and produced a double deflection of about 32 mm 
The widths of tho pairs of lines for the two Blits were 0 24 and 0 30 mm 
The separations were measured from the density curves found with a micro- 
photometer, and could be deduced either from the midpoint of the bases of the 
density curves found by producing the straight portions of the sides of the 
curves to cut the base line, or by measuring the distance between the peaks of 
the density curves The two methods gave results agreeing to within 0 005 mm 
The screw of the microphotometcr was calibrated by photometenng a glass 
scale divided into tenths of a millimetre made by the Cambridge Instrument 
Company and tested at the National Physical Laboratory This tested glass 
scale was also used m the measurements of the distances from the source to 
the slits and slits to the plate It may be noted that the increase in the deflection 
due to the finite length of the course is quite negligible— about 1 in 10 4 
For the narrower slit, which was on the normal from the source to the plate, 
the semi-deflection d is given by 
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p being the radius of curvature and l } and l 2 , the distances from source to sht 
and Blit to plate respectively In the calculation of Hp, H may be taken as the 
mean of the two fields m an experiment and d as half the double deflection 
The error introduced by doing this was shown by actual calculation to be quite 
negligible For the wider slit the above formula is not sufficiently accurate 
The exact formula for this case has been given in a previous paper* and shows 
that under the conditions of the experiment the double deflection for this slit 
should be greater than that for the other by 1 in 940 , the difference found in the 
experiments was of this order The double deflc< tion for the wider slit was 
therefore decreased bv this amount and the \ alue of p deduced from the equation 
given above 

§ 3 Results - The values of H p for four t xpenments are given m the following 
table In the fourth experiment the source consisted of thorium B and C as 
well as radium B and C and only one slit was used The results obtained for 
the a particles from thorium C and C' will be discuss* d later In the other 
experiments the result for the slit in the normal position is give n firBt 

Table I 

Experiment 1 2 3 4 Mian 

ii f3 9963 3 9911 3 9928 3 9931 \o i», . l tt 1lnl i u 

H ' 9942 3 9910 3 9932 - 1HU ' 10 KMU un,U 

From the value for E/M, 4814 8, tin velocity is found to be 1 923 ✓ 10 w cm 
per second The probable error of the results for Hp and V is estimat* d to be 
less than 1 m 1000 

The value Hp — 3 993 a lO'* is slightly higbtr than that found by Ruther- 
ford and Robinson, 3 983 X 10 J , the differ* nu b* nig of the same order as the. 
accuracy, 1 in 400, aimed at in their work Hp was also measured by Marsdcn 
and Taylorf during their experiments on the decrease of velocity of a p irticles 
from radium C and found to be 4 00 X 10” with a probable error of 1 in 200. 
a value in good agreement with the present determination The value found 
for the velocity m the present work is almost identical with Rutherford and 
Robinson’s determination V = 1 922 x 10 9 cm per second which was deduced 
from then result for Hp and the value of E/M found exficnmentally from the 
magnetic and electric deflections 

§4 Experiments icith Thorium C and C' — On* photograph was obtained 
using as a source a wire activated with the active deposits of both radium and 
thonum This was prepared by depositing thorium B and C electrolytically 
* Lor at 

f ‘ Roy boo Proc A, vol 88, p 443 (1913) 
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on the platinum wire and then exposing the wire for about 15 minutes to radium 
emanation A complete experiment involving double deflections and measure- 
ment of the magnetic fields w as earned out as before The three pairs of lines 
for the particles from radium C, thorium 0 and C' were not as well defined as 
those obtained previously for radium C alone and at the end of the expenment 
the source was found to lie somewhat tamiBhed When photometered it was 
evident that some of the particles had had their velocities reduced in varying 
amounts in escaping from the source, but the least deflected edges of the lines 
were found to be quite sharp The deflections have therefore been taken as 
the separation of the inner edges found from the photometer curves plus the 
meau width of the lines found in exjieriments with radium C alone This 
procedure seems to be justified since the value of Hp found in this way for the 
radium C lme, which showed just as much hroadeumg and asymmetry as those 
for thonum C and C', is in excellent agreement with the results found when 
using radium C alone 

In Table II are the results obtained for the velocities by comparing the values 
of p and taking V — 1 921 X 10® for radium C and including the correction 
for the relativity change of mass with velocity This correction reduces the 
ratio thonum C' to thonum 0 by less than 1 in 1000 The table also shows 
the velocity ratios and the values deduced from the relation V 3 = /R using 
Henderson’s* results 0 953, 4 778 and 8 6 lb cm for the ranges of the a particles 
from radium C, thorium C and thonum 0' The greatest difference lietween 
observed and calculated values is 0 6 per cent 


Table II 

Vtloriltj 

Calculated from tbe 

Observed relation V* <*■ fcR 

Thonum C 1 705 % 10* cm per second 1 067 x 10* cm per second 

Thorium C' 2 05J 2 005 


Thonum C'/Thonum C 
Thorium C' /Radium C 
Thorium C/Radium C 


Velocity ftnlKW 

Observed Calculated 

1 204 x 10* cm per second l 217 x 10* cm |ier second 
1 008 I 074 

0 880 0 882 


The value 0 886 found for the ratio of the velocities of the particles from 
thonum C and radium G may be compared with that deduced from the velocity 
curve for a particles from radium C previously found by the writer f Prom this 
curve the velocity, m terms of that of radium C, corresponding to an a particle 
* ‘ Phd Mag ,’ vol 42, p 549 (1921) 
t Isoc at 
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of range 4 778 cm is 0 885 ± 0 001 A Wood* found by a method essentially 
similar to that described here velocities of 2 060 X 10® und 1 714 X 10® cm 
per second for thonum C' and thorium C The latter value is certainly too high 
since, as was shown by Wood, by applying Geiger’s relation it indicates a range 
of 4 95 cm , whereas Henderson and Geiger have since found values less than 
4 8 cm , such a difference cannot be accounted for by departures from the 
Geiger relation For the ratio of the velocities of particles from thorium C 
and C', Rosenblum has recently found 1 209 f 

§ 5 The Velocities of a Particles from other Ratio-active Substances — Except 
m the few cases where direct measurements have been made the velocities of 
a particles from the various radio-active substances hnve been deduced from the 
Geiger relation The writer has recently investigated the relation between 
velocity and distance traversed for a particles from radium C In addition to 
the marked deviation from the Geiger relation at low velocities, which has been 
noted by other observers, there were departures from the law at higher velocities 
which, for example, amounted to 1 in 150 for an a particle of range 3 cm 
The problem of deducing the velocity of an a particle of known range from this 
experimental curve is complicated by the phenomenon of straggling since the 
velocity and the distance traversed defining any point on this curve are mean 
values whereas the ranges as usually measured are somewhat greater than the 
mean range because of straggling It is therefore necessary to estimate this 
difference 

In the writer's experiments with radium (‘ the difference was found to be 
0 0 mm Theory and experiment indicate that this difference expressed as a 
fraction of the range will be approximately constant for a particles of all ranges 
Taking Geiger’sJ determination of the ranges, the mean ranges have thus been 
deduced and the velocities of the various a. particles have been found from the 
velocity curve for radium C These velocities are given in Table III together 
with the corresponding energies expressed m electron volts These values for 
the energies have been calculated from the relativity formula taking as before 
9649 4 E M U for the value of the faraday For comparison with the velocities 
deduced from the velocity curve the values found by the Geiger relation 
V* = ifcR, R being the measured range, are included m table For uranium 
land II the recent measurements by Laurence § using the Wilson cloud method 

* * Phil Mag vol 30 p 702 (1910) 
t Roeenblura, ‘ C R ,’ vol 180, p 1333 (1025) 
t‘Z f Physik,’ vol 8, p 45 (1921) 

} ‘ Trans Nova Scotia Ins Soi ,’ vol 17, pt I p 103 (1927) 

2 o 2 
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have been included The value given for thorium C' is that found in the 
present experiments 

For oc-rays from polonium I Curie* found by the magnetic deflection method 
a velocity of 1 593 x 10" cm per second, neglecting the relativity correction 
for the increase of mass of the a particle If tins correction is applied this 
result becomes 1 591 x 10'* cm per second which is identical with the value 
found by the method de<« ribed here 

Table 1TI 


hubs ta ime 

Range lit 
cmtimctres 
at 15° t 

\ c Iooity in ce 

1'\IR j 

ntumtrcs per 
ads 

bruin \ clout v 
curve for 
radium 0 

1 387 X 10* 

1 392 

1 459 

1 493 

1 480 

1 512 

1 610 

1 896 

1 923 
) 691 

Energy in 

elottron volt* 

3 994 X 10* 

4 023 

4 420 

4 629 

4 548 

4 747 

6 445 

3 07(1 

7 088 

5 268 

Uranium 1 

Uranium 11 

Ionium 

Radium 

Radium t m 

Radium A 

Radium C 

Radium * 

2 07* 

2 70$ 

3 07* 

) 28J 

3 194 

3 389 

4 122 

4 722 

0 971 

3 926 

1 307 X 10» 

L 402 

1 403 

1 490 

1 48.3 

I 612 

1 014 

1 889 

1 923 

1 688 

Protactinium 

3 073 

1 353 

1 3.64 

5 016 

Radioartimum 

4 07t> 

1 684 

1 689 

5 927 

Actinium X 

4 309 

1 640 

1 051 

5 663 

Actinium Km 

5 789 

1 808 

1 812 

8 824 

Actinium A 

« 084 

1 887 

1 888 

7 410 

AiUnium U 

1 611 

1 778 

1 784 

6 014 

Thorium 

2 90 

1 430 

1 438 

4 234 

ltadiolhonum 

4 019 

l 001 

1 603 

5 351 

Thorium X 

4 334 

1 644 

1 649 

3 049 

Thonum Em 

5 063 

1 729 

1 734 

6 248 

Thorium 

5 083 

1 797 

1 801 

0 741 

Thonum C 

4 787 

1 697 

I 702 

6 019 

Thonum C' 

8 017 

2 064 

2 053t 

8 767f 


* Geiger f Observed J Laurenoe 


§ <i Summary 

The value of Hp = MV/E for nn a particle from radium C has been redeter- 
mined and found to be 3 991 a 10 s E M U From the value of E/M for an. 
a particle deduced from electro-chemical data and the above result the initial 
velocity of « particles from radium C is found to be 1 923 x 10° cm per second 


‘ Ann Phjsique,’ vol 3, p 290 (1926) 
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Tlie probable error is estimated to be less than 1 in 1000 The \ allies found 
by Rutherford and Robinson were lip — 1 981 X 10 s and V .= 1 922 X 10° 
The initial velocities of a particles from thorium (J ind C' Ime been found to 
be 1 705 X 10® and 2 051 X 10“ cm per second These results have been 
compared with those deduced from the relation V 3 — 1R 
A table is also included giving the velocities for all the known substances 
emitting a particles The se results have been deduced from the writer s \ elority 
curve for a particles from radium C and Geiger’s me isuremcnts of the ranges 
The above experiments were carried out at the Cavendish Laboratory, 
Cambridge, and I should like* to thank Prof Sir Ernest Rutherford for his 
continued interest in the work I wish also to thank Mr H J J Bradduk, 
B A , for his help, particularly in the exploration of the magnetic field , m\ 
wife for assistance during the course of the experiment s and Mr (J R Crow e 
for the preparation of the radio actixc sources 


Commutative Ordinary Differential Opeiatois 
By J L Burcunall and T W Chaundy 

(Communicated Iiv A L Dixon, F R S — Rccuxed Deeembi i 22 I *) Jb —Reused 
February 1, 1928) 

The paper is conveniently divided into two sections The first contains the 
general argument and the mam propositions unencumbered bj proof in the 
first paragraph of this section is collected material already published , the 
succeeding paragraphs of the section are devoted to new results The second 
section of the pajier includes proofs of these results together with certain 
corollaries not essential to the mam argument 

Part 1 
I — Preamble 

We make certain notational conventions There is a single independent 
variable x, the arbitrary dependent variable of a differential equation or 
operation is written y With these exceptions Greek letters denote functions 
of x and English “ lower-case ” letters denote constants 

The distinctions extend to symlwls of functional form, which will represent 
polynomials, unless the contrary is stated Thus 

f(t)~a ( f + a i r- 1 + + «. 
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in which the coefficients a r arc all constants, but 

^(0 = «(T + «i*"" 1 + +«.» 

m which any coefficient a, may involve x 
Differentiations in x and in any other argument will be distinguished respec- 
tively by a prime and a suffi'c Thus 

<f>' (t) — *o'<* 4- *1 , < B_1 + + 

but 

fa (t) = 1 + (m — 1) <M“~ 2 + + ««-i 

English capitals will denote differential operators, and, in particular, D is the 
fundamental differential operator djdx The adjoint of an operator R is denoted 
by R' We consider only direct, finite operators, » c , operators expressible 
as <f> (D), where the conventions regarding functional symbols are still to apply 
when their arguments are differential operators 
Now a pan* of operators ^(D), i}/(D) is not in general commutative, but a 
pair / (D), y (D), with constant coefficients, is commutative and more generally 
a pan: /( R), g (R), where R is itself any operator tf> (D) But the class of com- 
mutative pairs, is not restricted to the class of pairs / (R), q (R) ThiB is show n 
by such an example as 

P = a— 8 (8 - ») (8 - 2w) (8 - mn + n) 

Q = x"" 8 (8 - m) (8 — 2m) (8 — mn + m) 

where 8 = xD The pan: PQ is commutative but not reducible to the form 
/ (R), g (R), if m, n are interpnme 

We here consider the problem of determining the general pair of operators 
P, Q such that 

PQ = QP 

We made an earlier attempt at this problem m a paper* presented to the London 
Mathematical Society in 1922 Our methods were then inadequate to resolve 
the general problem, but we were able to establish certain fundamental 
properties of commutative operators These wc reproduce in outline, as 
follows — 

Two commutative differential operators P, Q of respective orders m, n satisfy 
an algebraic identity, with constant coefficients, 

/(P, Q) =0 

of partial orders w, i»inP,Q respectively 

* ‘ Proc London Math Soc ,’ vol 21, p 420 (1923) 



( 3 ) 
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Wo consider only the case in which m, n are mterpnmc Our theory is not 
yet complete for the case in which in, n have a common factor , if one of m, n 
is a factor of the other, the commutative pair is “ reducible,” t e , expressible 
m terms of a commutative pair of diminished order 

By change of independent variable x and, if necessary, division by a con- 
stant, the operators can be reduced to the forms 

p = ]>" b niD”- 1 + i* 2 D"- 2 f f m, 

Q — D* t* VjD" 1 + v 2 D* ■ -f- -f- v„ 

The terms of highest order in / (P, Q) are now P* — Q"' (3) 

The identity / (P, Q) = 0 is a suftn lent condition for the commutative identity 
PQ — QP = o (4) 

If p, q are constants such that / (p, q) -- 0, the equations (P — p) y — 0, 
(Q — ?) y ~ 9 have a common solution tj — q (p, q, x), in general 
transcendental m its arguments (5) 

It is convenient to speak of q (p, q, x) as the “ common root ” of the operators 

P - p, Q - q 

If in / (p, q) — 0 we hx p, we obtain m c orrespondmg values q T (r — 1 , l in) 
of q If T) r is the common root of P —p, Q — g,, we call the set q r (r = 1,2, in) 
a “ normal ” set of roots of P — p Wi similarly define a normal set of roots 

of Q-? 

A normal set of roots is a linearly independent set (6) 

Since v) is a common root of P — p, Q — q, wc can write 
P-p = S R, Q- ? ET R, 
where R is the operator D — q'/rj The identities 

Pj-pER S, Qj — 5 = R T 

define a new pair P„ Q,, which are said to be obtained from P, Q by “ trans- 
ference ” 

The operators P x Q x obtained by transference are commutative and satisfy 
the same identity as P, Q (7) 

Repeated transference applied to a commutative pair thus generates a 
(continuous) group of commutative pairs all satisfying the same identity 

Finally we proved that if P, Q are commutative, then their adjomts P', Q' 
are likewise commutative and satisfy the same identity as P, Q (8) 
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So much of the theory we were able to ostablish in the first three sections of 
our earlier paper (loc cit ) We now take up the discussion from that point 


II — Integral (Junes 

In virtue of (2), (3) we evidently render our problem more precise m seeking, 
not the general commutatne pair but the general pair satisfying a prescribed 
identity 

/ (r Q) = P n — Q“ | =0 (9) 

The problem has evident analogies with that of uiuformising the curve 
f (p, q) = 0 in the plane of co-ordinates (p, q) and wc are not surprised to find 
that, m general, Abelian transcendents are involved in the solution 
Wo arc, m fact, uniformising by a somewhat unusual parameter D which is 
such that, even when the curve is not unicursal, the forms p, q are polynomial 
in D, although transcendental in the cocffii ltnts There thus persists for the 
general curve a certain mimicry of the formal® for a purely rational curve 
We have imposed a restriction on the form of/(P, Q) and we must impose a 
similar restriction on the form of f(p, q) For this purpose it is com ement to 
give a special meaning to “ weight,” by defining p, q as of weights m, n and so 
p“ as of weight am -f- bn The terms of greatest weight in a polynomial we 
call the “ leading terms ” and their coefficients thi “ leading coefficients ” 
We define the weight of a polynomial <f> (p, q) as the weight of its leading term 
The class of curves/(p, q) —0 which we shall consider will be those m which 
the leading terms in /(p, q) are required to Ire exactly p" — q m of weight mn 
The unicursal curves of the class are the rational, integral curves 

V ~ S(t) q — h (<), 

where g ( ), h ( ) art polynomial forms, the corresponding operators la ing, of 
i ourse, the reducible pair g (D) h (D) In the general case with the same para- 
metric equations, the functions g ( ), h() though no longer rational, arc still 
integral We therefore call such curves “ mtegral ” curves 
An integral curve of interprime orders m, n 

0=p"-? M + 

has, for sufficiently large values of m, n, a complex singular point at infini ty 
on one or other axis of co-ordinates (according as m 5 n) Taking t.hm singular 
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point as of the essence of the definition, v, e define the //-number* of the curv e as 
the maximum number of other double points We find thut 
The //-number of an integidl curve of mterprinu oidc in m, v, is 

0 = | (»i — 1 ) (n — 1 ) ( 10 ) 

Smce the weight of a term p a q b la am | bn, we are fid to consider the elemen- 
tary theory of “ lattice-numbers ” am -) bn, wh/ re a b are jiositivc integers or 
zero We prove that 

Every number m the closed interval {(/» — 1 ) (» — 1 ) inn — 1 } c in lie 
expressed as a lattice number in one and only one wav just half th< 
numbers in the dosed interval { 1 , (m — 1 ) (n — 1 )} are lattice numbers 
The number 2g — 1 (= win — m — v) is non-lattice , the number 2q - 2 
(= wm — nt — n — 1 ) is lattice ( 11 ) 

The 0 *number ^ (m — 1 ) (n — 1) thus rc appears as the number of non-1 ittice 
numbers to bases (m, n) 

We next consider the intersections of a curve <f>(p, q) 0 of weight v with 
the fundamental curve / (p, q) — 0 and w e show that 
A curve <f>(p, q) =0 of weight w cuts the fundamental curve m c victlv ir 
fimte points, provided that <f> (p, q) has only one leading ti rm t ( 12 ) 
It is understood, of course, that, in accordance with the convention ilr/'ndv 
made, the coefficients of tj> may involve the parameter x, but not the pirameters 

p,q 

If the fundamental curve is unicursal, weight represents degree in the um- 
cursal parameter and the truth of ( 12 ) is obvious 
By combining the results of (11) and (12) we see that 
If 2 0 ^ w < mn, then <f> (p, q) — 0 of weight w cuts the fundamt ntnl curv 
m just w fimte points (U) 

If 20 <, w < win reference to (U) shows that there are (w -j 1 — y) numbers 
m the closed interval ( 0 , w) which aro lattice and uutquclj so f'lnce the w eight 

* If there are no other double points, the g number and the genua of the cur\i are the 
same But m the 'presence of finite double points, the g number remains, while the eenus 
is diminished It therefore seems desirable to retain distinct titles for these two ehaiai ter 
istio numbers 

f That this condition is necessary is seen by considering an example 
<#> (P. q) = + ( P , 9) f(P » ?) + X (/». 9). 

where x(P> 9) is of weight less than w The intersections of 0 = 0 with / — 0 Hre now the 
intersections of * — 0 with / — 0 which do not amount to n Here q) has nt least 
two leading terms arising from the terms ;> M - j’" in f(p, g) 
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of every term in <ft (p, q) in a lattice number, the possible number of terms therein 
ww-fl - g and thus 

If 1g <. to < »i«, a single curve of weight w can be drawn to pass through 
to — y arbitrary finite points of / (p, q) = 0 and it will cut the funda- 
mental curve again in y other finite points (14) 

After these arithmetical prolegomena wc proceed to consider what con- 
ditions the vanishing of the identity / (P, Q) — 0 imposes on P, Q, showing sub- 
sequently that the P Q so determined do actually satisfy the identity 

. TIf Nea s stay Conditions for a Commutatuv Pair 
Suppose P, Q to he a pair of operators satisfying the identity /( P, Q) = ft 
and take an arbitrary point (p, q) on the curve f (p, q) = ft 
Then / (P, q) =f (P, q) — / (P, Q), and so is algebraically divisible by Q — q 
The quotient itself may be expanded in powers of D and divided by P — p 
We may express tin result of these operations analytically as 

/( p. ?) = T (P — p) (Q - q) + (lidr* - 1 .Kir- 2 + I- !]/„_!) (Q - q) (15) 

Dealing similarly with the adjoint operators P', Q', which we have said 
satisfy the same identity, we have in conformity with (15) 

/(P\ q) = U (P' - p) (Q' - q) f- (tf>D m ~ l + faB m ~ s + 4 ^-i) (Q' - ?) 

(16) 

We prove that 

If T] (p, q) is the common root of P — p, Q — q and \ (p, q) the common root 
of P' — p, Q' — q, then = <f> (p, q) — iji (p, q), if the arbitrary constant 
multipliers of >j be suitably chosen, (17) 

and that 

<Ji (p, q) = ft cuts the fundamental curve in 2 g pomts of which, in general, 
one-half he on (Jq (p, q) = 0 and the other half on fa (p, q) = 0 (18) 

We call the g points common to ij; and ijq 

P.). (* = 1, 2, , g), 

and the g points common to ^ and fa 

(Y.,8.), (® = 1, 2, ,g), 

and we define g functions of j: 

w(*» W, (* = 1,2, 


,9), 
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by the linear equations 

S <*> («,. P») = 6, if am + bn < 2jr - - 2 J 

Y „ f. (19> 

S ?;% b m (a„ p.) ■= -- 1, if am \ bn - lq — 2 I 

where a, b are positive integers or zero 
The number of these equations is the number of lattice numbers in the closed 
interval (0, 2g — 2), which is also the number in the closed interval (1, 2q), 
Himc 2 g, 0 are lattice, while 2g — 1 is non-lattice By (11) the equations are 
thus g m number and define the g functions to (a„ p.) precisely 
We then show that with to (a„ p,) so defined, 

The common root tj (p, q) is given by the formula 

a' _ i 

rj P .-i (?-«.)(?- p.) ’ 

where p is independent of p, q but may involve x (20) 

From (20) we deduce precise expressions for to (a„, (i,) in the form 

to (x„ v — *• -= — — = ri' IfeJai (21) 

{ /,(«., M /,(*, W jSZif 

9(«.. M 

These expressions for w(a„ p,) show that the equations (19) define a„ p, 
as Abelian functions associated with the fundamental curve / (p, q) = 0 
We write equations (19) more concisely as 

S a u [i*w (*, p) -- 0, - 1 (22) 

The charactenstn Abelian equations for the adjoint ojierators are 

S to (y, 8) -- 0, + 1 (23) 


_ -T» - - 

~ My.,*.) My., 8.) 


Equations (23) are immediately deduciblo from (19) for the fundamental 
Abelian Theorem applied to the 2 g intersections of / = 0, <J» = 0 gives 
S **p‘co (a, p) + E y° 8* to (y, 8) = 0 
The common root for the adjoint operator is given by the formula 


\ ° (?-Yi)(7-$.) ’ 

where a is independent of p, q but may involve r 
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Equations (20), (25) define 5, /], save for factors exp ^jp dx'j, exp (H 
as Abelian functions of the second kmd associated with the fundamental curve 

f(p,q) = o 

Equations (19), (20), (21) do no more than exhibit, somewhat indirectly, 
conditions which operators P, Q must obey, if they arc to be connected by the 
identity / (P, Q) — 0 We have still to show that there are such operators, and, 
if there are such, how they are to be determined from equations (19) (20) 
(21) 


IV — Sufficiency of the Conditions 

Suppose now that we are given an integral curve f(p, q) - 0, and that on it 
we can find a variable set of q points (a„ (i,) whose co-ordmates depend on a 
parameter x and satisfy the </ Abelian equations, written w ith the notation of 
(22) in the form 

1 a a (i® to (a, (J) = 0, — 1 (26) 

where 


*> (*»» P.) = 


— a/ 

/.(*» M 


/,(«„ W 


(27) 


By (14), through the g arbitrary points («„ p ( ) on/ (p, q) = Owe can draw a 
curve <Ji (p, q) = 0 of weight 2 g which will cut the fundamental cun eing other 
points This defines the function ij»(p, q) save as to a possible factor involving 
x but not p, q We make <{i (p, q) precise by imposing a leading coefficient + 1 

We then show that 

If 0 r (p, q) is a polynomial of \\« iglit 2 q -f- r and leading coefficient (— l) r and 
if the curve 0 r (p, q) — 0 passes tluough the g points (a„ p,), then 
the relation 

+ O', ip, f ) 

defines a polynomial 6 r+1 (p, q) of weight 2y + r + l and leading 
coefficient (— l) ,fl such that the curie 0 rfi (p, q) =0 passes through 
the g points (a,, (3,) (28) 

We write 0 O (p, q) = ij; (p, q) and use the recurrence-formula to define the 
functions 


Mp> 7). 


0. (P. ?) 
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We then show that 

We can find m -f n functions of x only, inz , ji 1 , |i 2 , , (i Hi 

such that 

i~) m Kip,q) \- S (-) m- VA. r(p,9) ^pb{p,q), 


and so 


then 

Hence 

and 


(29) 


(-)" On (P> q) + ^ (-)• 'v,<U (p, q) = qty (p, q) 

Now define t\ (p, q) by the relation 

fL=. _ S /(fr %) <»(«,' ft.) 
t\ ,-i (p-*,)(q-p,) 

The recurrem c-formula of (2R) becomes 

Or+i = (D — /j'/zj) 0„ 

0 r = (D — ffjrff 

It follows at once from (29) that, if 

F = (-Dr + ft (-i>r-M 

Q' = (-D)*+v,(-Dr+ + v, J 

(P'-P)^ = (Q'- 9)^ = 0 

(FQ' - Q'P')V) -1 ^ (pq - qp)r, ^ = 0, 

/(P'> Q') =/(p> = o 

Since P', Q' are independent of p, q, variation of p, q gives arbitrarily man) 
roots 7] —1 vji both of the alternant 

F'Q' - Q'F 

and of the operator 

fir, Q') 


(30) 


(31) 


(32) 


Such roots being linearly distinct,* the alternant and the operator/!?', Q') 
both vanish identically The operators P', Q' are thus commutative and 
satisfy the prescribed identity The same is therefore truo of their adjoints 

P,Q 

Evidently P, Q might have been constructed independently on the basis of 
2 y,®S/ to (y„ $,) — 0, +1, 

the relations satisfied by the other intersections (y„ S„) of <Ji (p, q) with the funda- 
mental curve 


♦ Cf lor cit,p 4 22 
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By either course we have proved that 

The Abelian equations (26), (27) are sufficient for the definition of a pair of 
operators P, Q, commutative and satisfying the prescribed identity 
/(P, Q) = 0 (33) 


V — Degree* of Freedom in Determination of P, Q 

There are two standard transformations of a linear differential equation, 
namely, change of independent variable and multiplication of the dependent 
variable by a f unc tion of the independent variable The commutative property 
and the for/n of the identity survive the latter transformation, Bince, if P, Q 
are commutative, so are t - 1 Pt, t -i Qt, where t is any function of t, and they 

satisfy the sanit identity The presence of the arbitrary factor exp ^ jp dr'j 
in the formula (20) for /] (p, q) is thus explained 
Tf a change of independent variable £ £(x) be effected, the transformed 

operators are still commutative, but their leading coefficients are no longer unity, 
being in fact 

MO}-. MO}-, 

where 

o(Q = {TO}- 1 

At the same tunc the fundamental Abelian iquations become 

£ a n (i 6 </a/ (a, fi) = 0, (am — bn < 2q — 2) 

2 a n p 6 da/ f, (a, fi) = — a (Q dC (am -\-bn + 2q — 2) 

If then thf leading coefficients are not prescribed, the commutative pair are 
sufficiently defined by the first q — 1 Abeban equations only The last Abelian 
equation merely defines the particular independent variable, transformation 
to which ensures a leading coefficient unity 
Thus in constructing operators P, Q to satisfy the identity / (P, Q) = 0 we 
have two arbitrary functions of x at our disposal They add bttle, however, to 
the interest of the problem and we can absorb them by prescribing that P, 
say, be brought to a standard form 

D"+,i,D"-*+ +(i„ 

with leading coefficient unity and second term missing 
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There still remain, however, g disposable constants introduced by the inte- 
gration of the g linear differential equations (26) * Thus 
The commutative pairs of prescribed form satisfying a prescribed identity 
/ (P, Q) = 0 constitute a group [P, Q] involving g arbitrary constants 

( 34 ) 

We anticipate the subject-matter of the next paragraph to say that trans- 
ference by factors with constant leading coeffic lents does not alter the prescribed 
form, nor, of course, the identity The group is therefore closed for sueh 
transference and we prove that 

Conversely all pairs of the group | P, Q] may be obtained by transference 
from any one of them (35) 

If P is of the prescribed form, its adjoint P' is of the form 

(— D)"* -f- |i 8 ( - D)" _ * 4- + 

which is restored to the prescribed form b> changing the sign of x Thus the 
group jP', Q'] is obtained from tho group [P, Q] by change of sign of thi inde- 
pendent variable We go further and show that 

The constants of integration can be chosen to define a pair P, Q transforming 
exactly into their adjoints by change of sign of x (36) 

VI — Transference 

We conclude with an account of the general theory of transferuice 
If (p v qf) is a point of the fundamental curve, then P — p v Q — q t h it e u 
common root = y\ (j»„ qj and so a common end-factor, 

Tj EE D -- V/li 
We can therefore write, as in (7), 

P- ft = RT lt Q — 9i = STj, 

and obtam, by transference of T t , a new commutative pair P lf defined by 

Pi-ftSTjB, Q,-?i = T l S, 

and satisfying the prescribed identity We shall say that the transference has 
been effected “ with respect to the point (p v q t ) ” of the fundamental curve 
The equations of this transference can be written more concisi ly as 

TjP = P,T„ T X Q = Q,Ti (37) 

* The last equation of tho set still contributes its own arbitrary constant, since the 
standard form prescribed above defines not the new ( but its derivative { 
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We effect a transference on P x , Q x themselves with respect to a second pomt 
(p 2 . ?*) of the fundamental curve by the equations 

(38) 

Combining these with (37) we pass directly from P, Q to P 12 , Q ia by the equa- 
tions 

W = PijTjTj, T^Q - Q 12 T 2 T 1 (39) 

Proceeding in this wav we can contemplate the possibility of a transference 
“ of order r” by aid of T, an operator of the rth order, in the equations* 

TP = P r T, TQ - Q r T (40) 

The properties of such a transference arc given in the following theorems 
A transference of order r can be split up into r successive linear transferences 
with regard to points (p v y,)> (p 2 , q t ), , ( p T , q t ) of the fundami ntal 
curve (41) 

The resultant of suucmive linear transferences with respect to points 
(Pi, q t ), , (p„ q r ) of the fundamental curve is mdependent of the order 
m which the pomts are taken and may be obtained by a single transference 
of order i in which the transference-operator is just that operator of 
order r which annihilates 

n (pv ?i)> . >1 ( Pr , qr) (42) 

Transference with respect to the complete set of intersections of the funda- 
mental curve with any curve h ( p , q) = 0 restores the original operators 
and the transference operator is h (P, Q) (43) 

VII — Ttansferenee and the Abelian Theory 
The relation of transference to the Abelian theory is intimate The operators 
Pj, Q x obtained by transference with respect to the pomt (p v qj belong to the 
group [P, Q], their g base-points satisfying the samo Abcban equations as the 
base-pomts («„ (J,) of P, Q 

From the Abelian standpoint wo view transference as a shift of base-points 
The manner of this shift we prove to bo as follows — 

If a transference be effected with respect to r points (p v q t ), , (p r , q r ), 
the transformed base-pomts (y„, S„) arc co-residual with (p v q x ), , 
(p„ q r ) and the original base-points (y„ 8,) (44) 

* The leading coefficient of T should bo unity m order that P r may retain the prescribed 
form The more general case of any loading coefficient merely involves the use of an 
additional transference of " zero order ” 

P, - rPr », Q, = rOr" 1 
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Thus, viewed analytically, transference corresponds to addition of Abelian 
arguments Hence also, if transference be effected with respect to a complete 
set of intersections of the fundamental curve with some curve h (p, q) = 0, the 
transformed base-points are co -residual with the original base-points, » e , are 
coincident with them and so the original operators are restored Thus the first 
part of (43) appears as a corollary of (44) 

If transference be effected with respect to a double point (p 0 , q Q ) of the funda- 
mental curve, this point, counting as two intersections of the fundamental curve 
with any curve through the point, appears as one of the transformed base- 
points («<„, (3 j.) At this point 

olJ = 0 = (V, /„ («*, = 0 =/, (a*, po,), 

and o> (a*, {3,,) is indeterminate Thus for operators obtained by transference 
with respect to a double point the Abelian theory no longer holds without modi- 
fications , other new features also appear We hope in a subsequent paper to 
discuss the special case m which the fundamental curve / (p, q) = 0 defining the 
commutative operators has double points Within the limits of the present 
paper we shall suppose that transference is always effected with respect to 
ordinary points of the curve 


Part 2 

Proofs of the Theorem in Part I, §§ Il-VII 
We add proofs of the various theorems which we have assorted 
(10) The ^-number of an integral curve of mtcrprimc orders m, n, is 
g--= J(»*-l)(»-- 1) 

The ^-number is the number of double points of the rational integral curve of 
orders m, n, 

p(0 = _1 + +a m -=p 

?(«) = «* + 6^ -h . + 6*-S 

The parameters M of a double point are given by 
p(«) = p(t), ?(») = ?(<)• 

Removal of the irrelevant factor s — t gives the equations 

f“- 1 + («+oi)r- # +... + (s*- J + +«-i)=0 

r-i + (# + 6 x >r- > + ... + (s- J + +K x )=0 
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The order m a of the t-ekminant is its weight in the coefficients, te, 
(m —1) (n — 1) Each doable point accounts for two values of t Hence 
the ^-number is 

(11) Every number m the dosed mterval {(m — 1) (n — 1), tan — 1} can 
be expressed as a lattice number m one and only one way , just half the 
numbers in the closed mterval {l, (wt — 1) (n — 1)} are lattice numbers 
The number ty — 1 (= mn — m — n) is non-lattioe , the number 
2g — 2 ( = mn — m — « — 1) is lattice 

Let a, b denote positive integers and x, y any integers Then the equation 
tnx -f ny = ma — nb 

has the general solution 

x = a ±tU, y = — b ¥ mi, 

where t is a positive integer or zero The equation has therefore a solution in 
positive integers (x, y), if, and only if, the closed interval (a/n, b/m) contains 
an integer or zero Tt is sufficient to suppose a < n Then ma — nb is non- 
lattice if, and only if, 0 < b < m 

Every integer is expressible m one of the forms ± ma ± nb Hence the only 

non-lattice numbers are | ma — nb | where 0 < a < n, 0 < b < m The 
number j ma -nb | occurs again as | wt (n — o) — n (m — 6) | There are thus 
just J (wt — 1) (it — 1) non-lattioe numbers The greatest of them is 
| m (tt — 1) — n|, te, mn — m — n = 2g — 1 They therefore all lie in the 
dosed mterval {1, (wt — 1) (n — 1)} and exactly half fill it 
If j is a non-lattice number ma — nb, then mn — m — n —j is the lattice 
number wt (« — 1 — o) -f n (b — 1) Hence of every two numbers whose sum 
is win — m — », one is lattice, the other non-lattice In particular, since 1 
is non-lattice, the number 

tnn — wt — n — l = 2y — 2 

is lattice 
The equation 

tnx -J- ny — ma -|- nb 

has the general solution 

x = a ± n/, y ~b T mi, 

and hence the unique solution (a, 6) in positive integers, if a < n, 6 < m. 
These two inequalities are certainly secured by the inequality wm + nb < mn 

(12) A curve <f> (p, q) = 0 of weight w cuts the fundamental curve m exactly 
to finite points, provided that <f> [p, q) baa only one leading term 
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Thai p>ehminant of/(p, g) =* 0, <f> (p, q) =■ 0 1a 
n^{p„q) 

when p 1 , , p„ are the roots m p of p* — q m + =0, and therefore 

II p r = (— )* _1 2“ + lower powers of q 
If is the single leading term of <f>, it contributes to the eliminant the term 
n p r s g* = ± 2 a * +!m + lower powers of q 
= ± j" + lower powers 

The first term on the right is the leading term of the eliminant which is 
therefore of degree win], and thus there are ]ust w finite intersections 

(17) If (p, q) is the common root of P — p, Q — g and % (p, g) the common 
root of P' — p, Q' — q, then 

(p, q) = + (p, ?), 

if the arbitrary constant multipliers of 5, kj be suitably chosen. 

It is sufficient to prove that is the common root of P' — p, Q' — g, for 
we may then take \ — 7} -1 iJ> 

Now, if 7j, 7],, ,i)„bea normal set of roots of P — p, then Q — g annihilates 
1} but none of the others, but/(P, g) annihilate# them all Thus 

/(P,g)/(Q-?) 

an n i hila te# all but 7] and 

(D - tj'/tj) /(P, g)/(Q - g) 

annihilate# all of the normal set, and so contains P — pas an end-factor. Hence 
from (15) 

(D - tj'/t,) {+D- 1 + *iD" -» + + 4»-i) = + (P “ P) («) 

by consideration of dimensions Taking ad]Ointe we have 

{(- D )— 1 <H- (- l))" - * ^ (— I) — /j'/tj) = (P'-p) 

The operator on the left annihilate# 7) -1 and soTj'^iaa root of P' — p. 

To prove it also a root of Q' - g we form m analogy with (15) the identity 
/fa Q) - V (P — p) (Q - q) + (xD-i + XxD-* + +X«_i) (P-p) 

inter changing the role# of P, Q By the foregoing argument 7 ] _1 x ia a root of 
Q ' — q Now 

/(P, Q) +/(P. s) “/to Q) +/(?> J) -/to. ?) -/(P. Q)> 

2 p 2 
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and 8o it contains (P — p) (Q — q) as an algebraio factor Hence abo 
-f *iD-« + + 4<»-i) (P - P) + (XD- 1 +XiD"~* 

+ +x»-i)(Q-j) 

contains (P — p) (Q — q) as a factor The dimensions do not permit this and 
so the expression vanishes identically By comparing the coefficients of 
D»+»-i we ^ that x — — 4* the theorem follows 


(18) <J* (p, q) = 0 cuts the fundamental curve in 2 g points of which, m 
general, one-half he on ^ (p, q) = 0 and the other half on <h(p, q) — 0 
To detenmno the weight of (p, q) we suppose m (15) that weight m p, q and 
order m D are additive Then the equation (15) is of greatest dimensions mn, 
and therefore <J/, having a co-factor of dimensions m + n — 1 is of weight 
(m — 1) (w — 1) = 2 g and hence by (12) cuts the fundamental curve m 2 g 
points 

With the usual notation for P we write (45) as 

+ 'I'*- J = 4> {D* + + +| i^-p) 


By comparing coefficients of D" _1 , D" _r we have 

4*' + 4<i - (Vto)+ = Pi4* 1 
4V + 4*1- WhWi = ^ I 

Similarly by considering the adjoint wo have 

4*' + & ~ (575)4* — - Hi4» 


(46) 


By use of (17) we deduce from these equations 

4*' + 4»l + & = 0 (47) 

4* (m4> - 4*s - 4V - nA) = Mi* (*$) 


The discussion presupposes that {p, q) is a point of the fundamental curve, 
otherwise rj {p, q) has no meaning Hence by (48) the intersections of t|**= 0 
with the fundamental curve he on <]*i = 0 or on ^ = 0 
By the symmetry existing between any adjomt pair it is clear that as many 
intersections will be on fa as on tj*i There is, however, the possibility that a 
point (a, (S) might he on both these curves By (47) such a point hes also on 
<J/ «= 0 Unless, then, this occurs only for isolated values of the variable, we 
have/(ct, p) — 0 = tj* (*> P) 80 by differentiation 

«7»(<*.P) + P7.(«.P) = o 
V («,p) + « / 4».(«,P) + P'4»«(«.W*o- 
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Hence, since also i|/ (a, |J) = 0, we must liave *' = 0 = p', % e , the point is 
fixed or else the Jacobian of/, ^ vanishes at every such (a, p) The case is thus 
dearly exceptional, and, although we cannot yet discuss it completely to our 
satisfaction, we shall exclude it and so accept theorem (18) 


(20) 


1 = - 
1 


* f(p, 

.-1 ( p - <0 (3 - W 


where p is independent of p, q but may involve x. 

Prom (15), (45) wo have 

<D - V/>l)/(P, 3) = { (D - VAl) T + +} (P - p) (Q - 3 ) 


(49) 


Choose (p 0 , q 0 ) a new fixed pomt on the fundamental curve, giving the corre- 
sponding solution ijo E ij (p 0 > 3o) Operating with (49) on rj 0 we get 

{( D -?K * D)+ 1 ♦}» « 

Now from (46), (47) 


Hence t|nf)7i) is a polynomial m p, q which becomes — (a,, p.) for the sub- 

stitution p, q = <r„ p. Now multiply (50) by <ji(p, ?) and make this substitution 
This is legitimate, since in (50) no differential operator acts on any function of 
p, q except the operator (p, q) D which vanishes for the substitution. We 
therefore obtain 

fa -&*(£- ?■> **(*“ w ’ 1 * = * i< *" WT( *" 

If we cancel the non-vanishing factor <f> x («,, p,), multiply by w («„ p,), drop 
the suffix 0 and sum for », we have 

i = MT(,t - fe,P)71 <61) 

The right-hand side can be expanded as the sum of terms of the form 

By (19) every such term vanishes unless ma + rh S: ig — 2 Now from (15) 
if weight m p, q and order m D are additive, then T (p, q, D) is of greatest 
dimensions wn — m — » (= 2g — 1) and so on the right-hand side of (51) 
every term vanishes except D and the absolute term In the co-factor of D 
the only surviving term is that of greatest weight ig — 2 m *» (3,. 
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To obtain the terms of greatest dimensions m (15) we replaoe /( P, q) by 
P m — q m and P, Q by D*\ D" respectively Then the leading terms of T (p, q, D) 
form the quotient of D"“ — 5 * by (D" — p) (D* — q ), » < , of 
+ 3 D<— * " + by D w — p. 

Since m, n are interpnme, no terms will cancel in the long division and so the 
quotient is of the form 

2pYD r 

where every numerical coefficient is unity 
Hence (51) reduces to the form 


P.) 1 r " 

where p is some function of x only Thus ( 20 ) is established 

1211 « U.. B.) = —*L . = ,, J*'_ » 


M /p («.,?.)■ 


If in (20) we multiply up by 4* (p, q) and take the limit p, q -*-a„ p„ we get 
on the left, as we have already seen, — fa (a„ p.) which, by (47), equals 

*'(«. w 

On the nght we get 

Since/ (p, q), / («„ p,), ^ (a,, p,) are all sere we may write the limit as 


The subject of the limiting process is now a polynomial m p,q and we pass at 
once to the limit, 

/,(*» p.)/,(«* p,). 

We thus have 

The other equations of (21) follow at once from 

*7r(*. P) + P7.(«»W = o 
P) + P'<M*. P) = o 

which we obtain by diferentiating /(*, p) *» 0, ^ (a, p) — 0. 
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As s corollary to (20) we can prove that 

If T) lf , >]*, is the set of normal root** of P — p, then 


n 7], = t n (p — a,) 

where t involves x but not p (52) 

In (20) wo fix p and sum for the m values of q given by the equation 


f (f>, ?) — 0 Then, since 


v i - Up, P.) 

/(p. P,)’ 


Now 


S (3i +p)=a £ 

' 1)r 1 .-1 p — *, 


/,(p,p.) -/«(«., Pd 

p — *, 

IB a polynomial m p, *„ p, of greatest weight 2^ — 1 Henoe in 


i A - fr M** frH «(«., p.) 

i p — «, 1 


no term involving p survives It is thus a function of * only So therefore is 


2 'JL 


s Pal 

.-i p — «» 


By (21) we can therefore write 

2 i = i -*»L, 

r-1 Ir T .=ip — a, 

where t involves sc only Our theorem follows by integration with respect 
to x 

More generally it is possible to prove that 

If 7 ), is the common root of P — p„ Q — q, corresponding to (p„ q f ), an 
intersection of a curve h (p, q) — 0 with the fundamental curve, then 

n i^Tjjhfo.p.) (53 

(28) If 0, (p, q) is a polynomial of weight 2 g + r and leading coefficient (— l) f 
and if the curve 6, (p, q) — 0 passes through the g points (a„ p,), then the 
relation 

D = (* *)* + r - is * 

defines a polynomial 0,+i(p, q) of weight 2g + r + 1 and leading coefficient 
(- l) r+1 and the curve 6,+i (p, f ) = 0 passes through the g points («* p,) 
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Since 0 f (a,, (3,) = 0, we may write, aa in the proof of (21), 


This 18 a polynomial of aggregate weight ig + r — 1 in p, q, «,, (1, If wo 
multiply by w (a„ j3,) and sum, then, in virtue of equations (26), the terms of 
weight m #„ (3, less than 2 g — 2 disappear Thus only terms of weight in p,q 
not exceeding '2g -f r + 1 survive Since the weight of 0/ (p, q) does not 
exceed 2 g |- r, it follows that 0 f+ i is of weight 2 g r + 1 
If (— ) r p l q 1 is the leading term m 0, (p, q), the leading term in (54) is found 
in the expansion of 


Every numerical coefficient is (— l) r and since 2g -)-r + 1 has a single lattice 
representation \’m -f j'n, the term of weight 2g -\-r occurs but once, 
appearing in the first or second group according as t/ ^ or < » 

This term appears m 0 f ,i(p, q) multiplied by E (a„ p„), where 

am -f bn — 2g — 2, and hence, in virtue of (26), the loading coefficient of 

em(P.S) «(-!)' 11 

Lastly 

Om («- M - V, («., w + » («. w u , 

the limit being taken as p, q -*■ a„ (3, But from (54) this limit is 


and aB in the proof of (21) 

Accordingly 0 r , x (p,q) — 0 passes through the g points (a* (J,) 
(29) We can find m + n functions of * only (i lt , [i*, 

such that 

(-)" 0* (p. ?) + S (-)"' r pr0»-r(Pi q) - pty (p, q), 


(-)• 0. (P» q) + S v r 6«- r (p, q) = qty (p, q) 
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It is sufficient to prove the theorem for the functions ji only Now, since 
pty (p, g) is of weight 2g -j- m and leading coefficient is -f 1, 

P'b(p>q)-(- ) m ®*(p, q) 

is at most of weight 2g -j- m — 1 Suppose that the coefficient of the term of 
this weight is (i x then 

p+ ( p, q) - (- )" ®* (p. q) - (-)"" 1 Hi q) 

is at most of weight 2g -f m — 2 

Proceeding in this way we can in succession define the functions of x 


such that 


Vv H*> . H*-i> 


p<l» (p> q) - (-)" 0« (p, q) - hi (-)" -1 flu-i (p> q)~ + h*-i e i (p. q) 

is at most of weight 2 g . 

Equated to zero it represents a curve through the g points («„ fi,), since 
and every 0 passes through them 

But by (14) a single curve of weight 2 g can bo drawn through g arbitrary 
points on the fundamental curve, and hence the curve is essentially tji = 0 
Thus for some jx* we have 


(-)" 6 *(p. q) + s (— )" r Hr®*— f (p. q) + H*4» (p. ?) = P' 1» (p. ?) 


The proof of (35) depends on the theory of transference and is given later at 
p 581 

(38) The constants of integration [m the Abelian equations] can be chosen 
to define a pair P, Q transforming exactly into their adjomts by change 
of sign of x 

Give x some numerical value and let the co-ordinates of the 2 g points (a„ (J f ), 
(y„ 3,) thereupon assume the values (a„ 6,), (o„ d,) Then by Abel’s theorem 

Sj’ ^%‘da.lM** M + 2 j* > y.'SjdyMy,, W 

- + 2 f* « .%'&.//, («* P.) ■ + 2 f Y.* 8/ dy Jf, (y„ 3.) 

• J* K 

-M. + i. + V, “7. 

where v »m +jn ^2g — 2 and M, a a sum of penods 
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The Abelian equation* (28) may be written in integrated form aa 
sf a.% , *.//,(«tW = P.+iw+*U d « <5^-2, 

* * Os fit 

= JM, + ii» + 5» + *> if w «= — 2 , 

and 

£ f Y.*Vrfr.//.tr» W = **<*- 2, 

* ti 

= 4M* + V — — *, if w = 2p — 2, 

where the 9 constants h m are the constants of integration and are stall at our 
disposal. 

If we write 

K~HK'-h)> 

the equations m y, 8 differ from those in a, (5 only in the sign of x They there- 
fore define a commutative pair with the property asserted , the pair is unique 
save for a sum of periods of the Abelian functions 

(41) Any transference of order r can be split up into r successive linear 
transferences with regard to points (p, ft), (p„ q t ) 
fundamental curve 

Let the equations of transference be 

TP = P,T, TQ = QjT 

Then, if C is any root of T, bo also is Pi;, and hence, i^Cn C* 
distinct set of roots of T, we get the r equations 

PC. = «ilC 1 + «.,C,+ +a.,Cr. (»= 1* 2, 

where a u are some constants. 

By the theory of “ normal forms ”* we can find some 

C = OlC» + C,C,+ + *£ 

which is a root not only of T but of P — p for some p 
More generally suppose that T and P — p have just s linearly distinct common 
roots Y)i,7]g, , ,ft. By (55), if kj is any of them, then Qkj is also a root of T , 
by the commutative property of P, Q it is also a root of P — p Thus Qvj is 
a common root of P — pT, and bo we have the system of s equations 1 

<h)i“Mi4-5«>li+ (**=1,2, ,«), 

where b i} are some constants 


, (p„ g r ) of the 

(65) 

, Cr » a linearly 

r). 


* Of loc, cit. 
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By » second appeal to the theory of normal forme we find some 
= i + *fli + + <kj* 

which is a root of both T, P — p and also, for some q, of Q — q Hence T 
annihilates some tj (p, q) where (p, j) is a point of the fundamental curve 
Write Tj = D — ij'/ij, so that we have 

P - p = RT X , Q - 5 = ST X , T = UTi 
If we write also 

P x -p = T x R, Q i-jSTjS, 

we have from (65) 

UP X = P,U, UQ X = Q,U, 

where now U is an operator of order r — 1, and T\ is the operator of a linear 
transference in the point (p, q) Dealing with U as we dealt with T, and so on, 
we at length break down T into the resultant of r successive linear transferences 
of the type of T x 

(42) The resultant of successive linear transferences with respect to points 
(Pv ?i)> i iVn ?r) of the fundamental curve is independent of the 
order m which the points are taken and may be obtained by a single 
transference of order r in whioh the transference-operator is just that 
operator of order r which annihilates 

>l(j>1.3l). ,7)(p„?r) 

Consider two points (&, qj, (p* q t ) and suppose, that transference is first 
effected with respect to the point (p v q y ) We may then write 
iJi “ *) (Pi. ?i)> Tj = D - V/% 

T X P = PjTj, T X Q = Q x Tj 
For the second transference we need the common root of P x — p t , Q, — q t 
If T), *= »] (p„ qj, we have by (B6) 

CPi — ?») T x v) 9 = Tj (P - p,) tj, = 0, 

and similarly 

(Qi - Si) T^s = 0 

Hence 

>lii * 

The second transference is effected by meanB of the linear operator 

T* — ® — 7 3i*7 t 1u 

TjKJii = 0 , te, T t T iVt = 0 
T s T i>h = °» T Ph = 0 



Then 
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Thug Tji, y], an the roots of the operator T,T X which u thus symmetrical in 
(Pi- ft). (Pi. ?j) 

Now T,T X is the quadratic operator which effects the complete transference 
in respect of the pair of points (p v ft), ( p t , g,) The order of the two points may 
therefore be interchanged m the composite transference, and so generally m a 
transference of any dimensions the points may bo rearranged, by successive 
interchanges of neighbouring points, into any desired order 

It follows that any specified point (p„ q,) may be brought to the beginning of 
the senes, and consequently T, the operator of the complete transference, 
exhibited with an end-factor D — v)//v]. Hence T annihilates every 
■4 (P..?.), (8 = 1,2,.. ,r) 

(48) Transference with respect to the complete set of intersections of the 
fundamental curve with any curve h (p, q) = 0 restores the onginal opera- 
tors and the transference-operator is h (P, Q) 

For h (P, Q) is certainly a possible transference-operator, since 
h (P, Q) P = Ph (P, Q), h (P, Q) Q = Q& (P, Q) 

It has therefore a complete set of roots of the form 7] = Y) (p„ q r ), where 
(p„ q r ) is a point of the fundamental curve 

Since h (P, Q) yj, = h (p„ q,)^ it follows that Yj r is a root of h (P, Q), if, and 
only if, (p n q r ) is an intersection of h (p, q) — 0 with the fundamental curve 
Hence the roots of h (P, Q) must correspond exactly to the complete intersection 
of h (p, q)~0 and /(p, q) = 0 Since such a set of yj’s is linearly distinct,* 
h (Pj Q) is the operator effecting transference in this oomplete set of intersections 
As we have seen, such a transference restores the original operators 

We have incidentally proved that the order of the operator h (P, Q) is the 
number of intersections of h (p, q) — 0 and the fundamental curve 

(44) If a transference be effected with respect to r points (p„ ft), , (p„ q T ), 
the transformed base-points (y m 8„) are co-residual with (pi, ft), . , (p„ q,) 
and the original base-points (y„ 8,). 

Consider first a transference with respect to the single point (p v ft). If 
y]i = yj (pj, ft), the equations of transference may be written 

(D - V/11) (Pi Q) - (P,. Qi) (D - VAii) m 

and the adjoint equations as 

(F, QO (D + Y|i 7 »h) - (D + 7,1'/*) (F, O'). ( 68 ) 


* Loc. oU,, p. 42S. 
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Write ij a) for the common, root of P, — p, Q x — q and £ (1) for the common 
root of P r ' — p, Qj' — q. Then from (57) 

CD-KhV’Ji)>3 = %>» 

and from (58) 

(D+m'to n)5o> = 5. 

where -q ib the common root of P — p, Q — q and f; that of P' — p, Q' — g. 


CfliSta) = 5i*)i5V ~ SiV^l. (59) 

>3a» + 5iV5a> >!<ii (69) 

Now by (31) £'i) is a polynomial Oj(p, g) of weight 2y -f- 1 And passing through 
the g base-points (<t„ (3.) Similarly is a polynomial of like weight passing 
through the adjoint base-points (y„ 8.) Moreover ^ is t}i which is of weight 
2g and passes through («„ p,), (y„ 8.) 

Thus from (59) we see that £i>)i€y)u) 18 a polynomial of weight 2g -f 1 passing 
through the g points (y„ 8,) Similarly (60) shows that Si^i^at passes through 
the g transformed base-points (a lf , p„) 

We have now accounted for all but one of the intersections of 
with the fundamental curve But evidently from (59) the remaining inter- 
section is (p v q x ) itself Hence 

(Pi> ?i). (*i« Pi.). (Y« &.)> (« = !.•• ,9) 

are residual But 

K,fc>. (Yi»U («*1. .0) 

are also residual 

Thus fry, 8 u ) are co-residual with {p v q x ), (y„ 8,) 

If a new transference is effected with regard to another (p v q t ), then the new 
base-points (y ltl „ 8 lJ( ) are co-residual with (y 1( , 8 lf ) (p,, q t ) and so with (y„ 8,) 
[pi, ft), (p t , q t ) and so for further transferences The theorem ib thus proved 

We conclude with the postponed proof of (35) 

(35) All pairs of the group [P, Q] may be obtained by transference from 
any one of them 

Let (P, Q), (P 0 , Q # ) be two commutative pairs of the group and let (y„ 8,), 
(Yo» *c) for » = 1, , g, be their respective base-points By (28) the g + 1 

curves 4* (p, q) — 0, O^p, q) = 0, , 8,(p, q) = 0 all pass through they points 

(#w P.) We can therefore assign g + 1 functions of * 

P. Pi> • •> Pt 


such that the curve 


P+Cp. ?) +2 frQ r {p, q) =0 


(61) 
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passe* also through the g pouts (y„, % v ) Its weight is that of the, polynomial 
9* (P. ?) which is 30. It therefore cuts the fundamental eutve in g other points 
in addition to («,, p,), (yo« &<*) Call these g points (c„ r,), for « = 1, ,g 
By Abel’s theorem applied to the intersections of (61) with the fundamental 
curve we then have 


0 - E y* V « (Yo» *o.) + E («., W + S a /t*« («„ tJ 
But by the fundamental theory 


E Yo» a *o.‘ “ (Y0.1 M = 0, + 1, 

E a/p,* a>(a„ p,) =0,-1 

Hence 

X o, a t,* u (<r„ t,) = 0 

These equations are g in number and linear m the g expressions ca (a„ r,) 
Hence, unless the determinant of the equations vanishes, every oi (<j„ r.) must 
vanish, that is to say every da„ dr, = 0 
These g intersections of (61) with the fundamental curve are thus fixed points , 
they aro evidently the points (p„ q,) with regard to which the transformation 
we seek is effected 

We can exhibit the transference-operator itself without difficulty For 
substituting m (61) from (31) we have 


where 

Hence the operator 


[ P + E p,D f J i =* 0, 
5 =* Up., 2.). 


r = P + E(vD r 


has the g roots £ (p„ q.) It therefore transforms the adjomts by the formula 


T' (P', Q') = (P„' t Q.'jr, 


and hence its adjomt transforms P, Q, P 0 , Q # by the formula 


(P, Q)T = T(P„ Q 0 ) 

We can suulariy define the operator U which reverses this transference by the 
formula 

U(P,Q)-(P„ Qo)U. 


[Poetampt added February 8, 1928— By the kindness of Prof Baker we have 
been enabled to see his note following before finally sending our paper to press. 
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We desire to say, firstly, that we very much appreciate the interest he has taken 
in our communication, and, secondly, that we do not wish it to appear that we 
regard our results as in any way at variance with Prof Baker’s argument 
We have considered the problem primarily as an enquiry m the theory of 
differential equations and in the algebra of plane curves, and wo have passed 
on to the Abelian functions only so far as they have been inevitable 
In the crucial matter of multiple points we are anxious to make our position 
dear Much of the theory (and in particular the earlier theory) remains valid 
whether or not the fundamental curve has multiple points For this reason 
we were reluctant to exclude them in express terms. 

On the other hand we recognise that certain of the later results— as for 
instance, the Abelian equations and theorems on transference- -no longer hold 
without qualification if multiple points are present In actual fact we have 
accumulated certain material illustrative of this, which we hope will shortly be 
available for publication This material, which has come from consideration 
of the simplest umcursal identity P" = Q" will, we hope, throw light on the 
modification of the theory due to multiple points 

In the meantime we prefer to remain non-committal, neither necessarily 
excluding all multiple points nor definitely asserting what results are unaffected 
by their presence.] 
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Note on the foregoing paper, “ Commutative Ordinary Differential 
Operators " by J. L. Burchnall and J W. Chaundy 
By Prof H F Baxbb, F R S 
(Received January 17, 1928 ) 

The argument of this paper map be regarded as centred round the ascertain- 
ment of two linear differential equations, those denoted by 

(P' - j>) vf 1 + = 0, (Q' - ?) nf 1 «J> = 0 , 

these axe, in fact, differential equations satisfied by a quotient of theta functions 
of several arguments when all of these arguments except one are taken con- 
stant, and the theory of the paper is in close connection with the classical method 
for approaching the definition of the theta function from the algebraical Bide 
It would seem to be important to justify this assertion m precise terms, so os to 
make clear the general bearings of the results arrived at by the authors The 
elementary algebraic method which they follow has in my opinion great interest, 
especially as it enables them to deal in part with the theory even when the curve 
has unknown multiple points , but one is not satisfied until the functions 
involved are defined by then behaviour and not by their algebraical form I 
hope, therefore, that the writers will allow me to make the following remarks , 
and that I may be pardoned for explicit references to ray own volume, 1 Abel’s 
Theorem,’ 1897 This was witten before the appearance of Weierstrass’ 
lectures (‘ Werke,’ vol 4, 1902 , 600 quarto pages), and is very unperfect , 
but it is briefer m one respect than Weierstrass’ theory, by the use of the funda- 
mental integral functions (Kronecker, Dedekmd and Weber, Hensel) What 
there is of novelty in the following remarks relates mainly to these The 
general ideas are expounded also m Clebsoh and Gordon’s ‘Abelsohe 
Functionen ' (1866) — to which, as to Weierstrass’ volumes, expkoit references 
are given below I consider in the first place a curve of which the multiple 
points are known and allowed for , but exemplify m examples how the theory 
can be applied when this is not so, the existence of a new multiple point being 
regarded as a particular case 

5 1 We consider a general plane algebraic curve, whose equation is expressed 
(in Weierstrass’ manner, ‘ Werke,’ vol. 2, 1895, p 235 ff ) in terms of two 
functions which have poles only at one place These two functions we shall 
denote by *, y (not by p, q, as m the paper before us), of respective orders a 
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and r, prime to one another , the equation may thus be supposed to contain 
two terms and — af , but no terms of higher order (as rational functions) 
than ar, the order of or af (cf ‘ Abel’s Theorem,’ pp 34, 93, 99) Thus a, r 
replace m and n respectively of the author’s paper The genus of the curve 
can be shown to be 

P = l(«- 1) (' - 1) - S, 

or g — 8, in the notation of the paper, 8 being the equivalent number, in double 
points and cusps, of the multiple points of the curve which exist for finite values 
of x and y There exist rational functions infinite only at oo , that is at the 
single place for which x — oo , y = oo , of every order, except p orders , the great- 
est possible of these failing orders is 2 p — 1 Further, there exist (o — 1) 

integral rational functions, that is rational functions infinite only at fc> , Bay, 
ffi» t ffa-v s uch that every integral function is expressible m the form 
(x, 1)* + (x, 1) A * g l + +(x,\f •<,«_„ 

where (x, l) 1 denotes a polynomial in x of degree » (see ‘ Abel’s Theorem,’ chap 
IV) If <r, -f 1 be the lowest power of x such that 

0</*" +1 

is not infinite for x -= ao , then o, -j- 1 is called the dimension of g { , in other 
words, if r be the order of the function g { , as a rational function, each of the 
integers 

r t — a, fj — 2a, , — ofl 

is positive, but r« — + 1) a is negative In fact, these positive numbers, 

taken for * = 1, 2, , (o — 1), are the orders of non-existing integral rational 

functions, and we have 

°i + <*i + + o.-i = p 

The functions g v , y 0 _ 1 are to be chosen so that, in the expression of an 
integral rational function m terms of these, there arises no term x k g { , whose 
order, ha + ir<, is greater than the order of the function 
From the functions g v , g a x can be computed other rational (not integral) 
functions, of which the number is a, say, 

To- Yx> * Y«-i> 

having, for our present purpose two mam properties In the first place the p 
everywhere finite integrals associated with the curve are given by 

[[(*. I)'*" 1 Yi + + (*. l)"' ,_l Y.-i] <&> 

2 Q 


VOL 0XVII1 —A. 
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wherein the p coefficients m the polynomials (*, 1)‘ are arbitrary In the Becond 
place, if Yi (*) denote the value of y< at a place (x) of the curve, and g { (5) 
denote the value of g { at a place (5) of the curve, and if we put 

(*, ^ y q (*> + r i ( g> . + . + r°- i P 

then the integral, in (x), 

f 

has only two infinities, both logarithmic, at (£)> and at x = » , y — <x> This 
integral will be denoted by 

$ - 

(k) being an arbitrary place on the curve, for which the integral vanishes 
It is important also to consider the rational function of (i) given by 
(<*, r), 

where (a, (1), or (a) denotes any definite finite place of the curve This function 
has a pole of the first order when (x) is at («), being infinite there if (a) be not a 
branch place, like — (x — a) -1 , and is otherwise infinite only when (x) is at the 
infinite place If, for the neighbourhood of this latter place, we use a para- 
meter l such that 

x — r a , y — r r p, 

where p is a non- vanishing power senes in t, the function (a, x) is expressible in 
this neighbourhood in the form 

^'Pi^ (*) + + (<*)> 

where jfc It , k f arc the orders of non-existing integral rational functions, 

, ^ are non-vamshmg power senes in t not depending on (a), and to^a), 
. , (a) are differential coefficients of linearly independent everywhere finite 

integrals, for the place (a) For the sake of definiteness in a subsequent state- 
ment, we suppose on («), , to, (a) multiplied by such absolute constants that 

the constant terms in the power series p 1§ , m are all -f 1 

Among the non-existent orders k v , k„ unity is certainly found, unless the 
curve be rational Suppose for definiteness that ifc, = 1 By the known theory 
of inversion it is possible to determine p places of the curve, say (a q, (ij), , 

(a,, Pp), which will be briefly denoted by (a,), , («,), such that the p equations 

«i(*i) d*i + + «i(*d) doc, = dtq (t = 1, , p) 

are satisfied, for arbitrary values, of general character, of the arguments 
U|, , Up Then, if 

T = p;:i'+ 
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(^x)< i (K) denoting arbitrary fixed places, the function e T depends on the 
place (a) of the curve, and on the values u lt , u v through (o^), , (a,) 

As a function of (x), the function e T vanishes to the first order at each of the 
places (aj, , (a,), and becomes infinite to the first order at each of (j fc 1 ), , 

(k p ) , it has essential singularity when (x) is at (» ) , but it is a single valued 
function of (x) For such a function as e T reference may be made to Clebsch 
and Gordan, ‘Abelsche Functionon’ (1866), p 139, to Weierstrass, ‘Werke,’ 
vol 4 , p 469 (and, for the hyperelliptic case, ‘ Werke,’ vol 1, p 299, of date 
1856 ) , for the explicit representation as a quotient of theta functions of 
«i, . cf ‘ Abel’s Theorem,’ pp 275, 289 

§ 2 In the application of the foregoing to be made here, it is supposed that 
each of the arguments u t , , u v is taken constant, or zero , then the function 

e T depends on the place (x), and on the argument u t 

There exists an integral rational function of (/) of order 2p, with p zeros at 
the places (oq), , (a,), which is definite save for a multiplier independent of 

(x) Wo suppose it chosen so that the term of highest order of infinity at (oo ) 
is exactly f* 9 This function of (x), by the condition of vanishing at 
(*i), , (otp), will have coefficients which are functions of tq We denote this 

function by <}; 

Now consider the function Y, given by 

Y = il*- 1 , 

from this define functions 3j, 3,, , in turn, by means of the equations 

V-jg-ttO. ■ 

so that in general 

( ^>* 


wo can prove that 3„ is an integral rational function of (x), of order 2p -f- m > 
vanishing at (aq), , (a,), with the term of highest infinity at » equal to 

(— 1)" t ~ 29_ " , the coefficients in this function are functions of ?q 
Consider 3 2 , it is given by 




m the neighbourhood of the place (» ) the integral rational function of (x) 
which multiplies i|i, on the right here, is equal to 


2 q 2 
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which reduces, however, by the definition of (a,), , («,) to 

r*> (ii, 

with = 1 , the integral function 3 iJi/Stq, by definition of <]>, is of order less 
than 2p Thus S is an integral function of order 2 p 4- 1, the term of highest 
infinity at (oo ) being, by the definition of jq, exactly — t~ Further, since 
<Jw~ T does not (vanish or) become infinite at (oq), , («,), the product 

does not become infinite at any of these , thus vanishes at these places 
A precisely similar argument is applicable to the equation 

***-&<&*)■ 

and so on, indefinitely , and the statement above made for is thus justified 
Next consider the integral rational function zip, of order a 2p By what 
has been said, the difference 

**-(- 1)°^ 

is an integral rational function of (z), of order 2p -f- a — 1 Hence by proper 
choice of a factor a 0 -i, independent of (x), but dependent on iq, the function 

is an integral rational function of (z) of order 2p + « — 2 , and so on. Finally 
there is an integral rational function of (as), 

®i[» — ( — 1)* — o._ x S 8 _j — — 

of order 2 p, where o a _!, , o x depend on tq only As all the functions iji, 

•51a, , vanish in (oq), , (oq,) this must be the same as o^, where o depends 

on iq only We have thus shown that 

[ (_ 1 ) '( l ;) + °‘' , ( 4 ) + +»> 4 + ' ,- *] ( ' , *’ ,)=0 

Similarly the function i}k>“ t satisfies a linear differential equation 

[Q' — y] ('1*" T ) = 0, 


of order r The exact correspondence of the general point of view here followed 
with that in the paper referred to is thus sufficiently established 
If (yj), . , (y») be the reros of the rational function of (x), tp, other than 
(aq), , (*„), and, for definiteness, we denote the positions of (oq), , (oq), 

(Yi). . (Yp) when tq = 0 by (<q), . , (a,), (<q), , (c,), we have, by Abel’s 

Theorem 


TV 2 + 


+ rr: + vi' 2 + 


+ p i 


^ = log 


^ fo «i) ft t”. «i) 
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where, the term of highest infinity in 1 J 1 at (<x> ) being t"* p , independent of tq, 
we have <J/ (<» , > 0) — 1 Thus, adopting in the definition of T, for 

(A x ), , (kf), the places (oj, , (a„), we have 

tye~ T = 4» (x, 0) e h , 

where 

u = p^*-j- +p?i 

Thus the result arrived at is that the function e lT satisfies the linear differential 
equation above found for By Abel’s Theorem this function U is the same 

function of — iq as is T of But we do not pursue this 
§ 3 Particularly to illustrate § 1 in detail, it may be worth while to add one 
example Take an ordinary general plane quartic curve First take homo- 
geneous co-ordinates (sc, Y, z), so that the point (a?), or (1 , 0, 0), is an inflexion 
of the curve, with z = 0 as inflexional tangent, so that the point (Y), or (0, 1, 0) 
is the point where this inflexional tangont meets the curvo again, with 2 — 0 
as the tangent to the curve at this point, and a proper line through (x) for 
Y = 0 The equation of the curve then becomes 

z Y 3 + cY*z* -f- Yz (as, z) 2 — z (x, z) s — 0, 
where o is a constant, (x, s), means a homogeneous polynomial of degree », 
and we can suppose the coefficient of x 3 m (a, z) 8 to be 1 Now put y ~ xY, 
and z = 1 Then we obtain the Weierstrass form 

f(x, y) = y* + cy* + yxu 2 — = 0, 

where u g = (x, 1)*, u 8 = (*, l) s For this the numbers o, r are respectively 
3 and 5 To describe the character of this curve, we may supply a power of z 
to render the equation homogeneous of order 5 m x,y,z Then the curve has a 
double point at (0, 0, 1), with general tangents, has a higher cuspidal point at 
(0, 1, 0), such that x — 0 meets the curve in two points there, while z — 0 
meets the curve in five points there The curve thus meets x — 0 also where 
y -|- oz = 0, and meets y = 0, beside at the double point, at the three points 
given by u # = 0 If, more explicitly, the equation be 

y* + cy* + y® (*”** + fa + n) — sc* (as 3 -f- Aae* -f- pur -f- v) = 0, 
we have, for the expression in the neighbourhood of (« ), 
x = r 3 , y = r 6 (1 - \mt + ) 

The two fundamental integral rational functions may bo taken to be 

9i = y, y a = y(y + c)/®. 
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wo have 


of respective orders 5 and 7 , and since, at ( » ), 

■*"*'/! =H- , J-' 3 0a = * , + , 

Cj -} 1 -= 2 , <r 2 + 1 — 3, 

and the genus 3, which is dj -| rx 2 , is one Iiss than \ (a — 1) (r — 1) 
The functions y 0 , Yu y t irt found to he giv« n by 


Yo 


J P . + c !> . ''.'I 1 1 

f (!/) 


Yi = 




Y i - 


7'(y)’ 


where f’{y) = 3/(x, y)/cy 11 k everywhere finite integrals are thence given 
by 

| [Ay ^ (Bz -f C) z] dr If (y), 
where A, B, C are arbitrary 
The function P^ 1 is given by 

and writing this as f (a, x) rfx, wo have 

J<*) 

(jX) x) = Yg M t Xi (■l&M+Ji.fr J li < x ) , 

flt ■“*5 

which can bo written in the form 

r«+r i ? i WtaLW _ [ Yl ,,*-> + YfJl <*~« + 

in which means y* (a), and y, means y, (z) The former of these two parts is 
finite when (®) is at (» ) , the latter part, if we write x = <“*, and 

^i = y = r 0 (1 — \mt + ), y 3 =^i^=r 7 (l-|mf + Pf* + Qf*+ ), 

gives 

"/4) r,(1-JWl<+ ) -* J J^ r<[l -i m + W+ W+ 


r * |4 °7 7 (W + r<|i1 ^ + rl|i *^ 


T(M 1 


V'(P)’ 


where [!<>, jij, p s are power senes in <, each with 1 as constant term, and the 
indices 2, 4, 1 of i~*. <“ 4 , < -1 are the orders of the non-existing integral rational 
functions These indices are equal to r, — OjO, r s — a, r 2 — ojo, where r 2 = 5, 
r , = 7 are the orders of y 2 and y 8 respectively 
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The equations for defining the places (oq), (a 2 ), (a 3 ) m terms of u t are therefore 

L f ) M«//'(P) = o, s f 0 «&//'<p)-- 0, 1 fW//'(P) = - Ul , 

and these show that, when (x) is in the neighbourhood of the place (® ), 

(«i» x) ^ + (a 2 , x) — + (a 3 , jc)^> — r 1 + power senes in t 
The function <j>, of order (i, is of the form 


j? +- Mjr -f- N -1- Hy, 

whire M, N, II are functions of determined by the fact that ^ vanishes at 
(«i)> (« 2 )> (*3) The function $ 2 , of order 7 as an integral rational function of 
(*), defined by 


, a , , . 


is given by 

I x b x)^ 

OUx 3 », 

_ §i._ j. v P* + + a < («.■ *)« -1 &.y -1 °v/ (.v 1- °)i x 

K \=i («,-*)/'(?) av 


this is necessarily expressible in the form 

Lx8 + Fi + G + Ky-y(v + c)/r, 


where L, F, G, K arc functions of u t , but the fact that the function vanishes 
m («j), (# 8 ), (a 3 ) does not suffice to determine these coefficients And the pro- 
cess may be continued to determine $ g , 5 3 , 

54 The function used m the authors’ paper for the expression of 
namely, / (x, p)/(x — *) (y — p), is found on computation, for the example 
considered in, § 3, to lead to 


JKB L 


= («, x)da. — (mx -f- h) 


TO) 


(■"-«)<*- HZ' <P>~ 

and the summation of the values of the function on the left for different places 
(a, P) does not lead to the sum of the values of (x, x) da at these places unless 
the sum of the values of </«//'( p) vanishes The authors, in this case, for which 
g = 4, employ four plaocs (« x ), (« a ), (« 3 ), (««), and four equations of inversion, 

instead of three, though the integral, j da//' (P), used in one of these equations, 
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has logarithmic infinities at the double point Such extended equations of 
inversion are considered in Clebsch and Gordan, * Abelsche Functionen,’ chap 
XI Moreover, the function ^ which they employ is of the eighth order In 
general, it follows from the authors’ paper that an integral rational function of 
order 2g, — 2p + 28, ih identified, save for a multiplying constant, by its order 
and by p + 8 of its zeros, if only the terms in the expression of the most general 
function of this description which are not of integral form in x and y, be omitted 
this is in accordance with the Riemann-Roch Theorem, which gives 8 + 1 
constants in such a function, if we assume that 8 of these multiply terms which 
are not polynomial in x and y (cf Clebsch and Gordan, loc ett , p 272) On the 
other hand, in the theory as stated here in § 2, the function of order 2 p, 
is not necessarily of polynomial form , this may be shown by taking a parti- 
cular example For p =■ 4, there is an equation (‘ Abel’B Theorem,’ p 97) 

V s ~ + “sYs!/ ~ = 0, 

wherein o^, (3 4 , y { are polynomials in x of the degrees indicated by the suffixes, 
for which all integral functions are expressible in the form 
(X, 1)M- (*, ir-y + to 1) A, T), 

m which T), given by 

>i = (y* - + ®aY»)/*2» 

is of order 8 The general integral function of order 8 is thus 
Ax* + Bx -f C + Dy + Enj, 

and is identified, save for a multiplying constant, by four zeros But its expres- 
sion involves vj, which is not expressible integrally by x and y 
§ 5 But while it is possible, as in the authors’ paper, to deal with a curve of 
genus p, = g — 8, with a polynomial function iji, of order 2 p + 28, and an 
inversion theorem determining p + 8 places (sq), (a 8 ), , (a,), the coefficients 

in the differential equations obtained will be Abelian-functions belonging to the 
genus p For example if we deal with the equation 
y* = (x + l)*x 

in the authors’ manner, with g = 1, taking, for x — (*, « = 0*, the function 
tj/ = <* — 0*, we shall obtain 

_p« «u gt (t*n Imn 

e *' eo = (i-Q)/(<-e 0 )’ 

and the differential equation of the second order will be 

[( 6 *+ 


where 


Z = (<+6)‘’ 
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Or, to take a more crucial example, we may deal with the equation 
y* = s* (k® + mx -f- n), 

in the manner suggested above, taking t]i = pv — pX, and are then led to the 
differential equation 

|^-[2pX + pvlZ = 0, 

satisfied by 

Z - g(X+ v) c 

crX * 

as m the authors’ paper, ‘ Proc Lon Math Soc ,’ vol 21, p 434(1923) But if 
we deal with it as m the authors’ present paper, the generalised inversion 
aquations require us to consider two arguments X s subject to X x + X a = u l 
and 

(pX 1 )- l dX l + (pX 4 )'idX J = 0, 
of which the latter leads to, 


«(*i + yM*. + Y) 

where py = 0 , and then with vj; = (pv — pX x ) (pv — pX 2 ) we find, < ffettively, 

c -t — „ e‘ 

®(^i~ v)cr(Xj — v) 

and the function & x is given by 

^ = A - BP + JPP', 

where P = pv, P' = p'v, and, with L x = pX x , L/ = p'X 1( L a -- pX a , L a ' — p'X a , 
we have 

a 1T T L/-L' 




while 3g, which I have formed, is a still less manageable function, but is an 
aggregate of elliptic functions The differential equation will thus have elliptic 
functions in its coefficients (Cf also Ilermite’s volume, ‘ Sur quelques 
applications des Fonctions Elliptiques,’ 1885, pp 99, 100, etc ) 
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Infimluclion 

The interest in th< dct> rnmiation of the tin rmal < onductivities of oxygc n and 
nitrogen lies partly in their relation to the thermal conductivity of air The 
latter is the medium which practically every experimenter on gaseous thermal 
conduction has investigated, and has therefore become the standard substance 
in this field of research Being a mixture chiefly of the gases oxygen and 
nitrogen, with the latter in the greater proportion, the value of its conductivity 
should lie between those of oxygen and nitrogen and should lie nearer that of 
nitrogen than that of oxygen The authors, m common with Weber and 
Todd, have verified this experimt ntally, the only observer finding these con- 
ductivities in a contrary order being Winkclman, who used a cooling thermometer 
method The following is a table of the results hitherto obtained for the 
absolute thermal conductivities at 0° C of oxygen and nitrogen, together with 
their authors’ results for air The values marked with an asterisk have been 
deduced by applying the temperature coefficient, 0 0029 per 0 C , to results 
which were obtained at temperatures above 0° C 


Thermal Conductivity at 0° C in Cal cm 1 sec 1 deg "* 1 


Author 

Method 

Oxygen 

Nitrogen 

Air 

Stefan (1) 

Winktlman (2) 

Gunther (3) 

Todd (4) 

Weber (6) 

Cooling thermometer 

Plates 

Hot wire und potentm 
meter 

Hot wire and bridge 

O 0000570* 

0 0000551* 

0 0000569 

0 0000512* 

0 0000577 

0 0000512* 

0 0000569 

0 0000491 

0 0000666 

0 0000668 

0 0000571 

0 0000568 

Gregory and Marshall (6) 
Gregory and Are her (7) 

0 0000589 

0 0000580 

0 0000683 


(1) ‘ Wien Ber vo) 72 (2), p 69 (1875) 

(2) ‘Pogg Ann,' vol 156, p 407(1875), ‘YVied Ann ,’ vol 44, pp 177,429(1891) 

(3) * l)i»a Halle a 8 * (1906) 

(4) ‘Roy Soo Proc,’ A, \ol 83, p 19(1909) 

(5) ‘Ann d Phywli,’ vol 54, p 437(1917) 

(6) ‘lloy ,Soc Proc ,’ A, vol 114, p 354 (1927) 

(7) ‘Roy Soo Proc,’ A, vol 110, p 91 (1926) 



Thermal Conductivities of Oxygen and Nitiogen 595 

Weber has recently published a new result for the thermal conductivity of 
air, 0 0000574,* * * § which is about 1 per cent higher than hm old value Assuming 
that, if his results for oxygen and mirogt n were revised, they would be increased 
in the same proportion, hm new values for these gases would be — oxygen 
0 0000583, and nitrogen 0 0000572 

A comparative determination was made of th< thirmal conductivities of 
oxygen and nitrogen by Eiuken (■ who assumed, as a standard, the value 

0 0000566 for the thermal conductivity of ur His results gave oxygen, air 
and nitrogen in the same order as has been obt lined at the Imperial Gollego, 
but were much lower on account of the valiu used as a standard 

In deducing the values of the thermal i oiuluetivities at 0° l 1 of oxygen and 
nitrogen, the authors have plotted the tin i nnl conduct lvitus at live different 
temperatures, lying between 11° C and 0’ (', against the tempi rature, the 
intercept of the straight lino drawn through these points with the < ondu< tivity 
axis giving the alisolutc thermal coiulm tivity at 0° 0 These valius were not 
corrected for the discontinuity' of temperature at the laiundants of the gas, 
which is usually calculated from thcori tical considerations based on Knudsen's 
definition of the ‘accommodation toeflh lent Sudi a correction applud 
to oxygen and nitrogen was found by the authors to be about one sixth of 

1 per cent of the absolute conductivity, which is beyond the experimental 
accuracy in the present research This correction was also omitted because 
the authors prefer, in a purely experimental investigation, to apply only sui h 
corrections as can be directly determined experimentally, and, as Dr Gregory 
is at present engaged on an experimental investigation of the conduction of 
heat through rarefied gases, the correction is omitted in the present paper 
pending the results of Dr Gregory’s research 

In the following experiments, as in those previously carried out in this labora- 
tory,§ two systems of main and compensator tubes, in gaseous connection with 
one another, were used As each system was made from tubing of a different 
diameter, a check on the supposed point at which convection vanished, before 
the mean free path effect set in, was available When investigating gases for 
which convection is great, the use of this system is absolutely necessary, and 
even for oxygen and nitrogen, gases m which the convection losses are negligible 
over a considerable rango of pressures before the conductivity diminishes 

* ‘ Ann d Phywk/ vol 82, p 479 (1927) 

t ‘ Phys Z ,’ vol 12, p 1101 (1911), and vol 14, p 324 (1013) 

{ ‘ Ann d Physik,’ vol 34, p M3 (1911) 

§ Gregory and Marshall, Gregory and Archer, loc cil 
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appreciably with pressure, it is advantageous, since each set of tubes gives an 
independent result for the thermal conductivity at any given temperature 
These results should be identical if the apparatus were perfect In the authors’ 
experiments a maximum discrepancy of a half of 1 per cent was found between 
the results obtained by the two sets of tubes, and the mean of these was taken 
to be the absolute thermal conductivity of the gas at the given temperature 

Apparatus 

In the following investigations the authors used the apparatus that waB 
employed for their determination of the thermal conductivity of carbon di- 
oxide This consisted of two main tubes of different diameters and their com- 
pensators, along the axes of which were stretched lengths of fine platinum 
wire which had originally been cut from the same piece The main and com- 
pensator wires were connected, each in senes with a standard 1 ohm coil, to the 
terminals of a Callendar-Griffith’s bndge, a separate bridge being used for each 
system of tubes Each standard resistance in scries with a mam wire had its 
terminals connected to a potentiometer circuit, so that the current flowing 
m this arm of the bridge could be deduced The battery circuit of each bridge 
contained several rheostats arranged so that, once the bridge was set to corre- 
spond to a definite temperature, a balance could be obtained by altering the 
resistance in the battery circuit, and thus the temperature of the wires could 
be kept constant 

Owing to a defect that developed in one of the Callendar-Onffiths bridges, 
subsequently to the completion of the determination of the conductivity of 
C0 2 , this instrument had to be overhauled, and at the same time the connections 
and contacts m the circuits were renewed It was found that the introduction 
of oxygen into the tubes altered the composition of the soldered junctions 
between the fine platinum wires and the thick platinum leading wires, which 
resulted in a change in the temperature coefficients of resistance of the 
systems This change, however, was final and not progressive as was shown 
by the fact that, after the initial alteration had taken place, the ice points and 
fundamental intervals of the systems did not change appreciably during a 
period of six months, whatever the nature of the gas contained within the tubes 
On account of the above changes the bridges were recalibrated and the steam 
and ice points redetermined for both sets of tubes 
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Experimental Procedure 
In order to set the bridges bo that, the temperatures of the wires in the wide 
and narrow tubes were equal, and also to determine the temperature corre- 
sponding to any given bridge setting, the ire points and fundamental intervals 
of both systems were obtained Instead of, as before, using a very small 
indefinite current in the battery circuit, a new procedure was adopted Three 
different values of current were used in the determination of each fixed point, 
and these were larger than the current that would be used had only one value 
been employed The advantage of using larger currents lies in the fact that 
the galvanometer is rendered more sensitive The deter mina tion of the 
fundamental intervals of this apparatus thus becomes m itself a problem m 
thermal transmission through the gas, since, for these slightly larger currents, 
there is bound to be a certain amount of heat generated m the wire 
Now 

C*R II 2nK0/log, fj/rj -1- -f <f> 

where <]; is the heat lost by radiation, and <j> is the heat lost by convection 
The key to the other symbols is given on pp 598-9 

For small values of 0, the temperature of the wire above that of the tube wall, 
the heat lost by radiation and convection is negligible 
Therefore 

C*K = B0 

where B = a constant, and 

R = i + C - M 

where 

x = bridge setting corresponding to a temperature difference 0, 

C = resistance of coils unplugged, 

M = reading corresponding to the mid-point 

Now 

0 = (R - R 0 )/Roa 

where 

R 0 = resistance of the equivalent length of wire at 0’ C 
a = temperature coefficient of resistance of the wire 
Therefore 

C*R = B(:e-|-C — M — R^/R^a — A -f- Dar, 

wjiere A and D are constants , i e , the heat lost by the wire is proportional to 
the bridge setting 

Therefore, if the heat loss from the wire be plotted against the balance point 
of the bridge, one should obtain a straight line whose intercept with the balance 
point axis, corresponding to zero heating effect, gives the true balance point. 
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The following are two specimen graphs showing how the true ice and steam 
points were obtained 



BALAMCI POINT 



balance point 


Flo 1 —In loo = 16 96 


Fio 2 — Tn Steam 13 86 


True Balance Point (or Wide Tube SvnUni 


The bridges were then set so that the wires in the wide and narrow tubes 
were at the same temperature, and the ice-cold water in the thermostat 
surrounding the tubes was started circulating 
The gas to be investigated was then admitted into the tubes, which has been 
previously evacuated and filled with the pure gas several times, and the pressure 
was lowered in steps, the bridge being rebalanced for each different pressure by 
altering the current in the battery circuit, and the current flowing through 
each mam wire being measured by means of the potentiometer Several 
different settings of the bridges, corresponding to different temperatures of the 
wire, were used 


Key to the Symbols used tn the Tabulation of the Results 
P = pressure of gas within the tubes in centimetres mercury 

0 — temperature of wires above 0° C , the bath temperature 

<Ji = radiation heat loss per unit length at temperature 6 in cals sec " l . 
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~C = current in amperes in the hot m ire 

R /I = resistance per unit length of the wire at temperature 0 

J = mechanical equivalent of heat (= 4 184) 

C*R/Ji = total heat loss per unit length at temperature 0 in cals sec -1 
0j = temperature drop across tube wall, calculated from the total heat 
loss, the internal and- external radii of the wall, and the thermal 
conductivity of lead glass (4) and 

for the wide tubes, 0 t = C*R/J/ X 3 63 , 
for the narrow tubes, Qi — C*R/J/ x 8 83 
0' = 0 — 0 t = temperature drop across the gas 

K* = apparent conductivity, in calorics, cm -1 sec _l deg ~ l 
= (C*R/J1 — 4>) log exp (r 2 //,)/2u0' 
r x = radius of platinum wire in centimetres 
r a s= internal radius of narrow tubes in centimetres 

r s = internal radius of wide tubes in centimetres 

Convection ceases for each system at the pressure for wluch the apparent 
conductivity is the absolute conductivity, K 

Cj, = current in narrow system at the above pressure 
Cw = current in wide system at the above pressure 
Therefore 

[(Q/R/JI - *) log exp (r,/r,)]/ 2 * 0 ' — K = [<tyR/J/ - 4) log exp (rJrJWnV 
Therefore 

log exp (r 3 /r,)/log exp (r t /r,) — (C N *R/Jf — ^)/(C w *R/ Fi -- <J<) 
a« = log exp (r,/r,)/log exp ( 1 -,/r,) = l 183 

a u -(C N *R/Jf-^)/(C w 2 R/Jf-^) 

Thus, when we have two equal values for the apparent conductivity in the two 
systems corresponding to a different pressure for each system, and the < quation 
«e = « 0 is satisfied, this value of the apparent conductivity is the absolute 
conductivity of the gas at the mean temperature between the hot wire and the 
outer wall 

0„ = mean temperature of gas between the wire at 0° C and the wall at C 
K = mean of the valuos of the absolute thermal conducts ity of the gas 
calculated for the two widths of tube at a temperature 0„°C 

The absolute conductivity, K, was plotted against the corresponding gas 
temperature, 0 B ° C , and the best straight line was drawn through the points 
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The intercept of this line with the conductivity axis gave the value of the 
absolute thermal conductivity of the gas at 0° C 
K 0 having been determined, the function/ in the equation 
K o =/loC, 

was calculated for each gas, where 

C, = specific heat at constant volume at 0° C 
/ = a factor depending on the force operating m molecular collision 


Preparation of Oxygen 

The oxygen was prepared by heating powdered potassium permanganate. 
It was purified of carbon dioxide by bubbling through a caustio potash solution 
and dned by passing first over sticks of caustic potash and then over phosphorus 
pentoxide The gas was finally collected in a reservoir, connected to a mano- 
meter and to the tubes through a tap, where it was stored at a pressure between 
1 and 1J atmospheres The whole apparatus as far as a three way tap con- 
nected to the flask was evacuated before admitting the oxygen The three-way 
tap allowed the gas from the flask to be discharged outside the apparatus 
until it had swept away all the air remaining in the flask, after which it was 
turned so that the oxygen passed into the apparatus The latter was re- 
evacuated and re-filled with oxygen two or three times before the experiments 
were earned out 

Results for Oxygen 

I —0 = 13 295° C therefore 0 m = 6 65° 0 tp = 0 0000037 R/l = 0 1314 


p 

Wide tube* 

Narrow tabes 

0, = 0 003° C , 

9' - 13 203° C 

=* 0 009° C , 6'- 13 286°C 

C 

K, 

C 

K. 

80 0 

0 1696 

0 0000607 

0 1837 

0 00000015 

71 5 

1692 

6035 

1837 

001 

61 0 

1690 

6015 

1837 

601 

52 8 

1689 

601 

1837 

601 

43 3 

1688 

600 

1836 

601 

33 7 

1687 

5995* 

1836 

6005* 

24 2 

1687 

5995 

1836 

600 

IS 8 

1686 

5985 

1834 

5995 

6 8 

1682 

596 

18295 

596 

1 1 

1653 

5755 

17925 

6725 


KhO 0000600 
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Results for Oxygen — (continued) 

II —6 = 17 386° C therefore 0 m = 8 68° 0 ^ = 0 0000054 R/i = 0 1334 


39 o 
30 4 
19 90 
11 3 


fl, = 0 004° C , O' = 17 351 C 


0 1939 
1933 
1920 
1923 
1922 
1919 
1919 
1918 
1010 
1900 


B x - 0 012° C , V = 17 343° C 


0 2092 
2092 
20913 
2091 
2091 
2090 
2090 


III —0 = 19 387° C therefore 0„ = 9 6‘J 

IV ide tubu) 

0 000° C , V = ID 3 


71 0 
63 4 
04 7 
49 3 
44 9 
39 9 


20 0 
20 4 
15 7 
10 0 



0 C = 0 0000063 R /I = 0 1343 

Narrow tubes 


0 014° C , V 19 373° C 


2206 

2205 
220*3 

2206 
>204 
2204 
2203 
2203 
2201 
2200 
2101 


K — 0 0000605 0 


VOL oxvm —A 
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Results for Oxygen — (continued) 

IV —0 ■= 21 427° C therefore 0„ = 10 71° C $ = 0 0000072 R/f = 0 1353 


1* 

Wide tubes 

Narrow tubes 

0, - 0 005° 0 , 

0' = 21 422 C 

J 

0,-0 016° C , 

V = 21 412° (' 

r 

K„ 

(’ i 

K. 

73 0 

0 2130 

0 00006153 

0 23145 

0 0000610 

66 3 

2134 

0125 

23145 

610 

66 7 

2128 

6095 

23145 

610 

46 7 

2124 

607 

2314 

600 

36 2 

2123 

606* 

2314 

600* 

24 » 

2123 

606 

2313 

600 

17 3 

2121 

000 

2312 

608 

12 4 

2110 

604 

2310 

607 

C 3 

2114 

001 

2303 

6035 


* « - 1 188 K - 0 0000807S 


V -0 = 25 513° C therefore 0 M = 12 75° C $ -= 0 0000089 R/J = 0 1373 
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PRESSURE - CMS MERCURY 

Fig 3 — Variation with Pressure of Apparent Conductivity of Oxygen 
Preparation of Nitrogen 

A solution of 40 grams of sodium nitrite, 40 grams of potassium bichromate, 
and 60 grams of sodium sulphate, m a litre of distilled water, was contained m 
a 2-litre flask The flask waB connected via a three-way tap to chromic acid 
towers through which the gas was bubbled in order to oxidise any suboxides 
of nitrogen that might have been formed These were connected, with a trap 
between, with towers containing concentrated sulphuric aud as a drying agent 
and thence to a hard glass tube containing copper turnings, which were heated 
to a bright redness by means of a gas oven in order to reduce any nitrogen 
peroxide to nitrogen and absorb any free oxygon m the gas This was joined 
to the manometer, phosphorus pentoxide tubes, and reservoirs through a three- 
way tap, which was used to cut off the apparatus as far as the copper turnings 
while the reservoirs were being evacuated and the nitrogen was sweeping the 
fore part of the apparatus clear of air The tube in the furnace could not be 
evacuated without collapsing, so, when sufficient gas had passed through to 
sweep out all the air, the three-way tap was turned so that the gas was admitted 
into the reservoirs at such a rate that the pressure within tho tube containing 
the copper turnings was maintained at approximately 1 atmosphere The 
experiments were earned out after re -evacuating and refilling the reservoirs 
and tubes with pure nitrogen 


2 e 2 
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Results for Nitrogen 

1—0 = 9 188° C therefore 0„ = 4 59° C «|< = 0 0000018 R/l = 0-1294 


p 

i Wide tube* 

Narrow tubes 

0, -= 0 002° C , 

0' - 0 186° C 

0, - 0 006* C , 

V - 9 182" C 

c 

K. 

C 

K, 

85 8 

0 14045 

0 00006926 

0 1521 

0 00005876 

70 5 

14020 

691 

1521 

5875 

68 1 

14015 

590 

1521 

5876 

59 6 

1401 

5895 

15205 

5875 

50 8 

1401 

5895 

15206 

6876 

40 3 

14005 

589 

15206 

6875 

41 4 

14005 

589 

15205 

5875 

37 6 

1400 

5885 

1520 

587 

32 9 

13095 

588* 

1520 

683* 

28 6 

13995 

588 

1520 

587 

24 8 

1390 

588 

15195 

586 

19 9 

1399 

588 

1519 

586 

15 3 

13985 

6875 

15185 

5855 

10 5 

1397 

5865 

15175 

585 

4 8 

1394 

5835 

15135 

582 


* a =- 1 181 K = 0 00005875 


II —0 = 13 252° C therefore 0* = 6 63° C = 0 0000036 R /l = 0 1314 


35 5 
29 8 
24 2 
18 8 
12 9 


0, ■= 0 003° C . 8' =- 13 249° C 


0 1678 
1675 
1073 
1672 
16715 
1671 
1671 
18705 
1670 
1669 
1662 


6, - 0 009° O , 0' ~ 13 243° C 


0 1820 
1820 
1820 
1820 
1820 
1819 
1819 
1819 
1818 
1817 
1808 


0 00005925 
5925 
5925 


5915 * 

5915 

5915 

5915 

6916 

5795 


1 186 


K u» 0 0000591 
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Results for Nitrogen — (continued) 

III.— 8 — 17 316° C therefore 8„ = 8 66° C i> = 0 0000054 R Jl = 0 1334 


70 4 
67 4 
57 8 
46 2 

40 4 

41 0 
38 0 
36 4 
33 2 
30 1 
26 8 
23 0 
20 0 
10 0 
14 4 
11 0 


8, - 0 004° C , 0' =. 17 312° C 


0 1916 
1911 
1907 
1905 
1904 
1904 
1904 
1903 
1903 
1903 
1903 
1002 
1902 
1902 
1901 
1900 
1896 


0 2076 
20756 
20755 
2075 
2075 
2075 
20745 
20745 
2074 
2074 
2074 
20735 
2073 
20725 
2072 
2071 
20655 


* a =. 1 188 K = 0 00005955 


IV —8 = 21 390° C therefore 8 W = 10 69° C + -= 0 0000071 R/f = 0 1353 
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Results foi Nitrogen — (continued) 

V -e = 26 479° C therefore 0 m = 12 74° C i|» = 0 0000089 R/J = 0 1373. 


p 

Wide tabes 

Narrow tube* 

0, =* 0 006° C , 

V - 25 473° C 

8, = 0 018° C , 

V ■= 25 46l c C 

V 

1 K ' 

(' 

K„ 

80 8 

0 2330 

0 0000623 

0 2492 

0 00006046 

e8 e 

2300 

610 

2492 

6046 

69 7 

2208 

003 

2492 

(1045 

48 2 

2290 

602 

2492 

603 

40 4 

2287 

600* 

2491 

603* 

87 1 

2287 

600 

2491 

603 

34 2 

2280 

600 

2490 

602 

31 2 

2286 

6996 

2490 

602 

27 9 

2286 

699 

2490 

602 

24 9 

2284 

699 

2489 

602 

22 0 

2284 

699 

2489 

6015 

19 1 

2284 

6986 

24886 

601 

18 1 

2283 

698 

24886 

601 

12 9 

2282 

6976 

2487 

1 601 

9 6 

2281 

697 

2486 

000 

6 2 

2277 

696 

2480 

597 


* « - 1 187 K ^ 0 00006018 
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Studies tn Adhesion 

From fig 4 the following results were deduced — 
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Gw 

Absolute thermal conductivity 
at a 0 

Temperature coefficient of 

the rmal conductivity 

Oxygen 

6 89 a 10 - * cal cm _1 see -* deg -1 

0 00289 

Nitrogen 

5 80 

0 00293 


“/>" m the formula K # =yVj 0 C # , is given for the two gases in the following table, 
where the values for rj 0 and C„ are obtained from Landolt and Bornstem’s 
tables 


Gw 

n* 

C 

K, 

/ 

Oxygen 

193 y 10-* 

0 166 cal gm* 1 

6 89 X 10-» 

1 97 

Nitrogen 

187 a I0-« 

0 177 „ 

5 80 X 10-* 

1 98 


Studies in Adhesion III — Mixtures of two Lubricants 
By Milucrnt Nottaqk 

(A Report to the Lubrication Research Committee ot the Department of Scientific and 
Industrial Research ) 

(Communicated by Sir Willmm Hardy, F R 8 —Received February 9, 1928) 
[Plato 14-16] 

Three pairs of lubricants were studied, the procedure being that described in 
the last paper Briefly the clean cylinder was placed on the clean plate, both 
being of steel and wanned in clean air to above the melting point of the lubricant 
Melted lubneant was then allowed to be drawn m under the cylinder by capil- 
larity and a pool formed The temperature was kept constant until equili- 
brium was reached, when the heat was cut off and the lubneant allowed to 
crystallise The joint was broken at 18° C 

Of the three pairs the first included substances, namely, palmitic acid and the 
paraffin CajH,,, which seemed to be incapable of reacting chemically with each 
other , the second pair, palmitic acid and oetyl alcohol probably would react 
chemically , whilst the third pair comprised the paraffin and the ring 

compound phenanthrene 
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The adhesion of ring compounds is greater than that of chain compounds, 
and, with few exceptions, too great for measurement by the apparatus em- 
ployed Phenanthrene was chosen because it was one of these 
exceptions In its molecule the benxene rings are arranged as 
shown in the diagram 

The melting-point of each mixture was taken, and m the curves 
melting-points and adhesion are plotted against molecular 
composition— that is to say, the percentage of molecules present The actual 
values are given in the tables 

The nature of the break is described in oertam places as “ normal,” and a 
normal break is one in which there are two surfaces of break each close to a 
metal face and separating an adsorbed layer from a median plate of crystals 
and the break occurs at both of these surfaces * 


The structure of the crystalline plates, which vanes with composition, is 
illustrated by photographs 

In desenbing the structure it was thought better to use the word “ constituent” 
instead of the less ambiguous word ‘ ‘ phase ’ ’ There were in each case two com- 
ponents present, and they, by sobd solution or otherwise, gave rise to distin- 
guishable structural elements The latter are the constituents 


I —PdmUtc And and the Paraffin C 30 H 4S 
1 The adhesion of the admixed substances for all compositions is greater than 
that of the pure substances Both the adhesion and the melting-point curves 
show a well-defined transition-point between 24-25 6 molecules per cent 
CjoHj,, i e , when the mixture contains approximately 3 molecules of palmitic 
acid to 1 molecule of paraffin , this point is a maximum on the adhesion, and a 
minimum on the melting-point curve 

The variation in the adhesion and melting-point with molecular composition 
is accompanied by changes in the structure of the crystalline plate 
Palmitic acid crystallises m long, narrow, plates arranged m a fan-shaped 
maimer (Plate 14, fig 3) The addition of up to 6 3 molecules per cent OggHu 
produces a gradual diminution m the crystal size and a tendency towards a 
triangular arrangement (see Plate 14, fig 4, which shows the same type of struc- 
ture produced by the addition of small quantities of cetyl alcohol to palmitic 
acid) In the mixture containing 6 3 molecules per cent C^H^, a very small 
quantity of a second fine-grained constituent is discernible between the needles 
The amount of this constituent increases and both constituents beoome much 


* ' Roy Soc Proc ,’ A, vol 118, p 209 (1928) 
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lew ooarse until when the mixture contains 12 2-25 6 molecules per cent 
they are indistinguishable from one another, bnt they remain im- 
miscible so that the whole plate has a laminated structure, the laminse being 
traversed by alternate light and dark bands Near the transition point these 
laminse are so fine that the broken surface has an iridescent appearance The 
crystalline plate, when broken, now forms fragments of angular outline (Plate 1 4 
fig 1) The addition of further quantities of C 30 H #1 causes these lamtn® to 
disappear altogether and henceforward the crystalline plate appears to be 
homogeneous The transition point on the adhesion and melting-point curves 
is thus accompanied by a change from a system containing two constituents to 
a system containing only one 

No attempt has been made to work out the constitution of these different 
crystalline structures The following suggestions are put forward only 
tentatively 

Palmitic acid can form solid solutions with the paraffin but the saturation 
limit is soon reached (at probably less than 6 3 molecules per cent C 80 H# t ) 
From this point until the mixture contains approximately 25 molecules per 
cent CjqHjj two constituents separate out, vus , a solid solution of the 
paraffin in palmitic acid (the needles), and a solid solution of palmitic acid 
in the paraffin (the fine-grained constituent) The nnmiscibility of these two 
constituents is the cause of the laminated structure In mixtures containing 
more than 25 molecules per cent C 30 H« a (approximately), all the palmitic 
acid is held in solution by the paraffin The transition point may therefore be 
regarded as the point at which the limit of solid solubility of palmitic acid 
m the paraffin is reached 

The crystalline plates formed from all mixtures which lie on the palmitic 
acid side of the transition point break quite definitely in the “ normal ’ manner 
Those plates whioh he on the paraffin side, however, consist of very minute 
polygonal crystals, and it is difficult to decide where the break really takes place 
The broken surfaces are rugged, not plane, and they do not show interference 
oolours It seems probable that the fracture is of the “ normal ” type, but, 
owing possibly to the small amount of cohesion between the individual crystals, 
the broken crystalline plate is made up of an infinitesimal number of more or 
less isolated crystals which are so small that the clear spaces in between cannot 
be easily distinguished The fracture certainly does not take place at any 
definite median plane , if it did , both broken surfaces would be plane, not rugged, 
and one or both would show interference colours owing to the reduction in 
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The latent period of this senes of mixtures is of interest Palmitio acid has 
a latent period of about 60 minutes during which the adhesion increases , the 
paraffin has no latent period Mixtures on the palmitic acid side of the tran- 
sition point havo a latent penod of increasing, whilst those on the paraffin side 
have a latent penod of decreasing, adhesion 


Table I — Latent Periods for Mixtures of Palmitic Acid and the Paraffin 


Time daring 
which the 
mixture wm 
kept liquid 

Adhesions for mixtures containing 

1 6 molecules per 
cent C„H,, 

12 2 molecules per 
cent C m R (1 

58 moleoule* per 
cent C)|H|| 

Minutes 

Adhesion 

Adhesion 

Adhesion 

Adhesion 

Adhesion 

Adhesion 


measured 

(gms per 

measured 

(gms per 

measured 

(gms per 

6 


sq cm ) 


sq cm ) 

10051 

sq om ) 
24270 

10 





19874 

25320 

15 

0970 

12710 

14515 

18480 



30 





17435 

22210 

40 

/ 12559 

/ 16900 

/ 18144 

/ 231 10 

1737B 

22120 


1 12076 

\ 15380 

i 20512 

1 26130 



50 

13361 

17040 

20022 

26820 



70 

13522 

17220 

20630 

26250 

17576 

22390 
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Mixtures containing less than 26 molecules per cent G 3ft H M (approximately) 
have a latent period of about 60 nfmutes during which the adhesion increases, 
whilst those containing more than 25 molecules per cent C S0 H„ have a latent 
penod of not more than 30 minutes during which the adhesion decreases 


Table II — I Palmitic Acid and the Parafim C 80 H, 2 


Weight per cent 
Palmitic Acid 


100 0 
07 4 
90 1 

80 3 

81 4 
70 7 
65 7 
65 2 
S3 8 
62 7 
61 1 
59 2 
01 0 


14 7 
18 6 
29 3 
34 3 
34 8 

36 2 

37 3 

38 9 
40 8 
49 0 
55 5 
71 2 
07 1 

99 05 

100 0 


58 8 
57 4 
67 0 

56 6 

57 0 


58 0 

59 4 
00 0 


Grams per square 
oentunotre 
15803 
17130 
22340 
24090 
26435 
10730 
33350 
33565 
33240 


26490 

21075 

13585 

12890 

12741 


II —Palmitic Ac*d and Cetyl Alcohol 

The adhesion curve shows three well-defined transition points, viz , at 29 8- 
31 2, 49 3-60 4, and 66 1-67 0 molecules per cent cetyl alcohol The melt- 
ing-point curve shows only two such points, viz , at 29 8-31 2 and 65 1-67 0 
molecules per cent cetyl alcohol As the melting-point curve shows no minimum 
at 49 3-60 4 molecules per cent cetyl alcohol, the maximum on the adhesion 
curve at this point is probably due to the presence of the compound cetyl 
palmitate, and not to a mixture or a solid solution of the two substances in 
eqmmolecular proportions 

As m the preceding case, the addition of small quantities of cetyl alcohol 
(up to about 8 molecules per cent ) causes a diminution in size and a rearrange- 
ment of the palmitic acid crystals (Plate 14, fig 4) , no second constituent can 
be discerned at this stage bat the edges of the crystals appear to be slightly 
roughened With further addition of oetyl alcohol, a second very fine-grained 
constituent separates out between the needles which now spread out m a star- 
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like manner (Plate 16, fig 6) This type of structure persists until the mixture 
contains 49 3 molecules per cent cetyl aloohol, the proportion of fine-grained 
constituent gradually increasing until it forms a coherent mass in which are 
embedded a few very small needles, the crystalline plate now breaks into frag- 
ments of irregular outline (Plate 16, fig 6) In the mixture containing 49 3 
molecules per cent cetyl alcohol, the needles, although very small, may still 
be distinguished , m that containing 60 4 molecules per cent they have com- 
pletely disappeared and henceforth the crystalhnc plate appears to be homo- 
geneous The maximum on the adhesion curve when the mixture contains 
49 3-60 4 molecules per cent cetyl alcohol, therefore coincides with a chango 
in structure from a two-constituent to a one-conBtituent system 

The fine-grained constituent probably consists of cetyl palmitate, the needles 
of a solid solution of cetyl palmitate in palmitic acid, the solubility of the ester 
in the acid being low (about 8 molecules per cent cetyl alcohol) The crystalline 
plate formed from mixtures containing 60 4 molecules per cent and upwards of 
cetyl alcohol, breaks into small fragments of irregular outline (fig 7) which 
become slightly coarser as the proportion of cetyl alcohol increases (fig 8) and 
gradually merge into the structure shown by pure cetyl alcohol (Plate 16, 
fig 9) All these mixtures containing more than 50 molecules per cent cetyl 
aloohol probably consist of solid solutions of cetyl palmitate in cetyl alcohol 

The break in every case was normal 

The mode of freezing is of interest In the case of mixtures containing 20 3- 
49 3 molecules per cent cetyl alcohol, freezing starts at several points round 
the edge of the oyhnder and gradually spreads from these until the whole has 
solidified As palmitic acid has the higher freezing-point the needles would 
probably be deposited first and the fine-grained crystals of cetyl palmitate 
separate out between them on further cooling The solids so formed are 
very friable and easily broken up Mixtures containing more than 60 molecules 
per cent cetyl aloohol solidify slowly, but not m patches, to form translucent, 
waxy solids which become opaque upon further cooling 

Both adhesion and melting-point curves show minima for mixtures containing 
29 8-31 2 and 66 1-67 0 molecules per cent cetyl alcohol , these correspond 
approximately to mixtures containing 1 molecule of cetyl palmitate with 1 
molecule of palmitic acid, and 1 molecule of cetyl aloohol respectively The 
adhesion curve also passes through an extended ill-defined maximum when the 
mixture contains 76 2-81 1 molecules per cent cetyl alcohol None of these 
transition points are accompanied by any apparent change m structure 
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Table III — II Palmitic Acid and Cetyl Alcohol 
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III —Phenanthrene C U H 10 and the Paraffin 

The addition of the paraffin CgoHjj to phenanthrene causes the adhesion of 
the latter to decrease at first rapidly and then very gradually The adhesion 
remains practically constant for all mixtures containing from 46 6-73 5 mole- 
cules per cent The addition of more than 73 5 molecules per cent 

causes it to decrease again rapidly The adhesion curve shows an lll-defined 
transition point at about 46 6 molecules per cent C 30 He t 

The melting-point of each constituent is lowered by the addition of the other 
The melting-point curve is continuous and passes through a minimum extending 
from approximately 46 6-73 6 molecules per cent CjoHjj , this roughly corre- 
sponds with the horizontal part of the adhesion curve The melting-points 
of all the mixtures, more especially of those containing 10 2-46 6 molecules 
per cent C 30 H 6S are very indefinite When heated, the substances gradually 
become translucent, in some case 15® or 20° below the temperature at which 
they finally become liquid Solidification takes place in a similar maimer 
At a definite temperature, which varies with the composition of the mixture, 
the excess liquid round the cylinder assumes a crystalline appearance but still 
remains translucent At a temperature of about 56°, which is practically the 
same for all the mixtures, this translucent solid suddenly becomes opaque 
This type of fusion and solidification is characteristic of binary mixtures from 
which on cooling a solid phase separates out of different molecular composition 
to the liquid phase and wx versa 

Phenanthrene crystallises in large, flat square or oblong plates arranged m 
triangular-shaped masses (Plate 16, fig 10) and the crystalline plate breaks with 
the normal type of fracture The addition of up to 10 2 molecules of CjgHjj 
produces a diminution in the crystal size and a tendency towards a less definite 
arrangement In a mixture containing 22 0 molecules per cent CjqHi,, the 
phenanthrene structure has practically disappeared and has been replaced by 
masses of small angular crystals arranged in masses with curved outlines (Plate 
10, fig 11) This structure remains practically the same for all mixtures con- 
taining more than 22 0 molecules per cent CggHg, merging gradually into that 
of pure CjoIIgj (Plato 16, fig 12) Throughout the whole range of composition 
only one constituent can be discerned and there is no sharp change in structure 
anywhere in the senes The two substances are apparently miscible in all 
proportions m the solid state 

The mode of breaking of the crystalline plates formed from these mixtures is 
peculiar If kept liquid for an insufficient length of time, the crystalline plate 
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breaks to a large extent in the body of the solid but at no definite layer , the 
fracture often has a conchoidal appearance as though the substance were not 
definitely crystalline (Plate 16, fig 12) In this state the adhesion is very variable 
but generally low When equilibrium has been attained by keeping the mix- 
ture liquid for at least 60 minutes, the fracture is mainly normal although there 
is still a tendency for small pieces to be pulled out from the main mass This 
may be due to the fact that all the mixtures form very hard brittle sohds 
The latent period of phenanthrene is of interest inasmuch as it is one of 
decreasing adhesion, a property which it shares with naphthalene, the only 
other aromatic hydrocarbon examined The latent period of both these 
substances is about 35 or 40 minutes 


Table IV — Latent Period and Adhesion of Phenanthrene and of Naphthalene 



Phenanthrene 

Naphthalene 

the substance 
was kept liquid 

Adhesion 

(measured) 

Adhesion (grams 
per square 
centimetre) 

Adhesion 

(measured) 

Adhesion (grams 
per square 
centimetre) 

Minutes 






/ 25940 

f 33030 




1 27210 

\ 34660 



10 


I 

> 27216 

> 34660 

16 

24664 

31390 



20 



249-18 

J1770 

26 

22936 

29200 




J 20638 

J 28280 

1 



1 20356 

125020 



40 



21417 

2 7270 

46 

20489 

26060 

I 


66 



21319 

1 

27140 
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Table V —III Phenanthrene and the Paraffin C^gH#, 


100 0 
94 8 
88 9 
88 2 
85 4 
78 7 
AO 0 
09 0 
41 0 
#1 4 
SO 4 
29 7 
23 3 
22 2 
16 2 
13 2 


11 8 
14 0 
21 3 

40 0 

41 0 
68 6 
32 A 

69 A 

70 3 

76 7 

77 8 
84 8 
86 8 
90 7 
92 3 
96 0 

100 0 


96 8 
94 A 
98 0 
94 4 
92 0 
86 0 
84 8 
74 0 
60 6 
60 0 


60 4 
00 6 
01 0 
62 8 
64 2 
66 6 


Gra.nu per equara 
centimetre 
26080 
23336 
21800 
22120 
21370 
21006 
20210 
19920 
19170 
18480 
19060 
18480 
18270 
18630 
18620 
18426 
17618 
17610 
16026 
12748 
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A Generalised Spheroidal Wave Equation. 

By A. H. Wilson, BJL, Emmanuel College, Cambridge 
(Communicated by R H Fowler, F R 8 — Received December 19, 1937 ) 

1. Introduction. 

1 1. The differential equation considered m this paper may be written in the 
form 

^{(i-e)f}+{x*?-sp«-r^+K.'}x-° a) 

When y «0 this equation becomes the equation giving the solution of 
V*X — X*X = 0 in spheroidal co-ordinates. The equation may therefore be called 
a generalised spheroidal wave equation. In Part I of this paper we shall 
consider equation (1) when p yt 0, and in Part II, which consists of sections 
6 to 10, we shall consider the equation with p = 0. The transformation 
X = (£* — l)"*'*/ reduces the equation to one with polynomial coefficients 

(! - + 1 ) eg* - 2 pX* + y! -n, (*, + l)}/ = 0 . ( 2 ) 

The further transformations 5 — 1 = * and/ = e _A ®y bring the equation to 
the following form, 

x (» 4* -f 2 {at + 1 + (», + 1 — 2X) a? — Xaf} ^ 

+ {(«s — 2X) (n* + 1) — ji' — • X* + 2pX 2X (*4 4- 1 — p) *}y = 0, (3) 
or as we shall wnte it, 

* (® + 2) ^ 4- 2 {n* + 1 + (n* + 1 — 2X) x — Xas*}^ 

+ (n 4* 2pX — 2X (a* + 1 — p) *} y ■= 0 (3 a) 
We shall take (Sa) as our standard form. 

1.2. The equation (1) occurs in the important physical problem of deter- 
mining tiie possible energies of the ion of molecular hydrogen by means of 
Sohrddinger’s wave theory. In this problem n, is a positive integer or aero, 
and in oases where this fact makes any difference to the results we shall assume 
it. We shall also assume X to be real In the physical problem solutions a re 
.required which are bounded in the real interval 1 < 5 < w . When (p — *»,) 
is a positive integer n, there are n value* of p for which equation (3 a) 
vol. cxvm.— a. 2 s 
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admits of a polynomial solution of degree (n — 1) There are also other types 
of eolations. 

1 3 The equation is a oonfluent form of the general second order linear 
differential equation with four regular singularities Such an equation may be 
represented schematically as 

r o 6 c 

y = pj 0 0 0 «j + 1 —p * 

[ —"s -< ? ftj' + l + p-j 

the notation being an obvious generalisation of Riemann’s P-function. Equation 
(3 a) is obtained by taking b = 2, fts = na' and by making while qo •* — 2 X. 

The point at infinity is therefore an irregular singular point of the equation. 

The solution of an equation of this type is probably expressible as a homo- 
geneous integral equation, but we shall obtain our results by means of a solution 
m senes 


2 The Soluhoru m a FmUe Fom. 

We put p — Hj *= n a positive integer and assume a solution 

y = I a m 
0 

The coefficients are determined by the following relations 

2 (»> -f- 1) ®i + (n + 2pX) o 0 = 0 

2 (*» + 1) (w + ** + 1) «ii+i 

*(■ {w (*ft 4" 2ft* + 1 — 4A) 4- n + 2pX) a. — 2X (m — n) o*,_j = 0 
for m = 1, 2, 3, , n — 2 

{(n - 1) (ft + 2n, - 4X) + |i + 2pX}a,_ 1 + 2Xa»_a = 0. 


(1) 


These linear equations for the coefficients will have a non-zero solution if and 
only if the determinant of the system vanishes. 


|i+2pX 2(m+l) 0 0 0 0 

2X(ft— 1) |i+2pX+2»s+2-4X 4 (ft, + 2) 0 0 0 

0 2X (ft — 2) |A+2pX+2(2n,+3-4X) 6(n,-f2) 0 0 


0 


0 2X(i+2pX+(ft-lKft+2ft,-4X)| 
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Thu relation between p and X is of the nth degree in p, and is the neoeasary 
and sufficient condition for the existence of a solution of the type assumed 
p can easily be determined for any given values of n The most interesting 
values of n are ft = 1, 2, or 3 We denote the determinant by D„ (p, X) 

2.2 Particular Cases 

2.21 » = 1 

The determinant reduces to the single term p 4- 2pX, and the corresponding 
solution is y — a 0 
Therefore 

y(<») = a 0 

P =“ 2X (ft, — 1) 
or 

p' = », (n 8 + 1) - X* 

2 22 n — 2 

I>, (p*) = (p + 2 P X)« -(- 2 <p + 2 pi) («j + 1 - 2X) - 4X (*, -f- 1) - 0. 
Therefore 

p = 2X(», - 1) - (ft, + 1)± V(» 3 4- 1)* + 4X* | ^ 

P' - (h 8 + 1)* - X* ± v / (n 3 + l)» I- 4X* I 

To each value of X there are two polynomial solutions y (z) of the first degree 

2 23 » = 3 

The expression for p now becomes more complicated For simplicity we 
take », = 0, and put p 4- 6X = p x 

D, (pX) - 32 X* (p t + 2) - 4X (Spi* + 16p, 4- 12) 4- Pi* 4- 8p,* 4- 12p, = 0 

2 3 All the solutions obtained so far give an expression for X (5) which is 
finite m any interval along the real axis not containing — oo We shall show 
that these are the only solutions having this property There are other solu- 
tions expressible in a finite form (when ft, 0), which are bounded in the 
interval 1 but which have a pole of order n,/2 at !; = — 1 

We proceed to obtain the most important types of solutions 

3 SohUxowt which are Finite »w the Range (— 2 < x < 0) 

31 If » is a positive integer, the solutions obtained in § 2 satisfy the con- 
dition. When « u unrestricted such solutions will uot be possible , but iu 
either event a non-terminating solution can be found 
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We assume a solution of equation (3 a) $ 1 1 to be of the form 

y = Ea«z“ 

0 

The recurrence relations are 

2(», + l)o 1 + ( |i + 2pX)o 0 = 

2 (»» + 1) (m + »3 + l)o m +i 

+ {» (m -{- 2rtj 4- 1 — 4X) + p + 2pX}a* — 2X(m — n)a M -i = 
for m = 1, 2, 3, 

By eliminating the coefficients we obtain an infinite determmantal equation 
connecting p, X and n This will give a solution whether or not n is an integer 
It is necessary to find the radius of convergence of this solution 
Writing (1) in the form 

q,.!.! __ _ m (m -f 2w, + 1 — 4X) -f ji -f 2pX . 2X(»i — n) a,_i 

a m 2(m + l)(wi + n l + l) 2(m + l) (w + n,+l) ’ 



we see that L 16 either finite or infinit e 

If the limit is finite the radius of convergence is 2 and it is easily seen that the 
senes is divergent at x = — 2 Choosing the second possibility, the solution 
becomes an integral function of x 
Let N* = a K+1 /a m and write the recurrence relation as 
N. = - u* + 

The condition that N„-* 0 can be expressed in the form of the following infinite 
continued fraction 


\ -Ap-SL smcc N„-»0 
«1 + Nl «1 + «8 + «# + 

This continued fraction is convergent* and is the expansion of the infinit e 
determinant obtained by eliminating the coefficients from (1) The senes (1), 
subject to the condition expressed either by the determinant or by the continued 
fraction, is therefore an integral function of x, and is of course finite m the range 
(— 2 < x < 0) It is not, however, finite m (0 < * < «o ) In fact to make 

0 we must have N„ - — and y (x) ~ e*** for large x The correspond- 


ing function X (£) behaves like e** at -f- » , and so differs essentially from the 
solutions discussed m § 2 which tend to zero as 5 -*■ oo 
3.2 The other solutions associated with this expansion are of no interest 
* P a tron, “ Die Lehre von den Kettenbrtohen,” p. 28A 
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Unless the relation between pi, X and n is satisfied the solution will only be vakd 
in the circle | * | == 2 and the solution is unbounded near x = — 2 The second 
root of the indicial equation (— n 3 ) gives a solution unbounded near the origin, 
and this type of solution is without interest 

4 Solutions ui Descending Powers of the Variable 
4 1 The chief physical interest lies in the class of solutions X (£) which are 
finite in the range (1 < 5 00 ) We have already obtained such solutions in 

§ 2, but it does not follow that these are the only ones satisfying the condition 
If X (5) is finite in (1 ^ % < « ) then X (£) has either no finite singularities or else 
a singularity at 5 = — 1 The functions of § 2 are those of the first type, and 
it remains to determine those of the second type The obvious expansion is m 
powers of (1 + 5) K we expand y (;) round £ = — 1 the solution will bo of the 
form y (5) = Au log (S -f 1) + B (5 + l) - "* v, if n, is an integer, where n and 
v are infinite senes The solution then has the desired singularity at i; = — 1, 
but the senes are not of a simple form, and the conditions at 5 = 1 and 
5 — ao will not be easy to satisfy A moro logical method ib to expand the solu- 
tion in descending powers of (1 -f- £) The expansion will then be valid outside 
the circle 1 1 + 5 1 — 2 , its infinity condition is satisfied and it only remains 
to make the solution finite at 5 = 1 

4 2 Making the transformation t -=• 1 /(I -f !;), the equation for y becomes 
«* (1 - ») f? + 2 {(», - i) 1 1* - (»j + 2X) t f X} t & 

+ CK + 2X) (n 8 + 1) - p' - 2Xp - X s } t - 2X (n, + 1 - p )] y « 0 (1) 

The important range of values is 0 < t < \ 

We expand y as an ascending senes in t 

y = l'|o H r 

The indicial oquation is p = n # + 1 — p, and so only one integral is regular 
m this expansion , and even the regular mtegral is in general divergent 
The recurrence relations giving the coefficients arc 

2Xa t + {- (Wj + 1 ~ P) ( n s 4* *X + p) 

+ (»s + 2X) (n 8 + 1) - |X' - 2Xp - X«}« 0 - 0 

2 \m m -f {(m -f n* — p) (m — n s — 1 — 4X — p) 

+'(n, + 2X) (», + 1) - p' - 2 Xp - X*}®.-! 

- 2 a*-! (m + n, — 1 — p) (m — 1 — p) = 0 
for 


( 2 ) 
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These equations give two possibilities L aja m i is either infinite or 

finite In the first case the series is divergent everywhere, and is the asymptotic 
expansion of some solution Wc must therefore choose the latter alternative 

Ji = 2 

The radius of convergence is £ and we must examine more cloeely the case 
t = \ We can obtain an asymptotic expression for the coefficient* by putting 
a m /a M -i = 2(1 — p/n ) and equating powers of mm (2) It is found that 
(J = 1 — n. Therefore for large values of m the coefficients approximate to 
those in the expansion of (1 — 2 1) - "* 

Therefore 

y ~ _ 2t)“"*= (1 + 5r l (l - t) "• Mt-+ J, 

therefore 

X (5) - e~« (1 (I - $)-«.'* near 5 — 1 

If », = 0 then y ~ t l ~* log (1 — 21) Therefore X (5) has either a pole or a 
logarithmic singularity at \ — 1, and it is impossible to make X (£) bounded as 
5 -*-1 by imposing one relation between [i' p X and p, since X (£) is uniformly 
infinite for all fi', X, and p provided the senes does not terminate 
It is therefore necessary, and possible, to make the senes terminate It is 
found that there are two different typeH of terminating senes 
4 31 The Solutions m a Finite Form 

If the senes y = t p H aj " is to terminate, then it is necessary from (2) that 
(m », — 1 — p) (m — 1 — p) = 0 for some m 

The first factor gives p — n, = n a positive integer >1 In this case, pro- 
vided a certain condition between p', X and n is satisfied, the series will be 

y = t>'L aj* = t l ~ n S a m r » > 1 

0 0 

y is then a polynomial of degree (n — 1) in 5, and must be the solution found in 
$ 2 The relation between p, X and n is given by § 2 1 equation (2) This 
solution therefore gives us nothing new 
The second factor gives p to be a positive integer > 1 The solution then is 

(y > 1) 

This solution is the product of (1 4- 5 )“"" and a polynomial m 5 of degree 
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(p — 1), and u not included in the previous expansions, It ib given by the 
relations (2) for m = % 3, (p — 1), together with 

{2X (1 - 14 ) - |i' -2 Xp - XV,-! + 2 (», - l)o p _, = 0 
Eliminating the coefficients we obtain the Mowing relation between {*, X and p 
p*-p-|i'+2X(p-ft 1 -l)-X l 2X 0 0 

— 2 (*»s+ 1 — p) (1 — p) (2+»,-p)(l-n,-4X-p) 4X 0 

+(*»+2X)(»,+l)-|*-2Xp-X* 

0 - 2 (»,+ 2 — p)( 2 ~p) 

0 0 


432 Special Coms 

Wd can discuss the special cases on exactly similar lines to those employed m 
$22 

1 p*l. 

= - 2n,X - X* (3) 

2 p=»2 

( i'*l-2n s -X , ±Vl + 4»,X + 4X* (4) 

3 If w 5 = 1 we can find an explioit impression for |*' 

It 18 |t' SB — 2pX — X*. 

4 4 Wo have yet to prove that there are no further solutions in the range 

l <5< 00 

Let the equation for y be written 

| + Pf + Q, = « 

and denote the solution in senes given by (2) by ft 
A second solution is given by 


Heart = $ 


P i ** 

= yi J(l-2x)- +1 ft* 


and X (5) will be finite. 
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Near t = 0 

and shoe X (l) = 0 (e“*y), X (5) will be unbounded near t — 0 There are 
therefore no solutions which are not included in the terminating senes 
6 1 Relations between the Solutions 

We have obtained various types of solutions of the equation and we now 
summarise our results and state various relations between the solutions 
The fundamental solution is the integral function obtained in § 3 1, subject to 
a condition expressed by a continued fraction This solution for y (x) is finite 
at x = 0, x = — 2, but behaves like er** at infinity The corresponding func- 
tion X (5) is of the form 

X u (5) = A^(a 0 + o 1 ^+ ) + B<r* (6, + 6,5+ ), 

where the infinite senes are integral functions of £ Neither A nor B can be 
zero 

From this solution we can obtain a second solution in the usual manner 
This second solution X u (5) will have the same form at infinity as X u (£) but 
will have singulanties at 5 — ± 1 These two associated sets of solutions form 
a denumerable infinity corresponding to the roots of the infinite continued frac- 
tion There is a third set of solutions which are Linear combinations of X u (5) 
and X lt (5) for the same root of the continued fraction This type of solution is 
that obtained m § 4 2 which converges for | 5 | > 1 This last type gives a 
solution finite along the real axis as {; -* 00 . 

XK> = *-'*5--'«(o,+* + 2j + ) 

By ohangmg the sign of X we obtain another solution 

XR) = ^5-->-»(j. + i + |+ ) 

These last two solutions are normal integrals and are convergent for 1 1; | > 1 
Here again, of course, there is a condition expressed by means of a continued 
fraction 

None of these solutions is finite in the range 1 5 ^ « , bat by imposing 

an extra condition we can obtain polynomial solutions for y (x), and hence finite 
solutions for X (£) of the form 

xie-*-** (E i -r l ‘i‘«.rv 

Thie complete* the specific* tion of the eolation* uuing from X lt (£), 
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The other type ot solution arises from the solution mentioned m $ 3 2 This 
solution, which we shall denote by A (5 — 1), is m ascending powers of \ — 1, 
has a singularity at 5 = — 1, and so is only valid inside the circle | J* — 1 1 = 2 
This solution exists for all values of p except those for which X u (?) exists 
Also the coefficients m the expansions of Aft — 1) and X n (5) are the same 
inside the circle, except that each solution has its appropriate value of p 

There is a second solution A (5 — 1) which is finite at 5 = — 1 and has a 
singularity at 5 = 1 The expansion is therefore valid m the annulus 
0<|5- 1 1 < oo There are corresponding expansions at I; = — 1 , Aft+1) 
which is finite at 5 = 1 and infinite at S; = — 1 , and A (5 -f- 1) which is 
infinite at £ — 1 and finite at \ = — 1 Only two of these functions are 
independent In fact we have 

Aft-«- Aft + U 

The only interest we have m these functions is to prove that they arc not 
finite in the real interval 1 ■< 5 < oo This is a matter of some difficulty 
as we cannot obtain explicit expressions for the functions which are valid in 
the whole of the range m question Wo proceed to give the form of the solu- 
tions, and then to give a proof of then: unsuitability for the physical problem. 

With these functions is associated an expansion at infinity This expansion 
is the asymptotic one obtained in § 4 2, and is divergent everywhere There is 
also another expansion obtained by changing the sign of h 

The solutions are of the following form 

Aft -1) = Alog « - 1) « a (* - 1) + B« - l - l) 

Aft + 1) = o log « + 1) «,ft 4- 1) + D(5 + i)-"*t>,ft + 1) 

When 1 5 1 is large these two functions must be linear combinations of the 
asymptotic expansions 

,X,(5+l)~r»-«5— + ) + )■ 

What we have to prove is that none of a, (3, y, 8 can be zero We shall only 
consider the function A ft — I) (or A ft + 1) ) a* this is the only function 
which oould give a solution finite in (1 < 5 < co ). 

The torn at infinity of A ft *- 1 ) cannot be altered by a change in the value 
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of {i. Now the two functions jX x (5 — 1) andX u (5) have the same expansions 
in the circle J 5 — 1 1 = 2 except that the values of p are different By choosing 
(i suitably x X x (5— 1) becomes X n (5) which alwayB involves both exponentials 
and a _At We therefore see that x X x (5 — 1) is not finite along the real axis 
as !■ -+ oo 

We can obtain a solution of the required form by imposing two conditions 
This type of solution is obtained in § 4 31 from the asymptotio expansion , it 
has a pole at £ = — 1 In a similar manner we could obtain a solution m a 
finite form, having a pole at 5 = 1 

It may seem at first sight that the solutions in a finite form are incompatible 
with the fact that x X x (5 — 1) and X n (5) are unbounded at infinity This is 
not so For definiteness consider X u (£) We may write the solution as 


X u <9 = 2 a B ir = «-**«) >f« 3 = 0 


Our argument shows that if this function is to have no singularities in the finite 
part of the plane, then y (l) ~ e 2 ** If, however, the senes for y (!;) terminates 


then our argument is invalid, as it depends on the fact that-^E- exists for all 


values of tn > 0 

More precisely, what we have proved is that neither X u (!•) nor x X x (5 — 1) 
is finite in 1 <! !; co unless it consists of the product of e _A * and a terminating 
series To make the senes terminate requires two conditions 


5.2 Asymptotic Expressions when X is Large 

We can obtain a formal solution of equation (2) § 1 which corresponds to 
the solution in a finite form found m § 2 Since we have proved that these 
eolations are finite in the range — I ^ 1 we shall confine oureelvea to this 
range 

For the purpose of obtaining solutions in descending powers of X, the follow- 
ing transformations are convenient 

/(5) = “d 5 = 

The equation for y then is 

g+{(2n, + l)cot*4->»m*}^ + {|ii + 2(n, + l-p)X C OB*}y-0 (1) 
where 


Pi** ii' + x'-Mhj+I) 

Owing to the oocurrenoe of the term oot * this equation is not of Hill’s type, 
ami therefore there is no advantage m reducing it to the normal form. The 
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boundary condition is now replaced by tbe condition of the solution being 
periodic 

X is large and positive and we assume solutions of the form 
y = yo+r J y 1 +r*y,+ 

i*i — Mi^i 0 + x~ l + x~* + ) 

If we substitute these expressions in (1) and equate powers of X we obtain 
the following set of equations 

2 sin + + + 1 — p)coa &}y 0 = 0, (2) 

2 sin x ^ + W + 2(»» + l-?>)cos*}y 1 +^s 

+ (2n g + l)oot*^+p l (U y fl = 0, (3) 
2 sinx ^ + W + 2 (n, + 1 - P) ooa *} y, + ^ 

+ (2a s + l)cot^+^»y 1 + l i 1 ®y 0 = 0 (4) 

The solution of equation (2) is 

y 0 = (sm (cos 

Penodic solutions are then given by 

( i 1 ° = 2(p-n s -l-r), y 0 = (sm ^x)' (cos Jx) a ( '“*»' l) " r , 

where r = 0, 2, 4, 2 (p — n s — 1), since if r is an even integer the expansions 

in \ will be terminating senes 
Equation (3) then takes tho form 

2 sm » ^ + {n,® + 2 (n a + 1 - p) oos *} y x 
+ Jr (f + 2n t ) (sm (cos 

+ - (j> - - 1) (? + *»»)} («m i®> ' («* K (,_n, ~ 1) ' r 

+ J(2p - 2) (2p - 2a, ~ 2 -r) (sm J*) f (cos |®)» » 0 

If y t is purely periodic we must have 

h m = (? + *»)(j>-»»-l) 

Then 




r 3 U* to**) (p-l| C3p -2-,_3-r) 1 
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To tins approximation we have 

= 2 (p - n 8 - 1 - r ) X + (j> + ft,) (p - - 1 ) 

V' = P(P- l)H-2(p — w 3 — X— r)X - A*4-0(l/A) (5) 

If we compare this expression with the explicit values found for particular cases 
m 1 2 2, we see that the constant term m p' is only correct when p = » t + 1 
The other terms agree in all oases It is therefore useless to calculate the 
higher coefficients p/ 2 ’, etc 


Part II 

6 The Spheioidal Wave Function 

If p = 0 the equation takes a much simpler form Many methods are now 
available for the discussion of the equation which ore inapplicable when p ^ 0 
There will, however, be no solutions m a finite form, and so no solutions which 
are finite in 1 < £ < ® All the results of the previous sections which do not 
depend on (p — n s ) being a positive integer arc also true when p = 0, but they 
can usually be obtained more simply We shall write the equations as 

|((i-e)f} + (^ , -r^-.+ ,|x=o, ha) 

and X — (1 — P)"*' 2 / 

(1 - ?) ^ ~ 2 (»3 + !) 5 | + {XH* + ti - + 1} }/ = 0 (IB) 

The equation is similar to Mathieu’s equation, and occurs in many physical 
problems connected with wave motion in spheroids Solutions are required 
which are finite for — 1 ^ \ K 1 or for 1 < \ * where a is some finite con- 

stant The equation is well known and has been considered by various writers * 
The account which follows is simpler than those referred to, and obtains the 
results m a more manageable form for physical applications The methods used 
subsequently are inapplicable when p & 0 as they depend on the fact that the 
expansion proceeds m powers of !;* The solutions may be either odd or even 
functions, and can be expanded in powers of $ or as senes of associated Legendre 
functions The expansion in Legendre functions has the advantage of rapid 
convergence when X is small, but gives rise to complicated expressions We shall 

' *" Niven, ‘.PUX Tmns.,’ A, voL 171 ; Madaurin, * Trails. Camb Phil Boo voL 17 , 
Abraham, ‘Math. Ann^’roL Mj Poote, ‘ .Qaartarfy J.Math.,1 W*. 
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bo mainly concerned with solutions which are finite in the range — 1 \ < 1, 

and this condition determines ft as a function of X. Unless X is small this 
relation is best determined from the senes in £. Finally we can obtain expan- 
sions valid for | J; | large, and also for X large These expansions have not been 
given before. 

7. Expansions in Powers of % 

There are two different types of senes One an odd senes , the other an even 
senea They refer, however, to different values of p 

71 The Even Senes. 

If we assume a solution / = S then we have the recurrence relation 

(2» + 2) (2m + 1) « = {2m (2m — 1) 4- 4m (n 3 -f- 1) 

— + n s ( n s + 1) } — X* °2*-S 

Putting N w = l<h m this becomes 

N „ n l.±.lli 2 m + » ■) - J* £ L_ (1) 

(2m + 2) (2m + 1) (2m + 2) (2m + 1) N„_ x 

Two cases arise 

1 If N" 1 is finite then L N m = 1 

The next approximation to N„ is obtained by putting N„ = 1 — - m (1) 

We find that « = 1 — « a Therefore for large values of m the coefficients 
approximate to those m the expansion of (1 — !;*)“"• if »j ^ 0, and of 
log(l— !?) if n, = 0 In this case X (£) is infinite at £ =r ± 1 

2 If N* 1 is unbounded, then the senes represents an integral function, and 
is therefore finite in the range — 1 < \ < 1 Also N„ ~ X*/4m* and 
/(5) ~ cosh X5 

The condition that L N. = 0 gives a transcendental equation between 

p, and X* We shall obtain this relation m several equivalent forms 
The recurrence relation for the coefficients can be written 


. (2m 4 2) (2m + 1) 

** + ‘ (2m + n, + l)(2m+n,)-p 

X« 

'*"* (2m + n, + 1) (2m + nj - ft 
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Therefore 


»*»* + » o = ° 
«4®4 4- «* + «8»0 = 0 
W 8 f <*4 + «s°i — 0 . 


end so on 

The condition N„-*-0 is equivalent to the vanishing of the following infinite 
determinant, 


1 0 0 0 
u 0 1 v t 0 0 

0 «, 1 0 
0 0 u 4 1 v* 

0 0 0 «« 1 


= 0 (2) 


This determinant is of von Koch’s type and is absolutely convergent The 
rapidity of convergence is not great enough to enable pi to be calculated easily 
from the determinant A more suitable form is obtained by expanding the 
determinant as a continued fraction, but we can obtain the expansion directly 
from equation (1) 

We have 

* x; 

— 1 (2m + n, + 1) (2m + n,) — pi — (2m + 2)(2m + 1)N„’ 

therefore 

„ X« 3 4X» 6 fiX* 

0 = K+8)K+2)-|*- K+0) («.+*)-(*- (M-7) (« 8 +6)— pi— ’ 

since N„ -*-0 as m-+ ® , and since the contmued fraction is convergent* for all 
values of X and p Also N 0 =* o ,/o 0 = {«, (n 8 + 1) — (*}/2, and so the equation 
for (4 becomes 

«*("« + 1)- |A 


1 2X* 3.4X* 6 6X» 

(n,+3)(n r f2)^p-. (« 8+ 5)(« 1 +4 )-ja- (n,+7)(n,+6)-,i- 


(3) 


Perron, loc. at, p. 408. 
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Thu u the most symmetrical form of the equation, but we can exhibit its 
convergence better by dividing by suitable factors 


**(*3 + 1)- H 

_ 1 2X»/{(n, + 2)K + 3)) 3 4X«/{(n, + 2) (n g + 3) ( n, + 4) (n, + 5) ) 


1- 


(». + 2)(«, + 3) 


1 — 


(■. + 4)04 + 5) 


(4) 

Thu u the best form for the relation between pi and X 

The expression which has usually been used for p is an expansion in ascending 
powers of X* The method used by Niven and Maclaunn for obtaining the senes 
is very laborious The senes can be easily obtained from equation (4) The 
continued fraction has an infinite number of roots and we can approximate to 
any of these 

For simplicity we take n s = 0 

The first root pj for p is that one for which the zero approximation is p t = 0 
If we substitute this value for p on the nght-hand side of (4) we obtain the 
first approximation p t = — |X* This can be again substituted on the right 
and a second approximation obtained. In this way p t can be evaluated to any 
desired power of X s with very little labour The result is 
I 2 4 . 16 


14 - 


i X * + 


To find the second root pj we invert the continued fraction into the following 
form, 

1 2X»/{(n 1 + 2)(n a + 3)} 
n,(n t + ])-v 

_1 S 3 W/{(«. + 2)C, + 3)(% + 4)h + 6n 

(n 8 + 2) (n* + 3) — 1 g 

(« 3 + *)(», + 6 ) 


We can then evaluate the root by the same method 
When n s = 0 


a II mm 94 ,4 , 

l *-*-«* + PF x + 


The roots can be evaluated similarly for any given value of «, 


72 TheOddSme* 

If we assume a solution /= E b tH+l 5*" +1 the recurrence relation for the 
coefficients is 
(2» + 2)(2tn + 3) 6*» +s 

= U2m + »a+l)(2«t + »,4-2)-p}6^i-XH. pi _ l (B) 
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The work is exactly parallel to that in $ 7.1, and we shall only give the expres- 
sion for (i as a oontmued fraction, 

(n,+l)(n,+2)— (i 

- 2 3X»/{(n,+3) (n t +4)) 4 . 8X«/{(n,+3) (n 1 +i)(n > -j-B)jnd-jl} (6) 

1 H 1 tf 

(n,+3 )(«a+4) (ft, +6) 

By expanding the continued fraction we can obtain the roots p* p*, p* . . 
as power senes m X*. 


8. Expansions tn 5en« o/ Associated Legendre Functions 
In this type of expansion we deal directly with X (5) The form of the 
equation suggests the expansion 

X(Q-X*.X*(Q 

We have the following identity for £*!*£(!;) 


cip*wn * (m - n, + 1) (m - », + 2) p,, 

* (2m + 1) (2m +3) m+,W 

, 2m(m-f l)-2n > »-l p^. E) (m + W|)(« + »t- l) p* - 
(2m -1) (2m + 3) (2m-l)(2m-fl) — ! 

There will therefore be two different types of senes according as m is even or 
odd 

81 The Even Senes 

x(5)= i o*,r* (5) 


By substituting this expression in the differential equation, using the relation 
for and equating to zero the coefficients of the venous harmonics, we 

obtain the Mowing recurrence relation for the coefficients. 


(2m + 2n t + l)(2m + 2» A +2) 

(4m + 2»i, + 3) (4m + 2i», + 5) f 




(4m+2n l — 1) (4m+2ft,-j-8) 
(2m — 1) 2m 


(4m -j- 2n, — 3) (4m -f 2ft, — 1) 


<*._, = 0 (1) 


There are two possibilities. Either <H a+t /a 2n tends to zero or it is unbounded. 
We must choose the former alternative As above, this condition is best 
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expressed by an infinite continued fraction The expression is very com- 
plicated and makes the result of little value except for small values of X* 

We can obtain the senes for p from the continued fraction by successive 
approximations The first approximation is obtained by equating to zero the 
coefficient of m (1) Even for this purpose it is preferable to use the expres- 
sion found m § 7 as the quantities are less complicated 
8 2 The Odd Senes 

Using the same method as m § 8 1 we obtain a recurrence relation for the 
coefficients This equation is the same as (1) with (2m + 1) written for 2m 
The equation for (i will be given by the corresponding continued fraction 

9 Expansions for Large Values of the Variable 
In § 4 we obtained an expansion for /(£) round the irregular singularity at 
infinity When p — 0 we can apply the same method The expansion pro- 
ceeds in inverse powers of (I; + 1) or — 1), the corresponding solutions being 
continuations of one another (Maclaunn has determined an expansion in 
£ -1 , but this involves four successive coefficients and therefore is not so good 
as the present one ) We shall only give the expansion in terms of (1 + £) 
Put 

m = 

Then as m § 4 

yi(5) = + -‘E o*(l-K)-, 

*»-0 

where 

2Xo, + {(», + l)(n, - 4X) + + X* - (n s + l)(n, - 2X)}o 0 = 0 

SXmo* -f {— (m + » s ) (m — n 3 — 1 + 4X) 

+ |i + X* — (n 3 + 1) (n 3 — 2X)}a„_ 1 

+ 2 (m + n 3 — 1) (m — 1) a m _ 3 = 0 

It u usually stated that such an expansion is asymptotic This is not quite 
correct When |i has one of the characteristic values determined m § 7, this 
senes is convergent for 1 £ |> 1 Otherwise the senes is divergent but asymptotic 
By changing the sign of X we can obtain another expansion 

/K) = e-«| f.(0 
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10 Asymptotic Expansions for Large Values of X. 

We can obtain two asymptotic expansions by the method used in §5 2 
The work is very similar and will not be given at length 
Putting/! (5) = e^yj (5) and 1; = cos x, and expanding y x and |i x in powers 
of X -1 we amve at the following equations 

2 sm x ^ + {- iV* + 2 (« 3 + 1) cos x) y x ° = 0, (1) 

2 9m + {_ i** 0 +’ 2 <«■ + 008 x ) y " ~ 

- (2 n s + 1 ) cot x ^ - p x <u y x ° = 0, (2) 

and so on 

The solution of equation (1) is obtained by taking p x ° = 2 (r -f n, -f 1) 
where r is an integer, and is 

y x ° = (sin \x) r j(coa ix) 2{n * +1)+ '' 

Since there are terns with negative indices it is not possible to obtain a solution 
in finite terms The solution breaks down at x — ± it 
Equation (2) now becomes 

2smx^- +{- ( i 1 o + 2(« a Hlcosi^"’ 

— {r (r + 2« s ) sm (fr) ,_ */(co8 §x) 8( "* +1) +r 

— {|*i <l> + « 5 («i + 1)} (sm §x)7(cos ^x) 2( " ,+1 * +r 

— i (2»,+2+r)(sin }x) r /(cos |x) 2 <"> +1 > +'+* = 0, 
and so p/ 1 * = — », (n, f 1) 

y x a) will have the same form as m § 5 2 It is probable that the expansion 
becomes untrustworthy at this point For this reason and also because the 
next approximation is very laborious, we shall not pursue the investigation 
further 
We have 

H~-X* + 2X(r + n, + l) + 0(l/X) 
and 

/i(5) = ^Vx i*)7(cos K ( "* +1,+r + 0(1/X)} 

By assuming a solution/, (5) = e~* y, (5) we can obtam another solution for the 
same value of p This will be obtained by writing (n — x) for x in (3). 
Therefore 

/($) = e^y, ~<T A0 °" {(cos K/(sin ^*) i< ‘• +1,+, + 0 (1/X)} (4) 
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These solutions fail altogether near certain points, and it is necessary to use the 
expansion with care The value for jx is by no means certain, and it is usually 
necessary to use the continued fraction (4) § 7 to check any results obtained from 
the asymptotic expansion 

Any solution of the equation can be expressed as a linear combination of these 
two solutions f v f 2 To obtain the odd and even solutions of § 7 we must satisfy 
the following relations, 

/(£) — /(w ~ 5) for the even functions, 
and 


/(S) = — /( jt — 5) for the odd functions 


Our approximations do not distinguish between the values for jx corresponding 
to the even and odd functions, which are 


/,(!;) -}- f 2 (l) an even function, 
/i(5) — /s(5) an function 


The Ionised Hydrogen Molecule 
By A H Wilson, B A , Emmanuel College, Cambridge 
Communicated by R H Fowler, F R 8 — Received December 19, 1927 ) 

1 Introduction 

The model which has been proposed for the ion of the hydrogen molecule 
H| + , consists of one electron and two protons Since the mass of tin electron 
is negligible compared with that of the protons, we may, to a first approximation, 
consider the protons as at rest The system is then a particular case of the 
problem of three bodies, and can be solved completely classically This has 
been done by Pauli,* and more recently by Niessen f The value obtained by 
Pauli for the energy of the normal state is not in agreement with the experimental 
result inferred from the ionisation potential and heat of dissociation of the 
molecule Niessen obtains the experimental result by the introduction of half 
integer quantum numbers 

* 1 Ann d Physik,’ voL 68, p 177 (1922) 
t'Z f Physik,’ vol 43, p. 694 (1627/ 


2 t 2 
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The classical problem is separable m elliptic co-ordinates, and so if we apply 
Schrodinger’s method to the Bystem we shall obtain a wave equation which is 
separable in the same co-ordinates The resulting differential equations can be 
solved exactly This is the only three-body problem which admits of an exact 
solution, and it is of interest to obtain an analytical result, and not merely one 
obtained by a perturbation method, which it may be difficult to justify 

In the present paper the differential equations defining the system are obtained 
in § 2, and their relevant properties stated in § 3 In § 4 we discuss the relation 
between the equations, and obtain values for the energies of the various states 
Several surprising results appear In the first place no solution is in general 
possible Solutions will only occur for certain distances apart of the nuclei 
In the second place it seems probable that these states are illusory, and that 
there are no positive distances of the nuclei which give states The difficulties 
raised are examined m §§ 5 and G 

2 1 The Differential Equations of the Problem of Tiro Fixed Centres —The 
ionised hydrogen molecule possesses nine degrees of freedom, and so nine co- 
ordinates are necessary to specify its configuration These may be taken as 
the oo-ordmates x, y, z of the electron mass m, and tjj, £j, ■»]„ of the two 

nuclei both of mass M If r v r t are the distances of the electron from the 
nuclei and r Jf the distance apart of the nuclei, then the wave equation for the 
system is 

i **»++ i vw 4 1 W I (■ + ■ +'-$ ♦ - a 

where E is the energy 

It is not possible to solve this wave equation completely, but it can be split 
up into successive approximations* mnee *n/M is very small The zero approxi- 
mation will be given by 

+ -+-~-W = o 

m w T h l \ f! r, r u J T 

To thffi approximation iji only contains £n q t , £ t , as parameters, and 

for the purpose of solving the equation we can treat these quantities as fixed 
When the equation has been solved we obtain E as a function of the above six 
parameters, and to obtain a stable state of the molecule we must choose them so 
as to make E a minim um This is equivalent to quantising the nuclei to a zero 
approximation, and determines the possible distances apart of the nuclei 

Since r lt is supposed fixed for the purposes of the calculation of 4* we noed not 
* M Born n J Oppenheimer, ' Ann cL Phynk,' vol 84, p 487 (1027) 
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mention explicitly the term e*/r, t Wc can take it into account afterwards or 
consider it absorbed into the term £ In future we shall adopt that convention 
which seems most suitable for the purpose in hand The three-body problem 
has now been reduced to a one-body problem, and wc proceed to solve this 
restricted wave equation 

We consider a slightly more general problem than the ion H, 1 , and deal with 
one electron under the action of two nuclei with atomic numbers Z lt Z t , which 
are at a distance 2o apart The electron is treated as a point charge 
We use elliptic co-ordinates 

f == (fi 1- rj/2c, ij (r, - rjl'lc, 


where r lt r g arc the distances of the electron from the nuclei The thud 
co-ordinate is the azimuth <f> round the line of centres The ranges of the 
co-ordinates are 

1 ■< S; <-oo 

— 1 <jj<1 
0 < <f> < 2k 

The potential energy of the electron is 

V = — e* (Zj/r t + Zj/fj) 

■ - K z ‘ + z i> 5 - < z i -ZJ'll. 


V*4< can easily be transformed to these co-ordinates by means of Gauss’ theorem , 
and Schrodmger’s equation 

V*<J> -j. (E — ■ V) t|i = 0, 


where £ is the energy, becomes 

| {«* - c 1} + ^ {a - v) ^} + {^rr + t4^»} ^ 


+ 5^![b &■ - if) + 1 «z, + z.) 5-<z, -z,),}|t = (i 


i|i must be finite, continuous, and single valued in the three-dimensional space 
5, t), ^ The equation is separable and so we put 
* = 0(*)X(S)Y(i,), 




therefore 
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whore m, is a positive integer, 


}+{#e— «t- T aL+ ,.}x*- * 

(1) 


(2) 

= (X> 0)1 



= 87r*w«» a (Z 1 -)-Z s )/A 1 1 

► ) 

(3) 


k' = 8n*»M**(Z 1 -Z,)/** 


p and X must be determined so that the equations (1) and (2) have finite and 
continuous solutions in the ranges I-^yj-’O 

2 2i Before proceeding to the solutions of the equations (1) and (2) We can 
obtain an insight into their nature by considering some special cases 

(1) If Z 2 = 0 then k ~ k and equations (1) and (2) are identical The 
characteristics, or energies, arc those of an atom with nuclear charge Z t e and 
one electron — e The solution X (5) is bounded for 1 < 5 ^ » If it is also 
bounded m — l l; < 1, then the same function of yj is a solution of equation 
(2) This is actually the case, and so both p and X must be separately deter- 
minable from a single differential equation 

(2) If Zj = Z 2 = 1 wo have k = 0 This corresponds to the molecule H t + 
Equation (1) is the same as for the helium ion He ’ The energy E may there- 
fore take values which are included in those of He 1 For such energies p and X 
will lie determined by this equation alone Equation (2) will give a further 
condition for p in terms of X, and this condition, together with the two 
denved from (1), should determine both E and c 

The method we adopt is to determine p so that equation (2) should have a 
finite solution, and also so that (1) has a finite solution This will give two dlfl 
tinct expressions for p, and the common roots ought to determine the possible 
energies 

In §§ 3 and 4 we apply the ordinary Schrodinger theory, but do not obtain 
the experimental result In § 6 we lighten the restrictions on <{/, and then 
obtain something near the experimental values 


3 Properties of the Functions X (5) and Y (yj) 

The equations take essentially different forms according as k (or *') is or is not 
zero If k is zero then the differential equation is that of the spheroidal wave 
function, and offers no analytical difficulties If * is not zero, solutions of an 
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entirely different type are possible which are finite in the range 1<5<® 
These functions have been studied in detail by the author* with a view to the 
special applications here The general properties will be stated here, while 
particular results will be quoted when they become necessary 
31 

WeputX(5) = (5*-l 

The solutions which are finite in 1< i; < eo are of two types, and in both 
y (5) consists of a terminating series 

Those of the first type are also finite in — 1 < \ < 1, and the corresponding 
solutions are suitable solutions for Y (yj) 

y(5)-Y o.5" 

The conditions to be satisfied by X and p are that 
~ = » + » 8 (»>1) 

where » is an integer, and p is given by a complicated function of X that can 
be found for each value of » and whioh is of the nth degree in (i 
The second type of solution only exists when n s ^ 0 , and y (!;) has a pole of 
order n, at i; s= — 1 

y(5) = (1 + J 1 Kl m 

In this case 

(P>V 

where p is an integer and p is a function of X of the pth degree in p 
The first type of solution is a possible one for Y (tj), but there are other types 
possible Y (yj) may be an integral function of v), in which case there is a relation 
between p and X expressed by means of an infinite continued fraction 
3 2 k — 0, k' = 0 

If = 0 there are no functions X (!;) finite in 1 ^ ^ 00 
If *' = 0, Y (rj) must be an integral function, and p is given in terms of X by 
an infinite continued fraction When X 1 is small we can approximate to the 
roots of the fraction by senes m powers of X* 

These results will be found set out in detail in the paper referred to The 
explicit forms of the solutions will be given when it is necessary to use them. 


* A H. Wilson, aupm, p. $17 
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4 Special Cases of ike Two-Centre Problem, 

We discuss three special cases \ = 1, Z, = 0 , Z, = 1, Z, = 1 , Z l = 2, 
Z a = 1 The first is simply the hydrogen atom, while the second is the ionised 
molecule The treatment of the atom is given to show the connection between 
the ion H, + and the ion He + . 

41 k = K 

The equations for X (5) and Y (tj) are identical in form 
Solutions are given by 

X (S) = <P - 1 Y* y (!■), Y fo) = (1 - -ff* 


y(5)= S aJT 


The energy is determined by 


IfZ, 


2X 

= 1, Z| — 0 this gives 


= n + n, (»>1) 


RA 


(1) 


(« + »,)* 

where nu an integer > 1, R is the Rydberg constant ^ u the same function of 
X for both equations, and a knowledge of its exact form is unnecessary Thu u 
just the usual result for the energy 

The other types of solution do not give simultaneously solutions of both 
equations, and must be disregarded 
42 k*0,k' = 0 

When Z 1 = Z t this gives the most interesting case, the ion H, + The equation 
for X (£) will be identical with that corresponding to the helium ion He + . 
Solutions will be given as in § 4 1 by k/ 2X = n -f- n, 

The function Y (73) will now take a different form It may be either an even 
or an odd function In both cases it must be an integral function Thu will 
give a relation between pi and X expressed by a continued fraction. 

We wiA to determine the state With lowest energy, and so we take >4 = 0, 
and consider the even senes for Y (yj) The relation between (i and X then u 

1 2X* 3 4X* 5 6X* 

2 3 jjTTj 4 6.4 7 

1 


- t* = 


-JL_ i_JL - 
2 3 4 5 


-Ji 

6 7 


(*) 


4 21. The state with the greatest negative energy is given by n= 1 
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The conditions arising out oi the \ equation are 
«/2X = 1 and |x = — X* 

If we Bubatitute p = — X* in (2) it seems probable that there is no real 
solution except X = 0 The same is true if we use the odd series for Y (•»)) We 

can prove this directly from the equation as follows 
Consider the equation 

the boundary condition being that y is finite at yj = ± 1 
Then 

and this cannot be true with X s > 0 

Therefore a necessary condition for Y (73) to be finite 111 — 1 < i) < 1 is that 
p > — X* when n a = 0 

This solution which ought to lead to the lowest stationary state is therefore 
ruled out except when X = 0 The energy is then — E = 4R h, the lowest 
energy of the helium ion 

4 22. We now consider the state given by n = 2. 

The conditions arising from the !; equation are 

;^ = 2 and p = 1 - X* ± Vl + 4X* 

Since p > — X* is a necessary condition for the existence of Y (tj) we must take 
the + sign m p 

If we attempt to find X from this condition and from (2), we find that there 
are no roots when X is small, but that the two expressions for p tend to equality 
for rather large values of X. It does not seem possible to determine for what 
values of X, if any, the two expressions for p beoome equal To do this we 
should have to tabulate p for large Values of X, and the work involved in using: 
(2) to a large number of terms would be prohibitive An alternative method 
1# to use an asymptotic expression for p. Such an expression can be obtained 

audit 


p~-X* + 2X(r + »H + l) + 0(l/X) (r an integer) 
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The term independent of X in this expansion is doubtful, and so no exact results 
osn be inferred All that can be said is that the two expressions for p tend to 
equality (with r =» 0) as X becomes large The corresponding solution may 
belong either to the molecular ion or to the hydrogen atom 
Two aeymptotio solutions for Y (yj) are given by 

Yj fo) ~ — {(Bin *3)7(008 W +t + o (1/X)> 

and 

Y, (to) ~ e _Ac0 ** {(cos ix)7(sin **)'+ *+0 (1/X)}, 
where y] = cos x and we are supposing n 8 = 0 
AlsoY 1 (ti)+Y l (Yj)i8anevenfunction of yj, and Y^yj)— Y,(y)) is an odd function 
If we use either of the last two functions we shall obtain a state of the molecular 
ion, as Y (yj) is then large near yj = ± 1 and small elsewhere If we use Y t (yj) 
we then have a wave function which is only apparent near y) = — 1 , and 
Y*(y)) gives a wave function apparent near yj = 1 These last two solutions 
correspond to a hydrogen atom perturbed by a very distant nucleus In 
these types of stationary states the electron is in an orbit near one nuoleus for 
a long time and then passes over to the other nucleus for the same period Suoh 
orbits are of no interest for the ionised molecule 

We cannot actually decide whether there is a state of the ion corresponding 
to this solution, but oven if there is, it cannot give the experimental result for 
the lowest energy 

Let ub denote the energy of the electron by E,, Then there is also tile 
energy due to the repulsion of the nuclei This is e*/2o The total energy 
E = E e i + e*/2c If I is the ionisation potential of the molecule H f , then 
— E + 1 1 8 the total work to be done to remove all the components to infinity 
This work is also D -f 2RA, where D is the energy of dissociation of the molecule 
into atoms Therefore 

I — E ri — e*/2c = D + 2RA 

In the particular case we arc considering — E el = RA Therefore 
I = RA + D + e*/2c 

D is known to be about 4 4 volts This gives I a lower limit of 18 volts however 
large o may be There seems to be general agreement that I is just less than 
16 volts, and so even if the state exists, it cannot give the experimental result 
Also any value of «/2X > 2 will give a still higher value of I and deviate stall 
further from the required value 

4 28 The investigation for higher values of » is difficult on account of the 
complicated relations for p It is certain, however, that no solutions exist for 
email values of X, 
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Hie other types of solution for X (5) furnish no values of p, common to the two 
equations. It therefore seems probable that the system admits of no stationary 
states 
4 3 

We consider the two-oentre problem given by Z l = 2, Z, = 1 Since the 
equations connecting p and X will be algebraio equations, we ought to be able 
to decide definitely the existence or non-existence of stationary states 
X (5) and Y (ij) will consist of the product of e~^ or e~ A * and a terminating 
senes To find the lowest state we take n s = 0 and make — E a maximum 
The largest value of — E for which the equation for Y (tj) admits of a solu- 
tion is given by *'/ 2X = 1 This necessitates */2X = 3 We then have in 
addition two relations between X and p 
From the equation for X (?) we have 

32X*(p 1 + 2) - 4X(3,V + 16p t + 12) + p t » + 8p,* + 12p, = 0, 
where p 1 = — p — X* -f 4X 
From the tj equation we have |i -= — X* or p t - 4X 
Eliminating p 1 from these equations we have 
X = 0 

The common roots arc therefore X = 0 and X — <» Neither of these values 
gives a solution of the two-centre problem It is not possible to treat the 
general case in this manner, but it seems probable that no solutions exist 
5 From the results of the previous sections it is only possible to draw the 
conoluBion that it is not correct to treat the problem of two centres m this 
manner The question then arises what attitude we are to take towards the 
difficulty Several attempts have been made to determine the states, and we 
shall examine these 

Burrau* used the equations of § 2 1 and obtained their characteristic numbers 
by numerical integration Equation (2) presents no difficulties eithei in the 
numerical method or in the exact analytical investigation Equation (1) 
presents many difficulties from the analytical side, and is not satisfactorily 
solved in Burrau’s paper His method is to transform the equation into a 
Riooatti equation and then to solve this numerically Inhistreacmentof equation 
(1) he expands the Riooatti equation round the irregular singularity at infinity 
This expansion will m general be divergent, but nevertheless asymptotic To 
make it convergent will require an extra condition to be imposed on p Burrau 

* • K DmuIm Vid SeUkab ,* vol 7, No 14.(1027) 
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doe* not justify the use of the asymptotic senes, and it is probable that this 
invalidates his solution He obtains the experimental result for the lowest 
energy , but his equations are equivalent to those used here, and the analytical 
solutions show no results corresponding to his 

Hand* attempted to obtain qualitative information about the term spectrum 
of the two centre problem by considering the transition from infinitely distant 
nuclei to coincident nuclei To do this he considers a one-dimensional problem, 
and then generalises it to separable systems The equations of the two-centre 
problem are not of the type he considers However, he only uses these results 
to prove that, during the passage from infinitely distant nuclei to proximate 
nuclei, no terms are lost We can prove this for each of the equations (1) and 
(2) by means of their asymptotic expansions for large X The form of the 
solution of (1) is independent of the value of X, and cannot be affected by the 
transition The corresponding result for equation (2) has already been proved 
in § 4 22 When X is large the electron may be in the neighbourhood of either 
nucleus The argument in § 4 22 shows that when X is Bmall we shall have 
two characteristic functions, one even and one odd, corresponding to each 
state when X is large The states which exist for large X must be given weight 
2, as the electron has two possible orbits of equal energy round the two nuclei. 
The number of states, therefore, remains the same 

Unsbldf has obtained the energy of the normal state by a perturbation method. 
He considers a hydrogen atom perturbed by a proton and calculates the 
additional energy by successive approximations The difficulty about this 
method lies in the convergence Unsold finds that the second approximation 
is nearly twice as large as the first, and has the opposite sign Neverthe- 
less he obtains the experimental result, but does not discuss the third 
approximation 

In the previous sections we have seen that the solutions X (£) which are finite 
in 1 < 5 < 00 do not give any states of the system This is due to the fact that 
two conditions are necessary to make X (£) finite, whereas we should expect that 
only one condition is necessary We should expect the electronic motion to 
contribute two restrictions, one from each of the equations X (l) and Y (ij) We 
would then be able to quantise the nuclei by making the total energy a minimum. 
But since the electronic motion furnishes three restrictions, there are no para- 
meters available for quantising the nuclei It is also suggestive that Burrau 
has obtained good agreement with experiment by imposing only two conditions. 
* * Z f Phjndk,’ vd. 40, p 748 (1987) 
t‘Z f PhjmJk,' vd. 48, p MS (1987) 
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If we allow such a procedure we must abandon our restriction that <J> must be 
finite throughout the whole space 

In the next section we deal with wave functions which are not finite everywhere 


6 The Energy of the Normal State 

If we allow to become infinite, we have a much larger class of functions to 
deal with If ^ w to have any physical significance it seems necessary that it 
should vanish at infinity We do not, however, demand that should be finite 
at £ = 1 

Such solutions are best obtained m descending powers of the variable If we 
put 

and 

f-(i + 5)' 1 , 

then 

y(t) =r» +l -* /2A £ aj m , 

■where 

2 Amo* + {(■» + V - ft) (» - », - 1 - 4A - £) 

+ (»» + 2X) (», + 1) - |t — x - A*} 

- 2o m _ s (»« -f « 3 — l — ^)(ro - 1 - ~) = 0 (1) 

We can write this m the form 


where 



If the senes is to have a non-zero radius of convergence we must choose p so 
as to make L N m = 2 This condition can be expressed in the form of a con- 
tinued fraction 

N t = = - ». = + N.) = ^ ^ (2) 

This infini te continued fraction is convergent, and so we can use it to deter- 
mine the values of p which give a solution of the required type Although this 
solution is finite as 5 -» « along the real axis, it is not fimte at 5 = 1 The 
second approximation to N„ is 

N. = 2{l-(l-n,)/«} 
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Near £ = 1, X (5) behaves like (5 — or like log (5 — 1) and so does not 
fulfil the condition of being bounded In spite of this lack of boundedness we 
shall use this type of solution, and calculate the energy it gives for the normal 
state 

The continued fraction (2) is in the form adapted for the calculation of the 
smallest characteristic number, and on putting n s = 0 it becomes 

H-f2pX-f X 1 — 2X+(1— p) (4X+p) 

2X 

2(1— p) 8 8X(2-p>« 

(2— p)(l-4X-p)+2X— |i— 2pX-X*+ (3— p) (2-4X~p) +2X-p-2pX-X*+ 
where p — k/2X. 

We can obtain another relation for p from § 4 2 equation (2), arming out of 
the equation for Y(y )) This second relation is also in the form of an infinite 
continued fraction In this case, however, we can easily approximate to the 
roots by expressing p ns a series m powers of X* The lowest root is given by 

11 “""S X *“l36 X 4_ FT7 X ' ^ {4) 

These two expressions (3) and (4) determine p as a function of X It is possible 
to approximate to (3) by a series , but tho expansion is of little value, as the 
convergence is slow owing to the presence of the terms involving p At this 
stage it is best to adopt a numerical method If X is not too large we can obtain 
an accurate value of p from (4) and substitute this in (3) For any given value 
of X an approximate value of p can be obtained by inspection, and then the 
successive convergents of the fraction can bo calculated, and the error can be 
roughly determined By several trials p can bo calculated accurately Using 
this method a few values of p have been rather roughly computed, and the 
values obtained lie quite close to those obtained by Burrau Although these 
results do not agree entirely with Burrau’s, the agreement is sufficient to make 
it fairly certain that it is the present type of function that Burrau has used 
Burrau obtains values of E d for various values of c He then adds the nuclear 
energy e*/2c and then determines c by making this total energy a minimum 
Burrau’s method gives a value for the energy which, considering the complicated 
motion of the nuclei, is m good agreement with the experimental result We 
may therefore Bafely assume that the present method leads to the correct result 
The actual calculation has not been earned out, as it would not lead to a result 
materially different from Burrau’s, and also because does not satisfy the 
oondition of being bounded 
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It is difficult to see what the physical significance can be of a wave function 
which becomes logarithmically infinite The infinity is certainly not a very 
large one, but for Btates in which the rotational quantum number is not sero 
the wave function has a pole of order n,/2 A similar difficulty arises in the 
theory of the relativistic hydrogen atom In this problem involves a factor 
r~ k where X is a small positive constant, and 4/ is infinite at the nucleus In 
neither problem is there any obvious interpretation of the infinity. 

In conclusion I should like to thank Mr R II Fowler very much for many 
helpful discussions and criticisms 


The Band Spectrum of Water Vapour — II 
By David Jack, M A , B Sc , Assistant and Carnegie Teaching Fellow, The 
University, St Andrews 

(Communicated by 0 W Richardson, F R S — Received February 17, 1928 ) 

1 New Measurements of the Band X 5428 
In a previous communication* on the band spectrum of water vapour refer- 
ence was made to some measurements by Tanakaf on tho band 3428 The author 
has since measured and analysed this band The experimental arrangements 
were the same as for the work on tho band 2608 Two plates exposed for 
about one hour were measured, and the results showed close agreement The 
dispersion obtained, 8 0 A per millimetre, was inferior to that m the band 
2608, but the consistency of the measurements indicates that errors are unlikely 
to exceed 0 06 A , while tho probable error is considerably less Overlapping 
of lines is somewhat more troublesome in the band 3428, and consequently there 
is a slightly increased tendency to irregularities in the results 
Details of the band are given m Table I, arranged as for the band 2608 
Some fairly strong lines present on the plates are not accounted for in the table 
Comparison of the term differences in this band with those in the bands 
previously analysed shows that the initial terms are tho same for the two bands 
3428 and 3064, and the final terms are the same for the three bands 3428, 3122 
and 2875 This is in agreement with the scheme already given \ The following 
• 'Roy. Soc Proc.’A.vol 115, p 373(1927) 
t ‘ Roy 8oo Proc A, voL 108, p 594 (1925) 

X Loo ctl 



<48 


D Jack. 


■amgnipeat of vibrational quantum numbers may be made,* where n' denotes 
tfee iQitttl, and ft" the final quantum number 


V 

* \ 

0 

■ 

u 

1 

2 

3064 

2611 

2808 

3428 

3122 

2873 


The bands in any column form an n' progression, i e , a collection of bands 
m which n" is constant and n' has different values for different bands of the 
progression , the bands m any row form an n" progression 


Table I -Band X3428 



* This is an extension of the values given on p 188 of “ Molecular Spectra in Gases,’’ 
(National Research Council) 
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Table I —(continued) 





Qi(m) 





Q, («) 




I 

A(»lr) 

Hvw) 

A 

A‘ 

1 

A(air) 

*"■» 

A 

A' 

2 

6 

3473 26 

28783 3 

I- 6 0 


7 

3468 48 

28006 2 

-13 1 


a 

8 

3472 63 

28789 2 

3 t 

-2 6 


3460 06 

28893 1 

12 2 

+0 9 

4 

0 

3472 14 

28702 6 

0 0 

J ' 

7 

3461 51 

28880 9 

12 6 

-0 3 

5 

B 

3472 14 

28792 5 

- J 3 

3 3 

7 

3463 01 

28868 4 

13 3 

0 8 

" 

8 

3472 5J 

28780 2 

5 0 

2 C 

7 

3464 60 

28866 1 

13 0 

0 6 

7 

5 

3473 26 

28783 3 

0 6 

3 6 

7 

.3106 27 

28841 2 

15 4 

1 6 

8 

5 

3474 39 

28773 8 

11 6 

2 1 

0 

3488 13 

28825 8 

16 2 

0 8 

9 

6 

3476 80 

28782 2 

1 2 4 

0 8 

7 

3470 07 

28800 0 

17 1 

0 9 

10 

6 

3477 20 

28740 8 

lb 1 

3 7 

9 

3472 14 

28792 6 

20 6 

3 6 

11 

6 

3470 26 

28733 7 

21 1 

6 0 

6 

3474 62 

2877 1 9 

22 1 

1 6 

12 

6 

3481 80 

28712 0 

21 2 

0 l 

6 

3477 29 

28740 8 

23 0 

0 9 

13 

8 

3484 38 

28601 4 

23 3 

2 1 

6 

3480 08 

28726 8 

26 7 

2 7 

14 

1 

3487 21 

28608 1 

26 4 

3 1 

6 

3483 20 

28701 1 

27 3 

1 6 

16 

6 

3190 41 

28641 7 

28 7 

2 3 

1 

3486 62 

28673 8 

29 6 

2 2 

16 

6« 

3493 92 

28613 0 

20 7 

1 0 

7 

3400 10 

28644 3 

31 3 

1 8 

» 

6* 

3407 66 

28683 3 

32 7 

3 0 

On 

3493 92 

28613 0 

34 7 

3 4 

18 

4 

3001 66 

28660 6 

36 6 

2 8 

4 

3498 16 

28678 3 

36 9 

2 2 

10 

S 

3606 02 

28616 1 

38 4 

2 0 

in 

3602 68 j 

28641 4 

38 6 

1 7 

20 

8 

3610 64 

28476 7 



4 

3607 43 

28602 8 
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Table I— (continued) 



2 Moment* of Inertia 

It is important to determine as accurately as possible the moments of inertia 
of the molecular systems concerned m the emission of band spectra The 
values in the previous communication (p 383) were only relative values which 
were given to provide ready means of comparing the initial and final moments of 
inertia in all the bands These relative values were determined from term 
differences involving data on the P and Q branches, since the data on the R 
branches of the bands 3122 and 2875 are very limited and somewhat irregular 
It was pointed out, however, that the choice of F and R brandies is to be pre- 
ferred since the final Q terms differ from the final P and R terms 
There is now no doubt as to the correct assignment of the bands to form a band 
system, and since all the bands m any one progression have one moment of 
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inertia in common, it is only necessary to calculate that moment of inertia 
directly for the most intense band in the progression 
The author has decided to employ the notation of the recent report of the 
National Research Council, on “ Molecular Spectra in Gases,” which differs 
sligh tly from the notation formerly used Symbols referring to the initial 
and final states are now distinguished by one dash and two dashes respectively, 
so that equations (1) and (2) of the previous paper must bo replaced by the 
following — 


and 


P (m) — v 0 + F' (m — 1) - F" (m), m - l -* /«, ' 

Q (m) = v 0 + F' (m) — F" (m), m-* m, 

R (m) = v 0 -f- F' (i» -f- 1) — F" (m), wi + 1 -* m, _ 

P (m) — v 0 + (B' — B") m* — 2B 'm + B', 1 
Q(i») = v 0 + (B'-B")m* l 

R (m) = v 0 + (B' - B”) m a + 2B'm + B' J 


(1) 


( 2 ) 


In particular B, B\ I and I' are replaced by B', B", I' and I" 

It appears that the terms may be more accurately represented hv an 
expression of the form, 

F (m) = Bwi* + Dm 4 , 


than by the simple expression, F (m) = Bm* Further, the author has shown* 
that, in order to make the theoretical expressions fit the values of m usually 
associated with the water-vapour bands, m must be replaced by tn — J The 
terms will therefore be defined by 

F(m) = B(m-*)* + D( W -£)« (3) 

The corresponding expression for the term differences is 

F(m + 1) — F(m-l) = (4B + 8D) (m-{) + 8D (m - *)* (4) 

Following Birge, these differences will be denoted 2AF(m). The quantities 
2AF (m) are easily obtained from data on the P and R branches since, from 
equations (1), 

R (m) — P (m) = F' (w + 1) - F<m- 1) =2AF'(m), [ 

R(«-l)-P(i»-f 1) = F" (m -f- 1) — F” (in — 1) = 2 AF" (m) J (5) 


* Loe eif. 


2 u l 
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It appears from a recent paper by Kemble* that it is justifiable to use the mean 
values of 2AF(m), in conjunction with equation (4), for the determination of 
the values of B In the paper referred to, Kemble gives an explanation of the 
doublets in the spectrum of water vapour in terms of Hund’s theory of spinning 
electrons 

The components of a doublet are supposed to arise from different orientations 
of the axis of electron spin with respect to the avis of nuclear rotation Kemble 
considers two cases In case I the axis of electron spin, #, tends, for low Bpeeds 
of nuclear rotation, to set itself antiparallel to a, the component of the orbital 
angular momentum parallel to the nuclear axis , at high speeds it tends to set 
parallel toy, the resultant of the nuclear and electronic orbital angular momenta 
In case II, s tends to become oriented parallel to a for low Bpeeds, and anti- 
parallel to j for high speeds These two cases together give nse to “ normal 
doublets ” Another type of doublet, known as an “ inverted doublet,” is 
obtained when the parallel arrangement of s and a passes over to a parallel 
arrangement of s and j 

In the water-vapour doublets which are of the inverted type, Kemble obtains 
the following expression for the terms — 

F (J ) = B [(j ± »)* - o* - D ( j ± *) 4 /B ± P (P + 2*)s*/0 ±*)+ ] 

Here P denotes the constant, A/2B* 3 , A being a constant depending on the 
mutual magnetic energy of s and a, and k denotes o/« The expression repre- 
sents two sets of energy levels A pair of levels, so chosen that 

Ji + »-=Ji-» = T 

will form a natural doublet The connection between T and m is given by 
T = to — $ It should be pointed out that, here, the suffixes 1 and 2 have 
their usual significance as applied to the water-vapour doublets, whereas m 
Kemble's paper thoy have been interchanged, owing to the fact that quantities 
relating to the parallel and antiparallel arrangements of s andy are distinguished 
by the suffixes 1 and 2 respectively 

In the initial state the two values of 2 AF', (to), (» = 1, 2), are approxi- 
mately equal so that either of these quantities or their mean may be repre- 
sented by 

2 AF' (to) = (4B' + 8D') T + 8D'T» 


‘ Phys. Rev ,’ vol 30, p 387 (1827) 
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The mean values of the final term differences are given by a similar expression, 
namely, 

2 AF" (m) = (4B" + 8D") T \- 8D'"F», 

and, since T = m — these expressions are prec isely the same as equation (4) 
The writer calculated the values of B and D in equation (4) by the method of 
least squares This was done for the leading band of each progression, using 
all the available data on the band ui question The results, which have been 
checked by a graphical method arc given in Table II in wave-numlier units 
The quantities m brackets have l>een obtained indirectly from the data on other 
bands The table also includes the values of the moments of inertia, I, in units 
10 -40 gm cm* obtained from the values of B, taking 

h — 6 557 X 10 - * 7 erg sec and c — 2 9986 x 10 10 c m /sec 

Table II 


Band | 

F | 

j D' 

1 j 

r i 

1)' j 

r 

3064 

10 904 

-0 0020 

1 033 

18 479 

-0 0018 

1 408 

2811 

10 101 

-0 0018 

1 720 

(18 479) 


(1 498) 

2008 

18 233 

-0 0018 

1 818 

(18 479) 


(1 498) 

3428 

(10 904) 


(1 033) 

17 775 

-0 0017 

1 058 

3122 

(10 101) 


(1 720) 

(17 775) 


(l 558) 

2870 

(10 233) 


(1 818) 

(17 770) 


(l 558) 


Kemble gives values of B and D calculated from data for the lines of the band 
2811 from m — 16 to 20, as follows — 

B' = 16 12(5), P' = - 0 0020, 

B" ^ 18 47, D" — — 0 00177 

The results in Table II, for the band 2811, are in good agreement with Kemble’s 
The values of I for the state of no vibration are of special interest in con- 
nection with the structure of the emitter These values which are denoted 
I' 0 and I" 0 , are the values of I' and I" for the band 3064, viz , I' 0 = 1 633, 
I" 0 = 1 498 The result for I" 0 differs appreciably from that given by Birge 
in the report on “ Molecular Spectra in Gases,’’ p 232 In a private com- 
munication Prof Birge has requested the writer to state tint the value given by 
bun is incorrect owing to an accidental error, and that he now accepts I" 0 = 1 50 
The author’s values of the moments of inertia give for r 0 , the nuclear separation, 
r' 0 — 1 022 X 10 cm , and r'\ = 0 979 x 10~ 8 cm m the case of the OH 



654 


C G Darwin. 


Summary 

New measurements have been made of the band 3428 and the results of the 
analysis of the band are given in Table I The band corresponds to the tran- 
sition 0 -*• 1 of the vibrational quantum number. 

Moments of inertia which arc believed to be accurate are given for all the 
bands, to replace the relative values in a previous communication The values 
for the vibrationless state are, I' 0 = 1 633, 1" 0 = 1 498, in units 10 -<o gm cm* 
The corresponding nuclear separations are, r' 0 =-1 022 X 10 -8 cm , and 
r" 0 = 0 979 x 10" 8 cm in the case of the OH ion 

The author wishes to express his thanks to Prof H Stanley Allen for the 
interest he has shown in the work, and for his many helpful suggestions, and 
also to Prof Birge for his kindly criticisms 


The Wave Equations of the Electron 
By Prof C G Dabwin, F R S 
(Received March 6, 1928 ) 

1 In a recent paper Dirac* has brilliantly removed the defects before existing 
in the mechanics of the electron, and has shown how the phenomena usually 
called the ‘ ‘ spinning electron ’ ’ fit into place in the complete theory He applies 
to he problem the method of g-numbers and, using non-commutative algebra, 
exhibits the properties of a free electron, and of an electron m a central field 
of electric force In a second paperf he also discusses the rules of combination 
and the Zeeman effect There are probably readers who will share the present 
wnter’s feeling that the methods of non-commutative algebra are harder to 
follow, and certainly much more difficult to invent, than are operations of types 
long familiar to analysis Wherever it is possible to do so, it is surely better to 
present the theory in a mathematical form that dates from the time of Laplace 
and Legendre, if only because the details of the calculus have been so much 
more thoroughly explored So the object of the present work is to take Dirac’s 
system and treat it by the ordinary methods of wave calculus The chief 

* ‘ Roy Soe Proc A. vol 117, p 010 (1928) 
t ‘ Roy Soc Proc A, vol 118, p 351 (1928) 




655 


Wave Equations of Electron 


point of interest is perhaps the solution of the problem of the central field, 
which can be earned out exactly and leadB to Sommerfeld’s original formula for 
the hydrogen levels But it is also of some interest to exhibit the relationship 
of the new theory to the previous equations which were derived empirically 
by the present writer * It appears that those equations were an approximation 
to the new ones, derived by an approximate elimination of two of Dirac's 
four wave functions We shall also review a few other points connected with 
the free electron, the emission of radiation from an atom and its magnetic 
moment, and shall outline a discussion of the Zeeman effect 
2 Dirac’s guiding principle is that the “ Hamiltonian equation ” must b< 
linear, and he adopts the form 



V and A being scalar and vector potentials , while a t a< are four four-rowed 
matrices obeying the rules 

K f * == 1, aim -f- «ia, = 0. 

The k’s are capable of an indefinite number of forms, and he gives rules for 
forming one set (though he does not write them out) The four-rowed matrices 
imply four wave functions which satisfy the simultaneous equations 


(Po + mo) ^ + ( Pl - 1 p t ) <|i 4 + ft+3 = 0 
(Po + mc) t|/, + (p, + tp s ) i[i s - jv|i 4 « 0 
(p 0 -me) ( Pl - *p,) <|i, + p ; 3 <{<i = 0 

(Po — mo) +4 + ( Pi + » Pi) = 0 


We shall take these, then, as our fundamental equations and discuss their 
solution, employing only the ordinary methods of differential equations 
The equations are very unsymmetneal, and it is, of course, necessary first to 
show that they can be restored to their original form when axes are changed or 
a relativity transformation is applied The general formate are complicated 
(being best expressed by four-dimensional Cayley parameters), but it is sufficient 
to verify the result for certain simpler transformations which can be imagined 
• • Nature, 1 vol 119, p 282 (1027) , ‘ Roy Soc Proc A, vol llfl, p 227 (1927) 
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applied successively This is so straightforward that we need merely give the 
results 

(1) Relativity transformation 

* = x\ y = 

z = z' cosh p + d! smh p, 
cl — cl' <osh p + z' smh p 
The equations are restored to their original form by 

V — cosh "| + "| . 

= <l/ 9 cosh-| - ^sinh -|, 

4/ 3 ' = <J, s cosh-| + ^,mnh-| , 

({// = i|i 4 cosh — i|> 2 sinh 

(2) Rotation about z 

x = *' cos « — y' sm a, 
y - y' cos a + *' sin a, 

*•=«', t = t' 

Then 

4»i' = 4V - <ali , W — W mli , <[ 4 ' = Ul * 

(3) Rotation about y 

z — z' cos a — a;' sin a, 
x = x' cos a + z' sm a, 

y = y'. < = 

W = 4'i« >8 f + +a 8in f > 

W = +|00»f - 4'i 8m f. 

W - Is 008 ! ■+ 4** Bm ^ » 

<J/ 4 ' = 4*»oos|-- <|-3 8in| 

These three transformations can build a group which represents any relativity 
transformation, and so the invariance is proved 
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It is of some interest to consider this invariance a httle further The whole 
theory of general relativity is baaed on the idea of invariance of form, and here 
we have a system invariant in fact but not m form Should it not be possible 
to give it formal invariance as well, and would not that lie the right way to 
express our equations ? It is so possible, but it is not hard to show that it 
requires no less than 16 quantities to do it,* viz , two scalars, two four-vectors 
and one six-vector, and even so each will have a real and imaginary part, so 
that we may say that 32 quantities are required 1 It seems quite preposterous 
to think that a single electron should require 32 equations to express its 
behaviour, and, moreover, these 32 will involve a large number of arbitrary 
inter-relations of no influence on the four quantities which are actually sufficient 
to describe it Now the relativity theory is based on nothing but the idea of 
invanance, and develops from it the conception of tensors as a matter of 
necessity , and it is rather disconcerting to find that apparently something has 
slipped through the net f so that physical quantities exist which it would be, 
to say the least, very artificial and inconvenient to express as tensors It does 
not seem possible to make anything further out of the matter until it has 
developed more, and wo shall bo content with one observation Unlike the 
electromagnetic equations, our wave equations are homogeneous, so that there 
is no external quantity, like the electric current, etc , which could, so to speak, 
anchor them down m form to a definite set of directions Now, there ought to 
be something of the kind because of the electromagnetic field of the electron, 
which in classical theory is made responsible for its mass So we may perhaps 
conclude that it is not to be expected that our equations will attain a final 
form until the terms m me are eliminated, that is, until we know how to do m 
the quantum theory a calculation like that which gives electromagnetic mass in 
the classical 

In my earlier paper a similar question arose and was much more easily re- 
solved In that work there were only two functions instead of the four here, 
and it waa an easy matter to throw them into space-vertor form, though it 
involved having four equations instead of two with a corresponding arbitrariness 

* We can express the equations as a group of 10 in 

Hi + M's + Hi + Hi. b + y*i 1 H etc > 

with apyS arbitrary oonstanta and can throw these into tensor form 

f Our equations (2 2) do not, of oourse, include gravitation, and this may be the hole in 
the net But if gravitation were included, we should presumably be forced to introduce 
the tensor form, involving 16 oomplex or 32 real quantities, and this does not seem physically 
very plausible 
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in the solution It appeared reasonable to make the step from two to four, and 
so to gam the advantage of vector notation, but to expand from four to sixteen 
is a different matter, and suggests that even in the simpler case the expansion 
is rather artificial Nevertheless, it is not without interest to exhibit Dirac’s 
equations m the form of space- vectors, without bringing m the time aB part of 
the vectonal system This can be done by a method similar to the substitution 
(5 1) of my paper Take two vectors X, Y and two scalars X 0 , Y 0 , and wnte 
Pi, p t , p a as a vector p The equations 

(Po + wc) Y 0 — (p, X) 

(p 0 4 me) Y — p X 0 = [p, X] 

(p 0 - me) X 0 = (p, Y) 

(p 0 -jnc)X-p Y 0 = — [p, Y] 

can be combined together in pairs according to either of the followin g alterna- 
tive schemes so as to give Dirac’s equations — 

4i.-Y.-iY. 1 Y. + »Y, "1 

+, = Y. + .V, fc-Y. + *. 

4* = tx a - x 0 i|/ 3 = — tx x — x a I 

4i*-»x 1 -x a J +4 = *x s + x 0 J 

So we might regard (2 3) as the primitive equations giving Dirac’s twice over 

Now the operation p l — -j- - may be likened to a “ covariant differ- 

ent cx c 

entiation ” (say, by the introduction of a fifth dimension m the ma m w of 
Klein*), and in this sense [p, X] may be called curl X and (p, X), dtv X In the 
same sense p 0 is a time differentiation, and wo see that (2 3) bear a rather striking 
resemblance to the electromagnetic equations with X and Y for E and H, and 
x 0 , Y 0 playing a role akin to electric and magnetic density It does not seem 
possible to push this rather loose analogy farther at present, and again we have 
a hint as to the reason, because there is no electromagnetic analogue to the terms 
m me , and this will only be supplied when we know how to calculate electro- 
magnetic mass in the quantum theory 

3 The equations (2 2) are sufficient to deter min e the levels of any system , 
but that is not enough, for we also require to know the rules of combination, 
and for this we must have thp extension of the “ electric density ” of Schro- 
dinger’s theory to the present case In order to find the radiation of an atom 
• Klein, * Z f Phyuk,’ vol 37, p 806 (1926) 
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we combine atom and radiation field into a single system, expressing the 
equations all together most conveniently by means of a variational principle 
The variational function is easy to construct Multiply the equations (2 2) 
by $M> §<{'»*> &M- &M respectively and add them together Add on their 
conjugates and integrate over all space and time Integrating by parts, this 
can bo written as the variation of a single function To this we must add 

~ (H* — E a ), integrated over space and time, in order to give the dynamical 

effect of the radiation Then, if we express H and E m terms of the potentials, 
and vary V and the A’s as well as the tji’s and ^*’s, we shall obtain equations 
for V and the A’s as well as (2 2) and their conjugates, and shall thus have the 
radiation completely linked with the material motion In carrying out this 
process one point is to bo noticed The equations (2 2) are homogeneous and 
so do not fix the magnitudes of the iji’s The equation for V is not so, but 
determines V as proportional to a quadratic expression m the <]/b We naturally 
adjust this by normalising the <J>’s so that the total charge shall bo — e, the 
charge of an electron It is more convenient to normalise the iji’s to unity, 
and therefore the terms (H* — E a ) must be multiplied by a suitable con- 
stant To save writing out many formul® twice, we shall anticipate the 
knowledge of this constant , it is — 1/c Proceeding in this way we arrive at 
the variational function 

+ ^ 8 *(“ o it + (<5 “ 1 ft) + JW 

+v(-;^+S+‘5) fc -sfc)] + t fc TSX 

+ »«> (Mi* + Mi* - Ma* ~ M**) + ~ s Ma* 

+ ^ (Mto + MM + MM + MM 
+ (- »M*M + »M*M - *M*M + »M*M) 

+^(M*M- M*M + M*M - MM 

-SsH A >‘-(7l +glriv )‘]} « S1 > 
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If we vary this function it ib easy to see that we obtain (2 2) and their con- 
jugates and also 


-^□V = eZ<l> A *<J, A 

-p □ A x = - <* + 4 , a*4'a + 'I's*'!'* + 

m 


(3 2) 


. - 3 s , 3* .3* 13* 

etc , where □ signifies ^ ^ ^ ^ 


We conclude that the electro- 


magnetic effect of the electron can be represented by taking density p and current 
densities where 

p = - e (V'i'i + + 4««*W 

Jl — ce (<l'l*'W + +i*+s + 'I's*'!'* + +«* W 

J t = 0e(- fl'l*<l»4 + »+8*'ll8-43* , }'* + »'ll**W 

h = ce (+1*^3- + +3*ll - +4*+*) 

provided that the <J/s are normalised by the rule 

jjj S W K *dxdydz = 1 (3 4) 

Since S is invanant for relativity transformations, p and j will be covariant for 
such transformations, and this can also be easily verified by applying the 
transformations of § 2 in turn 

It should lie observed that p and j satisfy the equation of continuity 

7^ + divj = 0, (3 5) 



as may be directly verified with the use of (2 2) That (3 5) should be verified 
is in a sense the starting point of Dirao’s argument For if it had not been so 
spontaneously, we should have been compelled to force it by introducing 

into S a term + grad k'j F with F undetermined The result would 

give extra terms m p and j involving ^ and grad F, and the condition 
1 3V 

— + grad A = 0 would then fix F In general it would involve y and A, and 

therefore p andj would do so too It Was the presence of such terms in Klem’st 
t ‘ Z f Physik,’ vol 41, p 407 (1027) 
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evaluation of density and current that was objectionable and that led Dirac 
to his new equations 

To complete the rules for calculating intensities we have to break up p and 
j into terms corresponding to pairs of states This can be done m the manner 
of Klein, but perhaps the following picture, though very incomplete,! may 
make the process clearer, and may show under what conditions we expect to 
get line spectra with definite intensities , it is applicable to any system Imagine 
that we have an assembly of atoms in an enclosure The equations (2 2) and 
(3 2), together with appropriate boundary conditions, will describe the state of 
affairs Thermal equilibrium will be produced, with the accompanying black 
radiation, and the equations will be quite insoluble, because m solving (2 2) 
the electromagnetic fields, themselves determined by (2 2), will not be small 
At any instant of time wo can imagine the state expressed by an expansion m 
proper functions, and the average values of the coefficients will be determined 
by the appropriate statistics— in particular, states of nearly equal energy will 
have equal average coefficients Now if the enclosing barrier is suddenly 
removed, the radiation before present will spread away with the speed of 
light and the matter will be left only under the influence of any existing 
permanent electromagnetic forces The problem is now soluble by approxi 
mations, first solving (2 2) for the ip’s, neglecting the radiation, and then 
substituting the values found in (3 2) to give the radiation If w 

initially £ o,ipA P , the first process gives ip* = E o p ip/ e 1 * Wr< Next we form 

p p 

V V V *.»!«, i S ’(W,-W,)t 

p = 2 2 2 a p a < *ip A r ipA W ' c * 

f t A“1 

and similar values for the ;’s Substituting these in (3 2) we can evaluate the 
electric force at a distant point, and it will evidently consist of a sum of period i< 
terms corresponding to the spectrum lines given by The process is 

exactly that introduced by Klein, only a little more definite in that no appeal is 
made to the correspondence principle 

i We shall next exhibit the relationship of Dirac’s equations to previous 
theories, and shall show that the latter are successive approximations to (2 2) 
The guiding principle m this is the fact that of the four ip’s, ip 3 and <p« are very 
much larger than ip t , ip 3 , since this leads to a method of approximation We 
shall treat of the ease of the stationary states of an electron in an atom 
The first approximation leads to Schrodmger’s equation in both ip 3 and <p< 
f The incompleteness lie* chiefly m the feet that no distinction is made between one atom 
and many atoms 
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independently , but in doing this it must not be forgotten that that equation is 
not even approximately right as far as concerns the effects of magnetic fields 

We must therefore restrict ourselves to equations in which Pi = ^^ e without 


a vector potential, so that p x p t = p^p v etc Starting with complete neglect 
of (^i> we see that t|/ 3 , and therefore ^ 1( 4*a a ^ 8 °> are proportional to 


Hence (p 0 + mo) ^ is nearly equal to 2m0ty lt and so we take 


Substituting in the third equation we get 

\ c 2m e '2m/ 2mo ™ 


The same equation holds for so that we simply have Schrodinger’s equation 
twice over 

In the second approximation, following Dirac’s § 4, we form exact second order 
equations m (Ji 3 , and from these we eliminate vpi <|»t by means of (4 1) In 
(2 2) operate the third equation by (mo + p 0 ), the second by — (j> x — %p t ), 
the first by — p 3 and add We have 


_ A 1 3 eA, _ h 3 «V _ e A „ 

PoPi PiPo 2m c dl c 2m 9 j to c 2m il> 


PiPt—PtPi = 


h 0 cA| h 0 e h g 

2m dx o 2m 3y c o 2m *’ 


and using these and similar relations we get 
[- mV + p,‘ - pf - p,< - ft -J i- H,] fa -5 i (H, - .HJ fa 




Now substitute for ^ | 3 from (4 1) Those equations ought now to contain 
terms involving the A’s, but, as they are to be multiplied by E’s, these may 
be neglected We have 

(B-jH.Jfa-SO.- •H.)fa + ^{(B,4+1*4+E4)fa 

+ .(E, | - E,^) fa +(E,^-E,|)fa+.(B,^-E 1 | t )fa} = 0, 

(4 2) 
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where D *= y— J ( — mV + p 0 * — p^ — p a * — p, 1 ) is the same quantity as m 
my paper Similarly 

( D +fH,)+«-^( H >+* H »'+*+^( (E 4+ E 4+ ]s 4)+* 

+ E, ? - E, | ) -(».£- E , |) fc - . (K‘ ^ E* j = 0 

Apart from the terms in 

phe 4 + e 4 +e 4 


(4 3) 
(4 4) 


these are identical with the equations of my paper, provided that wo identify 
4» a with/, with — g The extra terms m P rectify one of the earlier defects, 
for with my equations the s-levels of hydrogen fell m the wrong place though 
all others were correct Now when the approximative method is used, the new 

terms affect the levels by an amount depending on j /(r)[P /(r)]r*dr and for 
hydrogen E 1 = ex/r 3 so that P — ~xT an d the integral depends on [/(0)1* 


Since /( 0) vanishes unless k = 0, all levels other than s-levels are unaffected, 
and a more detaded calculation shows that the s-levels now fall in the right 
place 

The formula for intensities are also the same to a first approximation, because 

4 

to this degree ff* -f gg* is the same as £ It is of more interest to 

consider the formulae for magnetic moment For this we take all the i|»’s m 
(8 3) as belonging to a single state, so that the time disappears and we have 

dtv j — 0 With this condition and the condition dx dy di = 0 (which 

holds because there is no progressive current m a stationary atom) tho 
magnetic moment can be Been ,to have as first component 

^=^ 111 ( 108 - 92 )*:^^ 

Substitute (4 1) in (3 3) so as to obtain the approximations for j t , j s After 
some partial integrations we find 

(>. + WW - +,'R.+. - +.%« 

— + +,*«] dz dy i it, (4 5) 
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3 0 

where R t = y w z g- This is the valuef given before, when we replace 

+3. hy / and — g Similar methods apply for the other components A 
cyclic change gives the first terms, and the last are 

- * (+3+4* — +a* + 4 ) and + (+4+4* — + 3 + 3 *) ( 4 6) 


respectively for (i g and p 3 

Dirac’s success in finding the accurate equations shows the great superiority 
of principle over the previous empirical method, but it is perhaps not without 
interest (at any rate to the present writer, who had projected but not begun such 
work) to consider whether the empirical method could have led by way of 
improved approximations to the accurate result The most critical step in 
doing so had been made, though not quite rightly and for a wrong reason, in 
the replacement of 'line by a time differential (it had been replaced by 


2m ( 3/ 


whereas only half should have been treated in thiB way) There also seemed 
nothing to prevent carrying out a higher approximation so as to make the 
hydrogen levels fall more exactly together A further guide lay m the fact that 
the electric current must be a more primitive thing than the magnetic moment, 
and when the current is deduced from (4 5), (4 6), it has certain complicated 
small terms admitting of modification On the other hand, the absence of the 
termB (4 4) would have caused trouble On the whole, it seems not impossible 
that one might with much labour have arrived at some sort of eliminant of 
Dirac’s equations Fortunately, he has made such work unnecessary 
5 The free motion of an electron calls for comment In the equations (2 2) 
we now omit V and A altogether Assume as solution 

+* = Qk exp 1 j- (px + qy + rz — W<), 

and on substituting we have a determinant which reduces to 
(W* - m*o* - f — — r»)« = 0 


f In f 0 of my paper, by a blunder I took the magnetic moment as ~ instead of — 

The expression* (6 7) there for the components of p should have their signs changed Those 
expressions oan be written in terms of/, g by substituting X, = /, X, = »/, X, = g,X t — tg. 
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We must therefore take W = + p* -f g* + r 1 }, which we shall call 

W*, for short We can take a„ a 4 as arbitrary, say, A, B, and then have 
Ar + B (p - tg) A (p ± tq) - Br 

1 fnc + W w 1 * me + W w 

From these we find that p and j are proportional to |A!* + |B|*, and thafcj u 
a vector along p q r 

An important point now arises if we consider the problem from the point of 
view raised m a recent paper f The motion of the electron is there regarded 
as a pure wave problem, the solution consisting in finding the way in whioh given 
arbitrary initial conditions are propagated Suppose that we have arbitrary 
initial values of all four tp’s at every point of space. We can submit them to 
Fourier analysis and have 

^ = !<**(?, q, r) exp »^(jw + qy + rz) dpdqdr. 

The o*s will have arbitrary values, but this is impossible since we have just 
seen that a v a t are determinate in terms of a», a* There can hardly be a ques- 
tion that a complete theory will overcome this difficulty by admitting negative 
values of W, but we are evidently m contact with the question raised by Dirao 
in his 1 1, connected with the possible changes of e into —e At present this 
is unsolved, so we must be content to say that we are not entitled to assume 
completely arbitrary initial conditions, but may only take two of the four 
functions arbitrary 

To understand the physical meaning of the equations in free spaoe, we want 
to be able to associate a given solution with the rectilinear motion of an electron 
with magnetic moment m a given direction As long as wo only deal with 
solutions of type (5 1) nothing can be said about the magnetio moment, because 
the waves fill all space uniformly and there is, therefore, no distant point left 
from which to observe it. In order to get a magnetio moment we must con- 
struct a wave packet We may, for instanoe, assume that initially and i|f 4 

contain a factor exp — (as* + y* + **). These will fix <|q, <J< a , and it is lmpor- 
2o" 

taut to observe that in consequence of the differential inter-relation between 
them, the ratio of ^ will vary in the different parts of the packet, so that 
the current/ will np longer be everywhere straight along the mam direction of 
wave motion, and a magnetio moment becomes possible The complete solu- 
tion can be set down in Fourier integrals, but it does not seem possible to 
t ‘ Roy. Boo Proo »’ A, voL 117, p. 268 (1W7) 
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work them out It » therefore simpler to recur to the approximation of § 4 , 
which shows that coefficients A and B for t|/ 3 , <J/« will be associated with various 
moments By consideration of the last term m (4 5), (4 8), we see that if A, 
B are respectively proportional to (1 — n) and (— l — im) we shall have 
magnetic moment along the direction l m n For high speeds of motion the 
approximation would fail, but so would the idea of magnetic moment 

The same approximate method is adequate for the case of motion in a magnetic 
held and for the Stem Gerlach effect For the case of a uniform field it is 
possible to find accurate solutions of the equations, but they correspond to a 
quantised circular motion, and are not of much mtereet, as they need to be 
combined into wave packets if any close relationship is to be seen with the 
velocity of the electron 

6 We now consider the energy levels for an electron in a central field, and in 
particular for hydrogen Before proceeding to the solution, it will be well to 
discuss the question of the nomenclature of the various quantum states Dirac 
points out that angular momentum is no longer an integral of the motion, but 
finds a modified integral of a Bimilar type He thus suppresses the use of k 
and uses a quantum number j With the method of solution which we shall 
be using the dynamical meaning of quantum numbers goes very much into the 
background, and we are left only with integers defining the orders of spherical 
harmonics and other functions entering the solution. From this point of view 
the quantum number is only a convenient name associated with those functions 
— for example the quantum number m was adopted as u + § in the earlier 
theory because a certain solution involved PJ and PJ +1 The fact that there 
exists a dynamical integral is then largely irrelevant— under special circum- 
stances it might help in guessing a solution, but usually it merely reduces to 
an identity m the properties of a function found in some other way 

In view of these considerations, I have oonohided, with some hesitation, that 
it is more convenient not to alter the notation in the way done by Dirac The 
quantum numbers k, j, m retain their old olaaaificatoxy, but not their dynamical 
significance , m this way any line of a spectrum can be described by the same 
numbers as were used before and doublets are classified like other muMaplets. 
To define them more precisely we take ffl as given by Landl’s (/-formula, and j 
as the maximum positive value of «. For doublets it is therefore a half-number, 
and * may be either of the adjacent integers We shall, in fact, see that every 
solution involves four different spherical harmonics, PJ, PJ +1 , PJ +1 , PJft and 
j and m are simply the averages of subscripts and of superscripts respectively. 
k, which is the subscript of <|i t , has not the same symmetrical p r operty as j 
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and m, bat is called a quantum number because it defines the rule of com* 
bmation of levels and of the Zeeman effect We adopt for it the numeration 
0, 1, 2, , not 1, 2, 3, , as this has proved most convenient in spectroscopy. 

In Dirac’s new notation j can take on negative values, and it is at first sight 
tempting to follow this change It would not be hard to invent negative 
spherical harmonica P % which would make it possible to write all the solu- 
tions m a single form, but it would lead to httle simplification For his,; values 
do not run right through from positive to negative , they miss the value zero 
and it would be necessary to study combinations of like and of unlike signs 
separately, and this can be done just as well with only positive values and a 
second number k acting as a sort of plus or minus sign. Moreover, as we shall 
see, we can take full advantage of Dirac’s method m discussing the radial func- 
tions The following scheme shows the relationship between the values used 
here and by Dirac — 




‘ 
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7 In order to solve for the levels in a radial field of force, we putp 0 = — + — 

o o 

where V depends only on the radius, and we omit the vector potentials The 
equations (2 2) now become — 

2ra 

h 


(Wi£V + mo S )^ + «j, 4 +| 2 4, = ° 

? ( W ±^ + ww ),, + ( a + ^), 8 _^ 4 = 0 


+ eY 




( 71 ) 


Following previous methods we try to express the four functions as spherical 
harmonics multiplied by radial functions. 

We may first conveniently give certain formulae for spherical harmonics 

2x2 



that ace easily proved. We abbreviate the notation by writing PJ for the 
whole harmonic, thus 

which exists for any positive integral value of k and for any integral value of u 
between ± k inclusive Then, if / is any function of the radius we have — 

1 

—{k—u)(k — u — l)(j£+ ^/)P8±i} 

5+i{ _ ©“r / ) PC! . . 

+(*+«)(*+«— i)^+*±i/)ps;i} 

We may note that these formula automatically look after “ end effects ” , thus, 
if we apply the first or third to PJ the factor (h — u) in the second term outs 
out the terms m PJ±}, PJ +1 , functions which do not exist 
Consider how these relations will work in (7 1) We try to get a solution m 
which at least one of the t^’s only involves a single sphenoa! harmomo Suppose 
that ip, is proportional to PJ Then the third equation of (7 1) tells us that 

terms from ^ and ^ — t i|j, must cancel out with this, and any other 

terms they give must cancel out together It follows that <{/ t must involve 
the name function of r, and must either be of the forms £»+i> £»ti> OT P»-i* 
Pjt}. A similar argument then shows that i|i 4 must involve r in the same way 
as <1* and must have spherical function PJ +1 . We therefore take as trial 
solution 

+ 1 “ — F (r) Pj+x, » - to, 7 (r) PjJJ, 


* «s W 


+4 “ G(r) P» +1 


(the factor — « is introduced in t}^, <{/, to make F real) We then find that the 
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a’a can be adjusted so that all four equations are satisfied. For example, the 
first equation gives 


fc(Wj^ +me ) 0iFP . ti 

+ 2 Tfi f r(f“; Q ) P! « +< * + “ + 1 ' ( ‘+“ ) (f +i - 7 lQ ) P! -‘} 


2*4-1 


; {(^-*o)P!..+ ( H«K»-«)(“+ i ± i 8)p!. 1 ] -0 (73) 


If, then, we take a* (jfc 4- u 4- 1) 4- a, (Jfc — u) = 0, the terms in PJ_ t cancel 
In the second equation, the same ratio makes the coefficient of disappear 
From the other two equations we find similarly o l = a, , the ratio a* * a, is 
immaterial as it may be incorporated m F G We thus find as the complete 
solution 

4»i = — iFkPS+t, = 

+. = (* + « + 1) 0,-ps. !« = (-* 4- m) Q t p; +1 

where F fa G* satisfy the relations 



| ( w±iZ + *) F + f-ia 

_|^_ TO ) Q + f + i±2 F 


(7 5) 


This solution we name (*, j = h 4- J, m =* u 4- i) 

A similar process gives a different solution if we make the first instead of the 
second terms in (7 3) cut out We now have ^ involving PJ_ t instead of PJ +X . 
F and G must then satisfy 

-S(E±a _,) 0 + fE_»=iF.o^ <?6 ’ 

h ' c 'dr r J 

We can regard these equations as the same as (7 6) by ohanging Jfc into Jfc — 1 , 

so we wnte the solution F_*_ x , G_*_i Then we have 

+i --*(* + «) P-*-iPS-i, +,«-*(- V+ « + 1; F-wR+il 

\ (7.7) 

4», = G_*_iPS 4»* - G_»_iP} +1 J 

This solution we name (Jfc, j = Jfc — J, m = u 4- 1) We see m the subscripts 
of 7 and G the point of Dirao’s method of allowing j to be negative. The 
equations (7 5) and (7 6) are substantially his equations at the foot of p. 622. 
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We have not justified the use of k as a quantum number, and this cannot 
be done until we study mtercombm&tions , but anticipating this we may now 
count up the number of solutions and see that it is right for doublet spectra. 
In order to do this we must see what end cases are admissible Take the first 
type of solution (7 4) If u — k, ^ = 0 on account of the factor (— k + u), 
and so in substituting in (7 1) we shall not be led astray by applying (7 2) to 
the impermissible function P$ +1 On the other hand, if we take u =* h -f 1, 
we get a function <{/„ but none of the others, and so evidently no solution 
Similarly, at the other end we may take « = — k — 1 (involving '('a = 0) but 
not u =b — k — 2 In all there will be 2h + 2 solutions. In the second type 
(7 7) we see in the same way that we may take u between — k and k — 1 
inclusive and so get 2 k solutions In both cases there are therefore 2jj -f 1 
solutions, as there should be In the special case k = 0 there are only two 
solutions of the first type, and none of the second 

We have thus found by trial a system of solutions of our equations, and the 
important question arises as to whether it is a oomplete set. Can we simultane- 
ously expand four arbitrary functions i^i <]/< m terms of the solutions (7 4) 
and (7 7) * The full consideration would require a discussion of the radial 
functions including the quasi-hyperbohc case, which we shall not attempt , 
for even without'it we can Bee that we have only half as many proper functions 
as are required. Taking an arbitrary radius we may expand the four given 
functions m spherical harmonica over the sphere The kth harmonic will 
thus have 4 (2k + 1) coefficients, all arbitrary , whereas we have seen that 
there are only 2k + 2 + 2k proper functions with <]>, and <J>t of orderf k. The 
incompleteness is evidently the same thing as was pointed out m § 5. To get 
a oomplete set we must double the number of solutions by admitting negative 
values of the energy, and we have at present little idea of what this means 

8. We now discuss the radial functions (7 5) In the case where the radial 
force is arbitrary we can proceed by approximation based on the fact that F is 
much smaller than G But the process would run very closely parallel to 
that of Dirac (p 623) and we need not give it. We may only note that the null 
approximation gives Schrodinger’s equation for G, and the next breaks it into 

flf we start at the sero order and work up, determining each term as we go, the oounting 
is a little different. For example, aay that the expansion of the f's only ooataina sen and 
first order harmonios. Then we have 2 + 2 = 4 relations to fit to 4 (1 + 8) «* 10 arbitrary 
quantities If the seoond order is inolnded as well, we have 2 + 2 + 4 + 4 -» 12 relations 
for 4 (1 + 3 + 5) ■* 36 quantities In an infinite series, of course, the exact counting does 
not matter i the tiro seqoanoes approximate to ths ratio 1 : 2. 
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two terms depending os parameters k and — k — 1, m foot, the ordinary doublet 


We shall therefore proceed to find the accurate solution for the case of 
hydrogen. We take V = ejr and it is convenient to introduce certain auxiliary 
symbols Take 

< 81 > 

with A and B both positive, and write as usual for the “ fine structure con- 
stant ” 

2 roe* /n 0 . 


and the equations (7.5) become 


( A . + i) P + £_ia = o 
(b’-JC)g + ^ + £±J5f - o 


We solve these in senes of the form 

p = *-*{■** + •/"* + + }| 

G = e~"{b 0 t* + V *” 1 + V* + }l* 

Substitute and equate to zero the various terms We have 


A^ + Y«o-M 1 + (|J-*)ho = 0 J (f* + * + 2)o 0 =0, 


A\» l+J -h«,~X6 <+1 +(p-*-#)6, = 0 1 m t+1 -yb,- Xo, +1 +((J+*+2-*)a. . 0 

The first pair determine X = AB , we must take the positive solution to make 
F, G finite at infinity We also have b 0 /o Q = A/B Substituting in the next 
pair, we find that both ^ b t can be eliminated simultaneously We get the 
indicial equation 

p =- l+lf w (88) 

A similar elunmation of o, +1 , 6 I+1 can be earned out and we have 

Ao.(p + * + 2-«+Y|) + B6.(p-*— y|)=»0, 
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from which we may substitute 

= o$ [y j + P + k + 2 — * J 1 

> (§ 8 ) 

°* =c * iki- i+ k+, \ J 

and can now form a difference equation for c. This reduces to 
AB (2*4-2) c, +1 = -c, {(«-{!- 1)* - [(ifc + D* - Y*]} 

Writing V(A + 1)* — y* = V (supposed positive) wo have 

2AB(s + l)o„. 1 = -o.(p + l- S -i')(P + l-» + n 

and so 

■ (p-y + i) ( p-y) ( [)-r-,+2)([H-*-+l)([H-*') (p+V-,+3) 

• ' ’ V 1 1 (AB)* ' ’ 

The senes for F and G are composed of terms of this type each multiplied by a 
factor given by (8 6) If the solution is to be finite throughout space it is 
neoessary that these senes should terminate for some value of » such that 
(J — » > 0 It is therefore necessary that (3 => V + n' — 1, where v! is aero or 
a positive integer This condition determines the energy levels For we 
have 

u , , A* — B* W 

+ n ~ Y 2AB ** — W 1 }’ 

and so 

— < 88 » 

This is exactly the onginal Sommerfeld expression for the energy levels of 
hydrogen. The only differenoe ib that our k may take the value zero, so that 
the formula now involves -f 1)* — y*}> 

The process of solution has at no stage made use of the fact that k is positive, 
and we conclude that the same solution will hold for (7 6) provided that we 
write — k — 1 for Jfe In this case then fc' = — y*), and we see how the 

two Jfc levels split If we company’s instead of i’s we must take i + 1 for the 
seoond solution, and the levels foil exactly together. In the case k =» 0 there 
u no seoond solution and no corresponding radial function for It «■ — 1, 
as (8.7) will not then factorise into real factorials, so that the senes cannot 
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We may now express the proper functions in terms of the quantum numbers. 
We make me of the auxiliary quantities 

+ H - v'ft*' + n? + y»} 

and 

2nmoy __ 47^ffle* _ 1 
h ~~ A* ~ a 

Then a is the *' radius of the first hydrogen orbit ” and N is approximately the 
total quantum number, oounting 1, 2, 3, for the hydrogen levels We then 
have 

W = ow*(i' + »')/N 

G* = <r r/< * |r* +• - 1 (N + k + 1) - r i/+ *'- 2 flN (N + k) — ^1+ 

+ f * , ‘ t -’ t - i> a > N > (N-f-ib- — !)("* + 2t W + 2ff — 1) | 

P * “ $+i+ n i e_,MN (N+HlJ-r*'*’*'- 2 oN (N+i+2) *'*-■*» *■ 

+ > r + n-» aW ^ w + i. + ^ n , (n , -l) (»' + 2k') (»' + 2fc' - 1) . I 

2 4 ) 

(8 9 ) 

We may observe that if we approximate by neglecting y, we find that G* and 
G-t-t we Teapectively (N -f k + 1) and (N — Jfc) times the ordinary radial 
function of Schrddinger 

The solution reveals a small blemish in the equations, for we have to admit 
the existence of proper functions which become infinite The last term in the 
senes for G has power r*'' \ and if k = 0, V is very sbghtly less than 1, so that 
there will be a term with a small negative power of r Of course all integrals 
connected with the spectrum are amply convergent We do not perhaps know 
enough about the essential rules for proper functions to pay muoh attention to 
this defect, Moreover, it may well be that it would disappear if we could solye 
the problem of two bodies properly instead of treating the nucleus as an abstract 
oentre of force. 

As an example of these apparently complicated functions, we may set down 
the solutions corresponding to N =» 1 (extoStly), the lowest hydrogen state 
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We replace the spherical harmonic symbols by the corresponding solid 
harmonics. Then the two solutions are [k = 0, «' = 0, N = 1, v = 0and — 1) 

W = mcV(l ~ Y*). P = V(1 






l+vl 


and 


4»s 


= r*e 'f, <p 4 

= 1 + v '(V-y , ) ( ® 


= 0 , 

-ty)r*~ l €-*<•, 


*• = - 
= 0, 


i+V(i— r*) 

^4 = - ^e~ r ' a 


This will suffioe as an illustration of the accurate solution. 

9 We now consider the rules of combination The emission can be calculated 
from (3.2) by setting down the values of V and A at a distant point They 
depend on the retarded potentials and the work follows that of Klein very 
dosely, so that we need not give details We omit discussion of the very weak 
radiations of quadrupole and higher types In calculating the chief radiation 
we shall have contributions from V and also from A Taking the transition 
p-*-q we write W, — W, = Av and find 

VI* 1 , ✓. O - 


where r, r' are the vectors from the origin to x, y, % and to the distant point of 
observation s', y', z' respectively, and r* is the absolute value of r' Similarly, 


A 1 (*'. y', z') = 




V involves the electric moment, and it should be notioed that, m spite of its 
different appearance, A does so too For 

,*.4,* - Jfj— (£+ \ + £)***■ 

since on partial integration the last two terms vanish Hence by (3 8) 
jjj^dsdydr =® ^x^dxdydz = i2»tv jjjspdsdyde 
Thus it will suffioe to discuss the electric moment. 



When our proper functions ore written as the tesseral spherical harmonics, 
the three appropriate types of moment are x + ty, z, x — ty For determining 
what combinations occur we require the following easily proved relations — 

jjp* Bin sm 0 dQ d<f> = - jjpj Pg+J* sin Ge^ sin 6 dQ d<j> 

-K*-' — mi *-W+$k- rTj<‘+“» ,( ‘-“ )l 

( 91 ) 

For all other products of these types the integral vanishes We may here note 
also the normalising relation 

||prm* B m0d6# = ^~(* + u + l)« (*•-«)! (92) 

With the help of (9 1) we can see what combinations might occur It will 
evidently suffice to treat of only one type of polarisation and we shall take that 
corresponding to z The following scheme then shows the only solutions which 
might, according to (9 1), combine with the first Wo only mark the harmonic 
coefficients 
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When we examine these, actually putting in the coefficients, we find that the 
last two vanish identically This verifies the j rule, that only j ± I or 
j -*■] are possible combinations.! A similar result follows, of course, if we 
examine the other polarisations or the combinations of the second type of 
solution. We shall not give the numerical values here as these are well known, 
but one more point deserves remark The radial integrations are, speaking 

t Of oourse the k rule is required u well, for then an level* k, fc - i and t + f, i + f 
which do not oombine with k, k + \ Dirac’* use of negative j doee make the ttaitmuU 
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accurately, different for the three linee arising from a given — 1). They 
are, in fact, 

j (F*F t _x + G t G*,i) t*dr, j (F_*-iF_ t + G_ 4 _iG_,)r*dr 

and 

j(F_ t „ 1 F t _ 1 + G_ t _ 1 G i _ 1 )r»dr 

But to a first approximation. wo saw that F could bo neglected beside G, while 
G.i-x = G k , so that to this approximation the three radial integrations are 
the same. This explains why the intensities bear Bimple numerical ratios to 
one another in doublet spectra 

10. When a uniform magnetic field is imposed on a doublet atom it is not 
possible to get an accurate solution, and we have to fall back on the method of 
perturbations. The simplest way of working out the Zeeman effect is to use 
the approximation of § 4, which reduces it to the work done in my earlier paper 
That this is a sufficient approximation may be seen from the fact that it gives 
the doublet fine structure and treats the magnetic structure as of the same order 
of magnitude, which is just the degree of accuraoy required to explain the 
observed effects But a direct attack, starting from the accurate solution of 
(7 1) and superposing on it the magnetic field, is also interesting , it throws 
the solution into rather a different form because the levels of the fine structure 
•re already separated, whereas in the earlier process they were attributed to a 
perturbation acting together with the magnetio field. 

We must first see how the method of perturbations will go The solutions 
of (2 2), when p 0 is replaced by W so that they give the levels, obey an ortho- 
gonal relation, as is easily proved directly , thus for any two solutions p, q 
either 

W,-W # = 0, or j|| 2 W^»dxdydz = 0 (101) 

In the case of degeneracy, where W f = W„ the partly arbitrary can be 
choeen so that (10 1) will still be true This has already been done in our case 
Let us suppose that on account of small ohangee m V and A the four equations 
(2 2) are affected by small extra terms which we may write as P^ P 4 <1>, 
each symbol signifying that any of the iji’s may enter into each equation. We 
require a solution near W, and assume that it u of the form 

<K = 2 fl.'l'*', 
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where the a/s are small for all oases where W, is not nearly equal to W,. Notice 
the slight difference that we must make from the theory of perturbations of a 
degenerate Bystem, on account of the fact that we have to allow for the inter- 
action of solutions that initially are not quite coincident Substituting in 
(2 2) we have 

E - (W - W.) a,W + E aftf = 0, etc 

« o ■ 

We multiply these by etc , add the four equations together and integrate 
over space We thus find 

i (W - W,) o, j E Wtyfdxdydz + E a, | E P tfdxdy dz = 0 

If there are a number of states q noar p, even though not coincident with it, the 
associated a/s need not be small and must be retained. We then form the deter- 
minant in the usual way, giving an algebraic equation for W, and afterwards 
we can determine the various ratios for a r 
For a magnetio field along z we take A, =» and so must 

add on to (2 2) terms 

*,♦ — (»-•»> ♦«. («+•»)+.. 

p .t— p .+ = •§<*+•»>*. 

We hence get 

-(W — W,)a 4 f E ^“dxdydz+^Xa.lq, t]=,0, (102) 

« J*-i * 

where 

to; »] = | {- ♦V* (* - «y) W +"bi* (* + »y) <1V 

+ (x + %y) V) dxdydz (10 8) 

This expression determines whether two levels q, 8 can interfere with one another 
in producing the Zeeman effect If we apply the formula of (9 1) to any of the 
solutions (7 4) or (7 7), we at once see that unless the number u is the same for 
both q and s, the integral must vanish Hence only levels with the same 
quantum number w(=« + J) can interfere Further, we can build a table, 
of the same kind as was made m § 9 for combinations, to show what possibly 
h, j values might give non-vanishing integrals, and, just as there, we find that 
some of the possibilities disappear on closer examination. We are left to con- 
sider interferences of (k, k -f 1) and (jfc, k — $) with themselves and one 
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another and also of (k, k + \) with (k + 2, i + j) (the owe (jfc, k~~\) with 
(k — 2,k— ^j, which also occurs, is essentially the same as this last) The 

fint set are what we are familiar with, but the last is rather unexpected. We 
shall prove that it is small of an order to be neglected, because it corresponds 
to the terms we should have by a second approximation 
Substituting out of (7 4), (7 7) and applying (9 1) we find 

ft A+l, *+2, *+41 = 

In order to reduce the radial integration, we proceed as follows Take the 
equations (7 5) and a similar pair in which k is replaced by another number l 
Multiply the first of (7 5) by Gj, tho seoond by F, and add This removes the 
terms in W and eV Then interchange k and l and add the two expressions 
together The result is 

j 2mc(FA + FA) + i (F*F, + G t G.) - GA+*±i±i F^F, - 0 

Hence making a partial integration we find 

J(FA + FA )r»dr = ~\m t (*+ 1 + 3) - F*F, (* + f + 1)]***- (104) 

For the case I = — k — 3, the term in G therefore vanishes We know that 
F is smaller than G in a ratio of order y 1 , hence this integral bears to one 
where the coefficient of G does not vanish a ratio y* 1, which is the order of a 
term of the second, not the first approximation 
We are thus left with the result that only the two k levels interfere Let us 
call (i, k + 4). P and (£, k — 4), J Then our solution may be written as 

<p A as aif* -f- 6^*, 

and we find by the application of (9 1) and (10 4) that 

[p. ?] = !?. >1 - - ^J 1 2(1+IH-1)| (*— «) I a,8_ 1 .if‘ir 
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We also require the normalisations Using (9 2) these are 
J S | W I * * - 4tc (4 + a + 1 ) ! (it - U) ! j (p t * + Ofl r* dr, 

f 2 | V | : * d® dy dz = 4r (4 + «) ' (4 - « - 1) ' J (FL t _j + G!_*_i) 

Now we have seen that in all these the terms m F to F_ fc _! are small compared 
to those m G Furthermore, we know that to the same approximation G_*_i is 
proportional to G h and may be taken equal to it by a suitable definition Hence 
all the radial integrations are the same, and they may therefore be omitted 
The equation (10 2) thus becomes 


® /ur w \ eH h 24 - j- 2 /0j- , , ^ eH h 2b A 

c 9 2c 4mnc2k + 1 2o4mno2ifc + l“ 

l(W-W-)-— — — — (2u+l) 6 — — — l fe + M +f ) {k-u) q _ Q 

o l '* 2o 47nno 2* + 1 1 + ; ° 2o 4nmo 2k + 1 


To reduce this to the familiar form we write W 0 as the mean centre of the two 
lines, so that 

W,=W 0 +4p, W, = W 0 — (4 4* l) (J, 

and W = W 0 + W Also take o = -- A. Then we have 


- <, “ a + “M + f~“ > +i ( W + <t+1)p -“2tTT (2 “+ 1) }° 0 ' 

and from this we denve 

^* + pW - t(t + 1) p» + to (2u + 1) (W + p) + co^«(« + 1) =« 0, 

which is the standard equataon for the Zeeman effect in doublets It will be 
seen that the algebra is a little more complicated than that which comes from 
forming the approximate equations in <|/„ <J/ 4 , as was done before We shall not 
work out intensities as nothing new would be found 


Summary 

Dirac’s recent papers on the Quantum Theory of the Electron an discussed 
making use of the ordinary methods of differential equations instead of the 
non-oommutatrre algebra used by him. 
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The equations ue formed and proved invariant for relativistic transforma- 
tions. 

The emission of radiation from an atom containing Dirac’s electron is 
discussed 

It is shown how SchrOdinger’s equation, and the pair of equations reoently 
given by the present writer, are successive approximations to Dirac’B. 

A few points in the free motion of an electron are reviewed 
The equations are solved for the motion of an electron m a central field of 
foroe They are shown to be exprossible in terms of spherical harmonics and 
to lead to a doublet structure for the spectrum 
The discussion of the radial functions in the case of hydrogen is shown to 
lead exactly to Sommerfeld’s original formula for tho levels 
The rules of combination are considered in outline, and the Zeeman effect is 
worked out 


Fluid Resistance to Moving Spheres. 

ByB G Luunon, M A , M Sc 

(Communicated by T H Havelock, F R 8 — Received January 31, 1928 ) 

In a previous paper on the resistance of air to falling spheres,* attention was 
drawn to the value of supplementing that work by observations on the fall of 
solid spheres m liquids, and the present paper gives the results of such experi- 
ments They confirm our previous conclusions as to the increased resistance 
to accelerated motion and they give more precise values for the resistance to 
uniform motion, a problem which can now be regarded as fairly solved pn its 
experimental side 

In these experiments, spheres of steel, bronze and lead, up to B cm. in dia- 
meter, were allowed to fall freely in water through distances up to 200 cm. 
Tho water was contained in a special steel tank, with two opposite faces of 
plate glass , its cross section was square, 45 cm in breadth Bach ball was 
released from supporting rings beneath the surface of the water, and the 
measured fall ceased when it struck a small platform which could be set at any 
desired depth. At the instants of release and striking, a phomo chronograph 
(as previously described) was started and stopped by appropriate electrical 
* Lunnon, ‘ Roy Soc. Proc.,’ A, rol. 110, p. 304 (1SB6). 
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devices, and the tame of fall for a senes of distances was then recorded for each 
ball 

The release apparatus w as designed to give the minimum disturbance to the 
liquid, and to avoid any initial rotation of the falling sphere It consisted, aa 
shown in fig 1 (a), of a pair of tongs carrying two wire rings for holding the ball, 
and controlled by two spnngs and an electromagnet 



Fig 1a Fia 1 b 


When the current through the magnet winding was switched off, the spnngs 
opened the tongs, and the small time-lag between these two events was found 
to be constant for a single value of the current, provided that the ends of the 
magnet and of the soft iron pole-picccs were carefully planed and separated by 
thin paper 

The striking device, shown m fig 1 b, was a hinged perforated plate, earned 
on an iron frame A light wire of constant length, held taut by a small weight, 
was fastened to tho plate and its upper end was carried by a spring above the 
water , its sudden movement when the plate was struck, operated through a. 
light lever to break a mercury contact and arrest the chronograph The 
adjustment of this apparatus for each depth of fall was simple, and the action 
was satisfactory Sometimes six similar balls could be dropped in succession 
through the same distance, without the readings of the time interval differing 
by more than 0 002 second. 

von oxvm —a. 2 y 
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Two independent measurements of the time-lag in the apparatus showed that 
it was a constant, 0 023 second, under the standard conditions In the first, 
the distance of fall of a sphere was reduced m successive readings until it was 
only 5 mm , and a distance-time (s, t) graph was drawn This was a smooth 
carve, and could be extrapolated to the a-axis with an error less than 0 001 
second In the second, the level of the water was lowered down to the plate, 
and the known tune of fall m free air was subtracted from the time recorded. 
A possible variation of tho lag with the weight of the ball was suspected and 
carefully examined, but for all spheres heavier than the 0 87 cm steel ball, 
the lag was c instant No smaller balls were used m the detailed work, but a few 
readings wero taken with very small balls with a stop-watch The watch was 
also used for some readings with a 2 -inch ball of phosphor-bronze which was 
too heavy to be held by the tongs 


Sources of Error 

The tunes with which we were concerned were between 0 1 and 1 5 seconds 
and a possible error of ± 0 001 second was imposed by the instruments The 
rocordod times differed among themselves by more than this m the long falls 
For instance, the times for four successive falls through 193 3 cm by an “ L ” 
steel ball were registered as 1 273, 1 278, 1 266 and 1 270 seconds An 
obvious reason was that the falls were not straight There is always some 
swerving m the path of falling spheres It is easily visible with a light ball, 
« g , large rubber ball falling 100 metres in air, or with a stone falling in water 
It was just visible with a steel ball of diameter of 1 27 cm falling in water 
through 150 cm Apart from being visible during the falls, a departure from 
a straight path was usually shown by the sphere striking the plate at some 
distance from the point vertically beneath the point of release When this 
distance exceeded 2 cm the reading was rejected , the results wero then more 
consistent, and the lowest reading was taken. 

Measurements wero made on different days, often at widely separated intervals 
They were compared by plotting graphs of two kinds In the first plaoe, the 
tunes for a single fall-distance were plotted against the diameter of the falling 
spheres , usually six or seven sizes, all of steel spheres, would be dropped through 
the same distance, consecutively, at least four spheres of each size being used. 
In the second graphs, the tunes for different distances for a single ball were 
compared On graphs of the first kind, there were hardly any points more 
than 0 003 second off a smooth curve , these graphs were used as a check, to 
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•void obvious errors m the readings On those of the second kind (s, t graphs) 
there wore sometimes discrepancies of 0 006 second 



Temperature 

The effect of temperature was considered Readings were always taken from 
thermometers at the top and the bottom of the tank, and these differed some- 
times by more than 0 5° 0 The temperature of the water was as low as 
8 5° C on certain cold days, and its highest temperature during the experiments 
was 18° C This corresponds to a difference of 25 per cent in the viscosity of 
water , but ne failed to detect any variation in the speed of a falling sphere 
to within 1 per cent This is in agreement with the known relation between 
resistance and speed For although the graph of <}/, the resistance coefficient 
with R, the Reynolds number, is not a horizontal lino (m which case the vis- 
cosity would have no effect), yet its gradient is very slight m this range of speeds 
We have calculated the effect for one of the steel balls (d — 1 27 cm ) by taking 
each of a Benes of values of the velocity, V, calculating then using tho <]/, R 
graph to find R, and from this calculating the kinematic viscosity, v For 
instance, if V is 166 cm per second, must be 0 159, R is then 1 24 X 10*, 
and henoe v = 0 17 (The density of water enters into R, and its variation is 
inappreciable ) When the velocity is 161, 163, or 166 cm per second, the 

2 v 2 
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value of v ia 0 10, 0 13, 0 17 For the range of temperature during our experi- 
ments (8° to 18° C ), the variation m v is less than this, and the change in 
velocity should therefore bo inappreciable, as we found it to be No observa- 
tion of a decrease of resistance with an increase of viscosity has yet been made , 
it should be possible to observe it by finding that a 1-meh steel ball in water at 
2° C falls at 166 cm per second, whereas the same ball finds greater resistance 
in very much less viscous water at 20° C , and falls at 161 cm per Becond 


Remits 

The final results for steel spheres of 12 different sizes, and for bronze and lead 
spheres of five and two sizes respectively, are shown in Table I The times 
given havo been corrected for lag and for chronoscope rating error in the manner 
already described Some of the displacement curves are shown in fig 2 The 
final velocities, c, range from 135 to 280 cm per second, and they are attained 
m the first 80 cm of fall The values can be obtained accurately from the 
curves (drawn on a large scale), for the many points for h > 80 lie very closely 
on straight lines Further, by drawing these lines backwards to cut the axis 
s = 0, the intercepts t 0 can be measured These are of value because the 
initial parts of the curves can be fairly well fitted by an equation of the form 
qs = c log cosh qt, and for large values of s, this equation is equivalent to 
qs = c(qt — log 2) This is the equation of the straight lines, and the intercept 
t 0 is evidently related to q by the formida qt 0 — log 2 


Table I —Times of Fall (m seconds) through Heights s (in centimetres) 
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(o) Resistance to Accelerated Motion — The extent to which the formula is m 
agreement with the experimental results, may be first shown by reference to the 
f-inch steel ball (d = 1 27 cm ) The values of c and q, as given by the graph, 
are 162 and 4 33 respectively, and Table IT shows the times calculated from the 


Table II Test of Formula for Acceleration Penod for S Ball 



formula qs = c log cosh qt There is a small regular discrepancy between these 
and the experimental values, so that the resistance is first a little greater than 
the formula implios, and afterward a little 
less In the experiments on air resistance, 
a similar effect was noticed In that case, 
we were able to deduce the actual resist- 
ance from the displacement curves, but in 
the present measurements the times are 
smaller and the experimental errors of 
0 001 second are too large in comparison 
for this deduction to be made We can 
be sure, however, that the general shape of 
the acceleration-velocity curve is that of 
fig 3 resembling the curves of fig 5 m our 
previous paper The broken straight line 
corresponds to the equation given above The discrepancies for other spheres 
are all similar in their variation Table III gives their values in thousandths 
of a second at four different distances 


Table III — Test of Formula for Acceleration Penod for 7 Balls 


Distance 

I Values of ( (observed) — 1 (calculated) 1 

n thouatmduii of a seoond 

f 1 

H 

K 

S 

P 

L 

B8 

LS 

e 8 

2 

4 

2 

S 

1 

e 

6 

30 2 

8 

0 

0 


9 

7 

11 

34 6 

8 

7 

4 

4 

6 

« 1 

7 

61 1 

6 

4 

0 

2 

-3 

9 

-1 
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If these small amounts axe neglected, the motion can be described m terms of 
a constant “ earned mass ” For a resistance formula which leads to the above 
displacement equation is 

F = od* + 6 (dvjdt) (1) 

where b is the carried mass Here b is connected with q by the relation 

cq (m + b) = mg (1 — a Ip), (2) 

where m is the mass of the sphere, p its density and a the density of the liquid 
The calculated values of 6 are given m Table IV 


Table IV —Acceleration Constanta 


Sphere 

t. 

* 

1 

Sphere 


S 

A 

Steel H 

second 

0 143 

4 85 

gramme 

0 80 

Bronao BS 

seoowl 

4 08 

gramme 

2 0 

„ K 

0 15 

4 02 

1 2 

„ BU 

0 20 

3 40 

4 1 

.. h 

0 10 

4 33 

1 4 

BV 

0 21 

3 30 1 

0 0 

.. P 

0 105 

4 20 

2 2 

„ BVV 

0 23 

3 01 

9 2 

.. L 

0 17 

4 08 

2 9 

,. B\ 

0 24 

2 83 

12 2 

„ u 

0 195 

3 50 

4 3 

Lead L8 

0 18 

3 86 

2 6 

„ v 

0 20 

3 40 

73 

LU 

0 21 

3 30 

5 4 


It appears that b is larger for the larger spheres, but it does not bear a con- 
stant ratio to the mass of water displaced For small spheres, 6 is twice the 
displaced mass, and for lj-mch spheres, the ratio is one-half There is a close 
proportionality for all three kinds of spheres between 6 and the square of the 
sphere diameter, with a factor of about one , the same proportional relation 
held for motion m air, with a factor of one-half, but the ratio of the carried 
mass to the displaced mass of air was very large Cook* noticed that for a very 
large sphere, the earned mass appeared to be about one-half of the displaced 
mass of water, and the corresponding fraction was 0 83 in some experiments 
by Relf and Jones, t using the spherical bob of a pendulum No other estimates 
of its value have been made A similar ratio is commonly used m the calcula- 
tion of the resistance of ships, the earned mass being taken as one-fifth of the 
weight of the ship The extent to which this ratio affects the motion may be 
illustrated by the fact that if the ratio were also one-fifth m our own case, the 
values of t 0 would range from 0 11 to 0 15 second for the steel balls, where- 
as the actual values are from 0 14 to 0 18 second, with an error less than 
0 006 second 

* ‘Phil Mag ,’ voL 39, p SCO (1920) 

t Quoted by Cowley and Levy, “ Adv Ctee Aero , R A M No 612 (1918) 
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[Aided February 29, 1928 — The carried moss can be expressed in terms of non- 
dimensional quantities For the case of a falling Bpherc, it is easily shown by 
the method of dimensions that Gfe/rc pd 3 (t e , the ratio of the earned mass of fluid 
to the displaced mass) is a function of cd/v (» e , the Reynolds number for the 
final speed) and q d/c Values of these quantities can be calculated from the 
results of this paper, and also from those of the earlier measurements in arr 
We find that the mass-ratio decreases when either cd/v or qd/c increases, and 
that the data for water and for air experiments are m accord with each other, 
although they relate to widely separated ranges of qd/c They are too few for 
accurate general conclusions to lie drawn, hut their variation can be shown by 
the following approximate figures 

tfrf/f ✓ 10* I 0 3 1 4 25 45 

2 | 1200 WO 100 1 0 BO 

tl J <U)0 100 95 0 no 0 25 

10 | 100 250 05 — 0 18 

Values of the Carned-mass Ratio 

When these values are plotted on a logarithmic scale, against qdjc, for 
constant values of R, the air and water figures give points lying on the same 
curves The only other figure available for comparison is deduced from Cook’s 
readings , for od/v = 14 X 10 4 , qdjc = 1560 x 10“\ the carried mass ratio 
may be 0 46, with a large possible error This is outside the range of 
values given above ] 

It may be remarked that the approximate law of resistance (1) is analytically 
equivalent for a falling sphere to a law containing only the velocity, namely, 
F = A + Bv», 

the connection between these constants and the previous ones being 
A — gbm (1 — a/p)/(m + 6), B = aw»/(m + 6) 

Although this Bimpler hypothesis affords an equal fit with the experimental 
results, it has two serious disadvantages , it suggests a definite resistance when 
both velocity and acceleration are zero, and its constants, A, B, are found to 
depend upon the mass or density of the sphere On the other hand, our previous 
results with falls in air, uBing spheres of widely differing densities, are in agree- 
ment with the present ones in showing that the new factor b is nearly inde- 
pendent of the density This suggests that the form (1) may have a wider 



o 20 
o 18 
0 11 
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application as an approximate formula than merely to the case of spheres 
falling in a fluid 

(6) Resistance to Uniform Motion — The resistance to uniform motion is best 
expressed in terms of the resistance coefficient = F/ptftf*) and the Reynolds 
number, and their values in our experiments are given in Table V In this list 


Table V 


Sphere 

d 

- 

t 

• 

* | 

R + 100 

Steel A 

(om) 

0 838 

(gT® ) 

O 054 

(grm /o o ) 
7 75 

(cm h*o ) 

0 175 

14 1 

,. B 

O 317 

0 129 

7 75 

82 

0 169 

23 1 

„ C 

0 470 

0 432 

7 75 

104 

0 150 

44 2 

„ v 

0 635 

1 030 

7 75 

120 

0 150 

67 5 

„ o 

0 870 

2 095 

7 76 

140 

0 155 1 

109 

,, H 

0 952 

3 48 

7 09 

144 

0 104 

120 

K 

1 111 

6 57 

7 75 

153 

0 165 

152 

„ s 

1 270 

8 27 

7 69 

162 

0 167 

184 

.. P 

1 429 

11 86 

7 76 

171 

0 170 

219 

„ L 

1 660 

18 26 

7 76 

180 

0 174 

266 

.. u 

2 540 

66 12 

7 69 

214 

0 191 

486 

, V 

3 178 

129 14 

7 69 

233 

0 202 

601 

Bronze B8 

1 27 

9 60 

8 90 

177 

0 166 

159 

„ BU 

2 54 

70 50 

H 90 

239 

0 194 

542 

BV 

3 17 

149 2 

8 90 

253 

0 201 

717 

BW 

3 81 

258 4 

8 90 

278 

0 201 

940 

„ BX 

5 08 

012 O 

8 90 

(302) 

(0 197) 

(1370) 

Lead £8 

1 27 

11 28 

10 50 

192 

0 171 

217 

,, LU 

2 54 

90 48 

10 50 

254 

0 107 

578 


there are included the figures of several very small spheres, and for one large one, 
which depend upon stop-watch observations and are less accurate The R 
graph is given in fig 4 The points for the three different metals he on a single 
smooth curve, which supports their value They are m almost complete accord 
with the points recorded by Wicselsberger,* whose results obtained from the 
Gottingen wind tunnel are the most extensive set of sphere resistance measure- 
ments This agreement between air and water results extends over a hundred- 
fold range of velocities (from R = 10 3 to R = 10 5 ), and thus verifies the 
pnnciplo of dynamical similitude for turbulent fluid motion Liebster’sf low 
speed results are m similar agreement, but Alien's^ figures in the region of 
R — 3 X 10 s , give lower values of <p, probably because the wall effects could 

* ‘ Phy* Z ,’ vol 22, p 322, and vol 23, p 222 (1922) 
t * Ann d. Phyiik,’ vol 26, p 670 (1924), and vol 82, p 641 (1927) 
t ‘ Phil Mag vol 60, pp 323, 619 (1900) 
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not bo allowed for in bis small vessel Shakespear’s* results are also low, in 
comparison, by about 6 per cent , and our own experiments in mines gave still 



lower values These differences must be attributed to different degrees of 
initial turbulence m the fluid The water m our tank was quite still , the air 
in Shakespear’s tower was only comparatively quiet, and the air m ramo-shafts 
was probably least quiet (although the vano anemometer registered no currents), 
because of the gradient of temperature within it, and the presence of inlet 
passages near the base of the shafts 

The course of the <J», R curve being now well determined, emphasis may be 
given to the fact that the resistance is never proportional to a simple power of 
the velocity ovor any extended range of speed In illustration of this, we have 
calculated the constants in a simple power law for tho case of a sphere of 2 cm 
diameter, in water at 12° C , and the following formulae are tho result They 
are based on the experimental <Ji, R curve 


‘ PhiL Mag ,’ vol 28, p 728 (1914; 
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V = 0 005 cm per second F = 0 24 V 


V = 

0 008 

V = 

0 014 

V = 

0 042 

v = 

0 18 

v = 

0 74 

V = 

3 8 

v = 

21 

v = 

89 

v = 

400 


F = 0 47 V 111 
F = 0 65 V 1 19 
F = 0 91 V 128 
F ~= 1 12 V 1 ** 
F = 1 26 V 15 * 
F = 1 15 V 1 74 
F = 0 73 V 1-w 
F = 0 52 V tos 
F = 0 72 V* 


The first and last of these correspond to the laws of Stokes and Newton , for 
higher speeds, the resistance changes rapidly, and in a more complex manner 

Our previous note on Sir Isaac Newton’s results, with spheres falling m air and 
water, can now be extended A complete analysis of them shows that his good 
agreement between experiment and theory, in the case of spheres falling in air, 
is mainly a result of the cancelling of two opposite errors 

He over-estimated the resistance coefficient, and omitted the “ earned mass ” 
effect for the acceleration penod In the water expenments, where the range 
of R was different, his value of the resistance coefficient was nearly correct, 
but by omitting the acceleration term he failed to show so good an accord between 
theory and experiment Also, his weighted wax spheres fell in the water with 
considerable swerving, and the cxpenmental results are not in good agreement 
with each other It is no mean tnbute to his care and skill as an expenmenter 
that most of the results should still be worthy of this complete analysis 

WaU Effect 

The well-known Ladenburg correction for the influence of oylindncsl walla 
upon the resistance, is not applicable if the Reynolds number exceeds 10(K) 
We have performed some expenments to examine this influence at higher 
speeds Spheres were allowed to fall freely in the tank already described, and 
glass tubes of different diameters and lengths were held vertically in the water 
in turn, so that the spheres fell centrally through them By timing the fall 
of the same sphere through tubes of equal diameters and different lengths, the 
terminal velocity for each sphere was deduced The results for a series of 
steel balls, and for four sixes of tube, are shown in fig 5 , the temperature of the 
water was 13 5° C The reduction in velocity becomes very marked as the 
ratio of the diameters of sphere and tube increases It is to be remembered 
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that for all these speeds, the resistance is roughly proportional to the square 
of the Bpeed, and the uppermost curve would be a parabola if this proportionality 
were exact 



Fio 5 — Bates of Fall for Stool Ball* in Water in Tube* 

Intel — Rate of Fail for Ball* in Glycerine m Tube 

It is of interest to contrast the shape of these curves with those which desen be 
the similar effect in a more viscous liquid, where the velocities are small Fig 8fr 
(inset) shows the velocities obtained by dropping steel balls through glycerine 
in a tube of 2 25 cm diameter 

In Ladenburg'B formula, the ratio of the reduced velocity to the velocity in 
unbounded fluid, is expressed as a linear function of the ratio of the sphere and 
tube diameters, for small spheres The corresponding function for the present 
results is less simple, and is shown by the curve of fig 6 The reduction m 
velocity is proportionately less than would be given by the earlier formula A 
linear relation may be given for the range 0 < d < 0 II D. viz , V = V 0 (1—0 2$ 
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Character of the Fluid Motion 

The explanation of the resistance law must be based upon a knowledge of the 
lines of flow in the fluid Although little progress has been made in this 
direction, it may be convenient to summarise such observations as have been 
made 

The regular Btream-hne pattern of the Stokes solution becomes deformed 
at moderate speeds, and at the first critical speed a vortex ring is formed close 
behind the sphere, appearing as two eddies when cut by a plane through the 
axis of motion 

In air, this appears at the velocity corresponding to R = 8, and it has been 
carefully studied by Nisi and Porter* for speeds up to R = 50, and for hi gh ftr 
values in narrow channels (Reference has already been made to the experi- 
ments of Williams, f where wo eddies appeared behind the sphere even up to 
R = 720, m water in a vessel whose breadth was more than eight tunes the 
diameter of the sphere ) The ring becomes larger and moves further from the 
sphere as the velocity increases, and it is eventually thrown off from the sphere 
altogether This was observed by Schmidtf behind a wax ball dropping m 

• ‘ PhiL Mag vol 46, p 764 (1928) 
f ' Phil Mag ,’ voL 29, p 626 (1916) 
t ‘ Ann. d Phyaik,’ vol 61, p 633 (1920) 
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water, at a velocity corresponding to R > 1000, The change is accompanied 
by a change in the resistance A sphere m falling first gathers speed, then 
travels more slowly as the vortex ring grows m strength, and then gains speed 
again immediately the nng has slipped away These changes have been noticed 
also in the rising of a balloon soon after it has been loosed 
It is probable that a succession of rings form and slip away behind a sphere 
in this way, and that they do so with a definite periodicity which depends upon 
the velocity They have not been observed, though Schmidt records a case 
when a second nng appeared to form It is well known that when a fluid flows 
past a cylinder, eddies are formed regularly to them is due the note produced 
when a thin stick is moved quickly through the air No similar periodicity has 
been measured m the vortex rings behind a sphere, though it might be Bought 
by a modification of Relf’s method for a cylinder, using a circular wire 
The only direct record of the motion behind the sphere for higher values of 
It is one made by Ermisch * His photographs appear to confirm a suggestion 
of v Karman’s, that two eddies form with their axes parallel to the line of 
relative motion of the sphere and fluid, and equidistant from the central line 
These two eddies trail behind the sphere as two vortex hues, which are not 
parallel, but twist round each other as interlaced spirals This is for R = 8400 
when a Bphere is hold in flowing water If a periodicity exists in this motion, it 
will be difficult to detect It is to bo noted that if two such spu-al threads are 
formed, and the sphere is free to move, their reaction on the sphere must tend 
to displace it, and this may be the cause of the slightly curved and spiral path 
which is always followed by a sphere falling through liquid The lateral move- 
ments of the sphere are accompanied by periodic changes in the vortical 
velocity, as is shown by Liebster’s measurements from cinematograph records 
If, however, this second kind of vortex motion behind the sphere is possible, 
the transition to it from the first kind, as speed increased, would be abrupt, 
for the two are quite different Thia transition would almost certainly be 
accompanied by a change of resistance Yet the resistance curve is actually 
a smooth one Moreover, it does not seem possible that these are two alterna- 
tive stable types of wake structure, for there is no evidence of two different values 
of the resistance for the same speed (In the case of a cylinder, evidence of 
this land has been recorded by Relf f) 

The width of the disturbed wake behind the sphere, and the position, on the 
sphere, of the circle at which the wake envelope leaves it, are factors which 

* ‘ Abh. Aero, Inst Aeohen,’ vol 8, p 49 (1927) 
t “ Adv Ctee Aero , R A M ” No 102 (1914) 
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determine the resistance at higher speeds Ermisch has measured the pressure 
at points on the surface of the sphere, and we deduce from his measurements 
that this circle moves forward on the sphere as R rises from 800 to 26,000 
This is accompanied by a broadening of the wake, and the rising portion of the 
t{/, R curve may here find its explanation At speeds just beyond those reached 
m our experiments, the circle moves suddenly behind the sphere, and the wake 
is much reduced in width , the resistance coefficient here falls very suddenly 
and remains low until speeds are attained which approach the velocity of sound 
in the fluid 

My thanks are due to the Armstrong College Research Committee for a grant 
towards the cost of the apparatus used 

Summary 

By tuning the falls of metal spheres in water, through distances up to 2 metres, 
the resistance of a fluid at high speeds has been measured both for accelerated 
and for uniform motion 

(1) The variation of resistance with speed is shown on a graph of the resistance 
coefficient (iji = F/po*d*) with the Reynolds number (R = wf/v) The results 
are m good agreement with previous measurements in which air was the fluid 
concerned 

(2) Durrng accelerated motion, the resistance is increased m a regular way, 
which can be described approximately in terms of a carried mass, varying from 
one-half to twice the mass of the displaced fluid 

(3) The effect of cylindrical walls has been measured 

{4) The motion of the fluid behind the sphere is described 
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Studies in the Behanour of Hydrogen and Mercury at the 
Electrode Sui faces of Spectrum Tubes 
By M C Johnsox, M A , M Sc , Lecturer in Physics, Birmingham University 
(Communicated by S W J Smith, FUS —Received Februar) 8, 1928 ) 

Introduction —The apparently capricious control exercised over the spectrum 
of one gas by the presence of small quantities of another gas is known to involve 
a great many different processes The rate at which ioub of the one gas are 
neutralised may be profoundly modified if the other gas has a very different 
ionisation potential both intensities of lines and their broadening in mtcrionic 
fields will be altered in this w ay 

The work of Merton and his followers on changes m intensity grouping of 
lines in mixed gases, and of Fulcher, Dempster, Hulburt and others on changes 
in fine broadening in mixed gases, suggests that m most experiments the 
combination of the above processes is too complex for quantitative measure- 
ment of any one variable to be isolated 

We can, however, select particular pairs of gases and examine details of their 
behaviour with respect to any one known spectral mechanism The mechanism 
selected in the present paper is the emission of a Balmer fine by neutralisation 
of positive rays in hydrogen The foreign gas is mercury These two sub- 
stances are among the commonest intruders in spectroscopic apparatus, and 
all workers in high vacua are familiar with some of the electrode phenomena 
of the adsorption of the one and the amalgamation by the other In order to 
form hypotheses connecting the effect of Hg on the positive rayB of H with 
previously known facts, a senes of experiments is designed, on Doppler effects, 
on current and potential relations, and on cathode disintegration 

Past I — ExrsaiMENTAL 

1 Effect of Mercury on the Doppler Spectrum of Hydrogen Positive Raya — 
A Balmer spectral line photographed longitudinally through a perforated 
cathode supplies information which is absent from capillary spectrograms 
The photometry of the “ moving ” and “ resting ” components of the fine 
enables ns to observe changes in the proportion of the spectrum which is earned 
by moving protons on neutralisation, and tho proportion which is excited in 
stationary gas by positive ion bombardment In a tube designed after Wien’s 



696 


M C Johnson 


manner for the extension of some work previously published,* it was noticed 
that considerable change m the H spectrum came about after an accidental 
admission of Hg vapour from a large diffusion pump through inefficient trapping 
The precise nature of the change was elucidated by the following experiments 

The pumping system was changed from diffusion to an ordinary Gaede rotary 
pump and an efficient trap inserted to avoid future contamination After 
preliminary experiments on the efficiency of various traps m removing Hg 
from a Geissler tube, an absorption tube hned with sodium film was found to 
bo capable of removing Hg hues entirely from a tube which had moderate glass 
and metal surface areas The positive ray tube was connected to a system 
previously described, f whereby large quantities of H could be pumped through 
without air contamination 

After about fifty hours’ discharge and constant refilling and pumping without 
any further contamination by Hg, the amount of free Hg vapour relative to 
the amount of H must have been negligible from the point of view of partial 
pressures 

The Hu spectral region was then photographed at an inclination of about 
5° to the axis of flight of the positive rays, to avoid illumination from the anode 
end of the tube Exposures up to 11$ hours were given on Imperial Eclipse 
plates through a Merton photometric wedge Two successful exposures were 
secured and the tube then collapsed from the increased sputtering which 
resulted from the original contamination During these experiments the 
spectroscopic appearance was as follows — 


Anode 

Before contamination II 2 stronger than 
Hi 

After contamination Hg strongest H, 
strong 
H x absent 


Cathode face 
Hj stronger than 

H, 

H t faint 

Hi nearly equal 
to Hg 


Behind cathode 
H a invisible 

H, invisible. 

Hi stronger 
than Hg 


The plates were compared with similar plates taken before contamination by 
the Hg These had been obtained using the same source of potential, cathode, 
dispersion system, and source of H, and had shown no trace of impurity among 
a large group of fines measured in the “ many-lined ’’ or H s spectrum near H*. 
Both Bets of images were enlarged together through a process screen by Merton's 

* Johnson, * Roy Boo Proo A, vol 114, p 607 (1927) 
t Johnson, 4 Proo Phys Soc voL 38, p 326 (1926) 
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well-known method, but after various experiments with printing it was found 
more accurate to measure the original negatives on a Hilger comparator This 
is due to the different degrees of faintnes of different parts of the moving and 
resting lines, which made magnifications suitable to one region of each image 
impracticable for other regions 

Intermixes of resting component (H h ) and moving component (H*) of spectral line 
Hf, in terms of heights of Merton wedge images measured %n arbitrary units 
Plate 1 2100 volts Before contamination. H B = 246, 269, 267 

H m = 203, 201, 206 

Mean intensity ratio H R /H M =1 25 ± 0 04 
Plate 2 2400 volts Before contamination H R = 159, 166,* 166 

H*-= 123, 136,* 127 

Mean intensity ratio H R /H M — l 25 ± 0 04 
Plate 3 2600 volts After contamination H R = 115, 130,* 112, 116, 118 

H u = 67, 81,* 66, 68, 67 

Mean intensity ratio H„/H M - 1 69 J; 0 12 
Plate 4 2200 volts After contamination II K = 138, 137, 159,* 140, 119f 

H m = 80, 78, 90,* 80, 64f 
Mean intensity ratio H R /H M = 1 77 ± 0 08 

All positive ray illumination is faint compared with most sources used in 
spectroscopy, and with the contaminated tube the length of exposure had to 
be limited only by the length of life of the tube Hence the error is greater than 
with the denser images for which Merton’s method of spectrophotometry was 
originally designed The conclusion, however, is established beyond the 
margin of error indicated, that Hg at a partial pressure of the order implied 
by several days of washing with H, increases to the above recorded extent the 
ratio H e /H* This measures — as discussed in the papers quoted above— the 
decrease in the proportion of the H spectrum excited by neutralisation of 
protons at the cathode, relative to the proportion excited by impact 
2 Effect of Cathode Material on the- Behaviour of Mercury —With any other 
metal than aluminium as electrode material, the life of *he positive ray tube 
would have been less than the required duration of a photographic exposure 
Accordingly, in testing the connection of cathode material with the facts of 
the preoedmg paragraph, the Doppler effect could not be employed, and was 

* These images estimated to extreme of risibility 
t These images estimated to end of apparent sharp boundary 
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replaced by the accompanying phenomenon, namely, the domination ei the 
spectrum by mercury at a low partial pressure 
Comparison experiments were made between tubes with electrodes of 
aluminium and of nickel, fed with hydrogen from palladium valves and 
evacuated over silver film for absorbing Hg vapour The silver tubes could 
be replaced by reservoirs of Hg without admitting air to the system For all 
experiments the spectra were produced in the “ black ” stage, in order to 
facilitate recognition of any impurity lines, and of the first appearance of Hg 
lines on admitting Hg vapour Current and potential relations were observed 
to be constant for several days preceding each experiment, so that changes due 
to the admission of vapour could be isolated when they occurred 
It was found that with A1 electrodes the Hg spectrum appears instantaneously 
with Hg contamination, and persists at great strength, while the partial pressure 
of free Hg vapour is reduced to negligible amount, as m the positive ray case 
With Ni electrodes a partial pressure of Hg vapour larger by 100 per cent is 
required before Hg lines appear, comparatively faintly and after a lapse of the 
order of ten minutes after admission 

3 Current and Potential Relations with Electrodes of Different Sensiitvtltes to 
Mercury — It is necessary to know whether the different behaviour of Hg in 
Al and Ni tubes involves a corresponding difference in the ease of maintaining a 
discharge between pure and contaminated electrodes of these metals Accord- 
ingly, two Geissler tubes were constructed with electrodes of Al and Ni rod 
respectively In all other ways they were made closely alike, e g , the glass, 
shields against sputtering required for the Ni tube were also provided in the- 
Al tube The tubes were connected together in parallel, both with respect to- 
the dividing of the high-tenBion current and to the gas connections These 
latter included the Hg reservoir and Ag absorber used m the previous 
experiments 

A pressure range was selected for observation, over which an appreciable 
current flowed through both parallel tubes simultaneously Curves of fall of 
potential across the system plotted against current in each tube were constructed 
for the following conditions of experiment, and were found to be repeatable 
to the accuracy of reading the instruments — 

Curve 1 —Air pressure decreasing by absorption at solid surfaces within tube, 
te, when outgaasang was complete and the subsequent prooess of 
hardening had set in 

Curve 2 —Air pressure decreasing by pumping out 
Curve 3 —Repetition of 2 for check 
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Curve 4 —Hydrogen pressure decreasing by pumping out. 

Curve 5 —Repetition of 4 for check 
Curve 6 —Repetition of 4 after prolonged washing with H 
Curve 7 — Repetition of 4 in reverse order, t e , readings taken during increase 
ot pressure by admission of H from Pd valve, instead of during decrease 
of pressure 

Curve 8 —Gas pressure increasing by evaporation of Hg from reservoir 
Curve 9 —Repetition of 4 after the Hg admitted m 8 had been pumped off 
and the system washed with H 

During 1, 2, 3 both tubes showed the nitrogen bands of air During 4, 5, 6, 7 
a pure H spectrum was shown In the course of 8 Hg lines appeared in both 
tubes In 9 the Hg spectrum was stronger than that of H 



From the graphs it is dear that the method is sufficiently sensitive to detect 
changes in the ratio of resistances of the tubes due to different behaviour of 
gases at the solid surfaces. These solid surfaces only differed in the two tubes 
at the electrodes of Ni in the one and A1 in the other. For instance, separate 
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curves with air agree fairly well among themselves when the air u being pumped 
out, hut are distinct from a curve in which air is being lost to the discharge by 
absorption within the tube All the curves m air are again distinct from the 
remarkably constant curves m H which agree among themselves whether the 
tubes are new to H or have been much washed out, and whether the readings 
are taken on decreasing or increasing the pressure 

For the interpretation of the previous experiments on the spectrosoopic 
effects of Hg on H, it is important to note that both the relative and total 
changes m resistance of the Ni and A1 tubes are still the same as for pure H, 
both when Hg is being admitted and when H is being pumped over surfaces 
contaminated enough to show the Hg spectrum dominant 

4 Spectra in the Parallel Nickel and Aluminium Tubes and in the Isolated 
Nickel Tube —There is a difference between the development of the Hg spectrum 
in the parallel tubes during the process represented in graph 8 and its develop- 
ment with the Ni tube alone in the previous experiments. In the present case 
the Hg lines appeared in the Ni tube within half a minute of then instantaneous 
appearance in the A1 tube Thus, when the Ni tube is m gaseous connection 
with Al, its spectrum becomes contaminated almost as rapidly as that of the 
A1 tube, but if no Al is in the connected system, the time taken for even a weaker 
Hg spectrum to bo excited by the same experimental procedure is multiplied 
twenty-fold 

5 Differences between Thermal and Electrical Disintegration of Mercury and 
Aluminium Cathodes —The greatly increased sputtering from the positive ray 
cathode after contamination by Hg might simply be due to the very much 
greater vapour pressure of Hg compared with that of Al at the same 
temperature, * e , to a purely thermal evaporation of the Hg attached to the 
Al surface 

Again, it might be a true electrical sputtering, due to positive ion bombard- 
ment rather than thermal evaporation, but m composition a sputtering of Hg, 
not of Al. 

To distinguish between these a discharge was passed through a hydrogen 
tube with a cathode of Hg frozen m liquid air Simultaneously, in a tube in 
gaseous connection with this, a thermal deposit of Hg was produced by heating 
in an asbeetos jacket The texture of the thermal deposit was coarse and 
structureless, while the deposit from the solid Hg was fine and arranged in rings 
similar to the succession seen along the glass near the cathode of the positive 
ray tube 

The film due to thermal evaporation of Hg was seen at once to have nothing 
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m common with the disintegration product of the Al cathode in the positive tay 
tube after contamination by Hg 

But the film on the cold tube, distinguished by its banded structure and fine 
gram from the thermal deposit, had to be compared carefully with the film from 
the contaminated Al The tubes were accordingly cut up and specimens taken 
of glass covered with (a) the true electrically sputtered layer from Bolid Hg, 
(6) the sputtered layer of an old positive ray tube with Al electrodes which 
had never been contaminated with Hg, (c) the layer of increased sputtering 
of the positive ray tube after its Al had been contaminated with Hg 
In spite of the similarity of the sequence m the banded structures common to 
(a) and (e) and even faintly discernible in (b), it became clear for the following 
reasons that the increased sputtering from Al after contamination is not an 
electrical sputtering of Hg, but of Al itself 
Firstly, comparing regions of similar density on each specimen, the dull 
whitish colour of (c) alone betrayed the Al oxide, and had the same appearance 
as the face of the cathode from this tube itself This oxide is well known to 
appear on an Al surface when exposed to air after contamination by Hg 
Secondly, when the three specimens were heated in a sand bath, the Hg from 
(a) evaporated, leaving clear glass at quite a low temperature, while the pure Al 
of (b) remained unchanged The unknown film (c) from the contaminated 
tube remained with (6), indicating that it is mainly of Al, not of Hg 
6 Summary of Experimental Results — The facts elicited by the above experi- 
ments may be classified as follows for the purpose of relation to what ib otherwise 
known of the behaviour of H, Hg, and Al 
PosUwe Ray Phenomena —Once an Al cathode has been exposed to Hg 
vapour, and thereafter washed for a long tame in streams of H without further 
admission of Hg, the resulting domination of Hg bnes over the H spectra, and 
the increase m rate of cathode disintegration, is accompanied by a decrease m 
the proportion of the spectrum of H due to neutralisation of protons, as deduced 
from the Doppler effect 

Spectroscope Phenomena —The domination by the Hg spectrum is instan- 
taneous with an Al cathode It is almost instantaneous with an Ni cathode so 
long as there is gas connection with another tube containing Al But with an 
isolated Ni cathode the Hg spectrum is weaker and requires greater pressure of 
Hg and longer time to make it appear 
Resutanoe Phenomena — The admission of Hg to H tubes with Ni and Al 
electrodes, and the above subsequent spectroscopic behaviour of the tubes, is 
aooompamed by no alteration of the relative resistances at Ni and Al electrodes, 



702 M. C. Johnson. 

although with atr instead of H the relative resistance changes are 
measurable 

Time Phenomena —In badly contaminated tubes the gradual saturation of 
the absorbing Na or Ag, and the gradual weakening of the Hg spectrum at the 
electrodes, were found to be functions of the time during discharge, not of the 
intervals of time between Admission of Hg to all tubes continues to decrease 
the resistance of the tube after admission has ceased, for as long as ten minutes 
Disintegration Phenomena —When solid, an Hg cathode can be made to 
disintegrate electrically in a way distinct from its thermal evaporation. But 
the disintegration layer from the A1 cathode after Hg contamination is of A1 
and is neither due to thermal nor electrical disintegration of Hg 

Past II -- Theoretical 

1 The result of the positive ray experiments, namely, the decrease in the 
proportion of the spectrum excited by proton neutralisation, at an A1 cathode 
after contamination by Hg, would find a ready explanation in any tendency 
of the Hg to decrease the liberation of electrons from the A1 surface 
Ratner* has shown that liberation of electrons by positive ion bombardment 
of a cathode can no longer be regarded as the principal means by which a dis- 
charge is maintained. Photo-electric liberation from the cathode is the alter- 
native pointed to by J J Thomson’s studies of the frequency of radiations in 
the neighbourhood of electrodes This mechanism is now accepted as controlling 
the normal working of discharge f Now, it is well known that some gas films 
do alter photo-elettnc emission profoundly, but there is no direct evidence 
that an Hg surface on A1 hinders emission, as would be required for an explana- 
tion of the present phenomena on these lines The existing data mainly concern 
photo-electnc fatigue, e g , AJlenf states that the fatigue of zinc is much the 
same whether its surface is polished or amalgamated Millikan and Wnght} 
state that the increase of photo-electnc sensitivity with tune of illumination 
is the same for many metals, including Al, whether they have or have not been 
exposed to Hg vapour That surface conditions at a cathode may entirely 
alter the photo-electnc control of a discharge is, however, put forward by 
Rataer|| on expenmental evidence, from the study of the gradual polarisation 
of an X-ray bulb at constant gas pressure 

* ' Phil Mag vol 40, p 792 (1920) 
t Taylor, 4 Roy Soc Proc A, vol 114. p 73 (1927) 

% 4 Roy Soc Proc A, vol 78, p 485 (1907) 

| 4 Phys Rev vol 34, p 88 (1912) 

|| ‘Phil Mag,’ vol 43, p 193(1922) 
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Bud if we consider the positive ray experiment in the light of the subsequent 
measurements of the constant resistance of tubes with different capacities for 
absorbing Hg, we have to abandon any such explanation involving inhibition 
of photo-electric liberation at the contaminated surface For such inhibition 
would show itself in an increase of electrode resistance such as found by Ratner 
in X-ray tubes Not only does the emergence of the Eg spectrum take place 
without altering the relative resistance at A1 and Ni cathodes, but the total 
resistance of the whole system remains unaltered bv Hg, m spite of the sensitivity 
of the method of measurement to the change from air to hydrogen Hence, the 
decrease of electron capture by protons does not mean that fewer electrons are 
available by photo-electnc liberation at the place where the decrease is seen 

2 Since the action of Hg at the A1 cathode cannot be regarded as altering its 
power of emitting electrons, the explanation of the decrease of electron capture 
by protons can be connected with the phenomenon of the domination of the 
spectrum by Hg lines This occurs, as was shown, at a partial pressure of free 
Hg vapour which is extremely small, and is typical of a large class of phenomena 
in the spectroscopy of mixed gases, when often the spectrum of the component 
greatly in excess is the weaker In the present case Hg atoms are numerically 
rare compared with H atoms and H molecules , but the resonance and ionisation 
potentials of Hg are 4 8, 6 5 and 10 2 volts respectively Those of the H 
atoms are 10 2 and 13 5 volts The ionisation potential of the H molecule is 
not agreed upon. Horton and Davies* suggest 22 8 volts It is probable, 
therefore, that ease of ionisation and excitation to some extent tends to make 
up for the numerical inferiority of Hg Further, the slower motion of the 
massive singly charged Hg ions compared with H x + and H, + allows readier 
re-oombmation with free electrons met It is reasonable to expect that this 
easier ionisation and re-combmation would allow to the few Hg atoms the 
abnormally large share they seem to take in the spectroscopio phenomena of 
the tube The same properties will ensure that, for the same total current 
density of the tube, Hg ions can seize the electrons which in the pure tube 
would, after longer free path, fall to the faster H ions This would decrease, 
as observed, the part of the positive ray hydrogen spectrum denoting the 
neutralisation of protons 

3 The long pumping and washing with H, which was unable to destroy the 
above phenomena, together with the fact that Hg is only freed during discharge, 
•hows that the Hg is derived from the Al cathode surface But it is able to 
migrate, probably through its frequent exchange of charge , this is shown by 

• ‘PhiLM«g,’voL46,p 896 (1923). 



704 


M C. Johnson. 


its rapid appearance in the connected Ni tube which, when isolated from Al, 
could only make use of Hg much more slowly It is important to enquire 
whether the present experiments make any discrimination between the several 
prooesses covered by the term “ occlusion ” of vapour at the solid surface 
Porter* has classified several of these, of which the most important are adsorp- 
tion, formation of charged double layers, solution, formation of definite chemical 
compounds The evidenoe from the chemical point of view is not agreed as to 
the precise nature of the relation of Hg to Al Though some suggestf a com- 
pound AljHg, but an amalgam of varying composition for Ni, a recent refer- 
encej states that the constitution of the Al-Rg system ib unknown, but results 
in a solid brittle amalgam 

The study of cathode disintegration allows us, independently of any decision 
as to the chemical constitution of the amalgam, to form a hypothesis as to 
some physical aspects of the behaviour of the Hg, H and Al The experimental 
facte show that the much-increased disintegration product after contamination 
of the Al cathode by Hg was neither due to thermal evaporation of Hg nor to 
true electrical sputtering of Hg , theories of the action of the Hg on the Al 
must accordingly assume that it facilitates the detachment of the Al itself 

It is well known§ that the sputtering in tubes with Al electrodes, usually very 
slight, is increased if the atmosphere of the tube is of one of the inert gases 
Ne, Xe, Kr, and Hg has already been classed with these, both as to its increase 
m aputtenngll and m the fact that it behaves as a monatonuo gas Kohl- 
schutter has shown^f that sputtering of any metal increases with increase in 
atomio weight of the gas m the tube Assuming that these two groups of 
phenomena are of one origin, J J Thomson points out that the rare gases and 
a fortwn Hg vapour show peculiar liability to multiple ionisation ** Accord- 
ingly, he suggeststt that it is the increased energy m the dark space of multiply 
charged particles which leads to the encouragement that these elements give 
to the break-up of Al cathodes 

But in the present case the cathode disintegration goes on when all the Hg 
free vapour has been pumped off, and is mainly a delayed effect of the temporary 

* ‘Tnuu Faraday Soo vol 14, p 192(1919) 
t Friend, ' Inorganic Chemistry,’ vol 3, part 2, pp 218, 221 
$ Anderson, ‘ Metallurgy of Aluminium,’ p 728 (1926) 

{ Campbell, ‘ PhlL Mag , vol 28, p 347 (19U) 
j| Kaye, ‘ Proc Phy* Soc vol 25, p 199 (1918) 

U ‘ Z Electrochem / vol 15, p. 316 (1909) 

** ‘ Positive Rays,' 2nd ed , p 88 
ttIW.P 174 
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intrusion of Hg The Hg present during the greater part of the disintegration 
is only that derived from the cathode itself, and in that extremely small partial 
pressure the occurrence of multiple ionisation must be of a very small order of 
probability compared with the main bombardment by protonB and H molecules 
We cannot here invoke the ionisation properties which allow the Hg atoms to 
oontnbute abnormally to the spectrum and electron capture, since those only 
concern the first ionisation potential compared with that of H Accordingly, 
the explanation which would fit the facts when the monatomic gases are the 
mam constituent of the tube is not to be relied upon when, as at present, the 
disintegration outlasts their introduction as temporary impurity 
4 Hence it is probable that the action of Hg in loosening the A1 is not the 
primary result of bombardment but a secondary result, the primary result 
ceasing when the partial pressure of Hg vapour is reduced very low We are 
led to a hypothesis of the nature of the primary effect of the bombardment by 
multiply charged ions, from the well known phenomena of the oxidation of A1 
Pure A1 is very readily oxidised, but in practice most A1 appears to resist 
corrosion because of a protecting layer on the surface, which, when once formed, 
prevents gas from passing from outside to the layers of A1 beneath According 
as we try to explain this layer chemically or physically it can be looked upon 
as an A1 oxide or as a layer of oxygen behaving in the manner studied by 
Langmuir In either case it probably inhibits the passage of gas from inBide 
to outside as it does from outside to inside, as in the phenomenon of the “ pas- 
sivity ” of metals dne to a film mechanically hindering metallic ions from 
entering solution Under certain circumstances A1 can liberate much of the 
gaS, mostly H, which it contains in its bulk, and it is natural to suppose that 
liberation as a diffusion process would in a vacuum discharge be greatly facili- 
tated if the protecting layer were removed But if the gases m the structure 
of the A1 were thus allowed to diffuse out, their removal from whatever place 
their atoms occupied m the A1 structure, or between the crystal cells of Al, 
would leave some interstices unoccupied and the Al permanently more open to 
penetration by the further bombardment by protons A similar case is the 
opening of a metallic lattice by oxidation and reduction * 

Accordingly, we suppose that when a monatomic gas is ruddenly let into the 
tube, the increased energy of its multiply charged ions effects what the steady 
proton bombardment had not been able to, namely, some break-up of the 
protective film over the Al cathode This allows the gases m the Al structure 
to diffuse out, which they would have done before if not locked m by the oxygen. 

* Rides!, ‘ Stufeoe Obemirtry,’ p ISO 
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or oxide film For under the conditions of the discharge in the sonoundag 
vacuum, the metal is supersaturated with gas which, when the film was formed 
in air, had been its normal complement. This breaking of the films will occur 
vrhen the first rush of multiple ions of Hg occurs, but the consequent slow 
diffusion outwards of the gas will leave a permanently and increasingly weakened 
A1 structure This will hence continue an increasing sputtering now that 
the protecting layer has gone, even though all possible efforts are made to remove 
the Hg, which has fulfilled its function » 

5 The above hypothesis would account for the continued sputtering in the 
above experiments , but for confidence it would require some evidence of the 
intermediate link in the sequenoe, t e , the liberation of gas from inside the A1 

The existence of this link is suggested by Baly's observation* that the 
admission of a trace of Ne, Kr, Xe into a discharge tube whose outgaasing of 
A1 electrodes was apparently complete causes a further evolution of H In 
the present experiments it is also supported by the following interpretation of 
the time phenomena observed Consider the possible meaning of the increase 
of gas pressure in the tubes after flooding by Hg vapour had been completed 
In other experiments, in addition to the above, the admission of Hg continued 
to lower the tube resistance after the Hg reservoir had cooled Now, after 
flooding from the hot reservoir, the re-condensation of what does not cling to 
the electrodes takes the form of a multitude of very small drops, over whose 
curved surfaces the vapour pressure will be greater than over the initial single 
pool This is, however, not enough to account for the 100 per cent increase in 
total gas pressure after cooling, in a Bystem whose history was a guarantee 
against leak and normal degassing It is, moreover, partly counteracted by 
the fact that Hg vapour pressure over amalgams is less than over pure Hg at 
the same temperature f Since the heating of the Hg reservoir was bo localised 
as not to liberate gas from the glass walls, and since the liberation was main- 
tained, it seems probable that the increase in gas pressure after cooling of the 
Hg represents a liberation from the electrodes, as would be expected on our 
hypothesis of the preceding paragraph In the present case no spectral trace 
of anything but H and Hg were seen, so the liberated gas is probably H. 

6 The protective layer on the Al, the H in the A1 structure, and the final 
amalgam of the Hg on the Al after the protecting layer is broken and the H 
liberated, could all be described in chemical or m purely physical farms according 
as we regarded the several surface phenomena as chemical or physioal We 

* • Phil. Tnu toI 202, p. 188 (1904) 

t Foster and Beebe, ‘ J Am. Ohem. See roL 42, p 548 (1920) 
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have accordingly pun of alternative* * * § such aa true oxide or Langmuir layer of 
■orientated oxygen molecules, the trapping of molecules between lattioe cells 
•or the existence of unstable hydrides, the formation of AljHg, or solid solution. 
But between such pain of terms it is nowadays recognised to be hard to dis- 
tinguish in a border region where even in adsorbed layers of monomoleoular 
thickness chemical bonds may have to be assumed * 

The Langmuir type of layer is suggested for the present case rather than an 
oxide, because of its stability under a proton bombardment which disintegrates 
metals and most compounds f Mechanical trapping rather than a chemical 
composition is more probable as the behaviour of H, since it diffuses out »n 
vacuo Solid solution, or at least a senes of varying composition rather than 
Al t Hg,, is suggested for the amalgam for the following reason Metallic 
sputtering is known to be of particles of colloidal size,}: and the Hg and not the 
A1 is shown by the spectra to be atomic in the present experiments Hence, 
some system of Hg and A1 allowing differential evaporation is required, such 
as Crookesg found in the sputtering of gold-aluminium The latter is now 
known |) to cover a varying composition Al,Hg 3 , on the other hand, would 
probably dissociate and show an A1 as well as an Hg spectrum at the cathode 
7 Comparison may be made between the foregoing theory of the rupture of 
a surface layer by bombardment and the well-known phenomenon of the 
oxidation of aluminium when amalgamated in air In the latter case it is 
open to chemistry to suggest that the mercury removes the surface film of 
oxygen by entering with it into some transitory combination Such an 
explanation would be difficult to trace because of the several variables involved 
by the presence of air Actually, however, the writer has, after wide enquiry, 
failed to hear of any case where the amalgamation took place without (a) 
scouring the aluminium or (6) rubbing in the mercury , either of these would 
destroy the surface film mechanically, as it is here suggested that the Mercury 
bombardment does m vacuo If it were shown that the opening of the inner 
surface to oxidation could occur without (a) or (6), it would be necessary to 
invoke the more complex chemical explanation When found, that explanation 
would also serve as alternative to the present physical explanation of the 
phenomena in vacuo 

* Icedale, ‘ Phil Mag ,’ rol 4#. p 627 (1926) 

f Wien, ‘ Kanalatrahlen,’ p 26 (1923) 

t Kaye, ‘ Proo Phya. Soc vol 26. p 198 (1913) 

§ ‘ Roy Soc Proo ,’ A, vol 80, p 88 (1891) 

|| Whotham, * Theory of Solution,’ p 62 
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8 Conclusion —The experiments described m Part I, together with certain 
previously known facts, would be accounted for on the following hypothesis — 

The admission of a gas known to be liable to multiple ionisation leads to » 
more violent bombardment of the cathode This, however, causes on increased 
cathode disintegration long after the gas is pumped off, which cannot, therefore r 
be the direct result of the bombardment as on Thomson’s theory It would be 
m accord with the other phenomena here described that the direct effect should 
be to break the protective layer of oxygen on the A1 and thus allow diffusion of 
gas out from the metal structure Such diffusion out is observed in the present 
experiment The resultant weakening of the A1 structure is the actual cause of 
the increased sputtering The Hg m combination or in solution on the cathode 
is evaporated and contributes to the spectrum, but not to sputtering Thie 
contribution, owing to its favourable ionisation potential, is much greater than 
expected from the very low partial pressure compared with H Its ability to 
capture electrons, due to its mass and critical potentials, results m the decrease 
of the H Doppler effect observed in the positive ray experiments The experi- 
ments on the resistance of the tubes show that an alternative explanation m 
terms of inhibition of pboto-electnc liberation at the cathode w both unnecessary 
and unlikely 

I owe my best thanks to Prof S W J Smith, V R S , for generously giving 
me both time and equipment for these experiments To Mr G O Harrison, 
of the Physics Workshop, I owe not only the instrument construction acknow- 
ledged in previous papers, but in several instances the carrying out of tests and 
experiments suggested by his long experience in vacuum and surface research 
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An X-Ray Investigation of the Structure of some Naphthalene 
Derivatives 

By J Montkath Robertson, M A , B Sc , Ph D , Carnegie Research Fellow 
(Communicated by Sir William Bragg, F R S -Received March 5, 1928 ) 
(Plat* 17] 

The crystal structure of naphthalene tetrachloride has been investigated 
by Sir William Bragg,* who finds it to consist of a monochmc body-centred 
lattice containing four molecules of CioH b CU per unit cell, the space group 
being apparently C, 4 The orientation and the structure of the molecules 
suggested (Joe ext ) is in harmony with the dimensions of the unit cell, and 
explains the chief features of the intensities m the most prominent spectra 
In the present paper this structure is further examined by the rotating crystul 
method and, by means of a comparison with 12 3 4 5 8 -hexachlomaph- 
thalene-1 2 3 4 -tetrahydride (referred to hereafter as dichlomaphthalene 
tetrachloride), an attempt is made to locate the halogen atoms. Several 
naphthalene derivatives were investigated, and the dichlor-tetrachlonde was 
finally selected for a detailed examination because the crystal structure is vcr\ 
closely similar to that of naphthalene tetrachloride, and hence a direct com 
panson of intensities, etc , becomes possible 
The dimensions of the umt cells of these ohlondps compared with naphthalene 
are given below — 


Compound 


b 

• 


Space 

group 

Mole per 
unit oell 

DeneUy 

Naphthalene 

8 34 

6 0 

8 7 

I22 5 49 

I I 

2 

1 152 

Naphthalene tetrachloride 

7 9 

10 3 

H 2 

112° 40' 

c,« < 

>r C,** 

4 

1 67 

Dichlomaphthalene tetrs 
e Monde 

7 8 

12 3 

13 9 

110° 11' j 

_ 1 

C,‘ 

or Cja* 

4 

1 87 


These data agree reasonably well with the anal ratios recorded in Groth.f 
except that in the case of naphthalene tetrachloride the length of the o axis is 
now found to he doubled, and in the ca3e of the dichlor-tetrachlonde we have 
interchanged the a and the c of Groth 
* * X-Rays and Cryet&l Straoture,’ p 2S3 (1923) , ‘ Z fUr Krlet vol 0$, p 22 (1927) 
f ‘ Chem. KxirUUographie,’ vol li pp 398, 369 
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The X-ray results (see below) show that m the case of these two chlorides the 
general plane {A k 1} is halved when h + k + l u odd, and that all the {A 0 1} 
planes are halved The lattice is therefore body centred (P) and the space 
group must be either C*** (monoclimc prismatic) or C , 4 (monoclimc domatio) * 
It is not possible to distinguish between these two cases by any known X-ray 
method There is, however, certain other evidence which is strongly in favour 
of the latter space group, and which therefore leads us to infer, as Bragg has 
pointed out (loo cti), a hitherto unsuspected polanty m the crystal First let 
us consider the requirements of the monoclimc prismatic group C M * The 
elements of symmetry are a glide plane and a dyad rotation axis, and eight 
asymmetric molecules are required to form the unit cell As only four molecules 
are actually present in these crystals, each molecule must possess either a centre 
or a dyad axis of symmetry along the b axis of the crystal It is certain that 
if the crystal molecule bears any resemblance to the structural formula advanced 
from chemical considerations, then a centre of symmetry is impossible, and a 
dyad axis could only he along the long axis of the molecule as indicated below 



Naphthalene tetrachloride Diehl ornaphthalene tetrachloride 


In other words, we must place this axis of the molecule along the b axis of the 
crystal We cannot disprove tbs possibility directly, but we shall Bee that all 
the evidence points to the axis of the molecule being nearly coincident with the 
c axis of the crystal, as in the case of naphthalene and anthracene It is in view 
of this evidence that we are led to reject the monoclimc prismatic space group 
and adopt the lower symmetry of the domatic class The space group C, 4 , 
containing only a glide plane of symmetry, requires only four asymmetric 
molecules per unit cell No molecular symmetry is possible It will be 
adopted in the following discussion as being the most reasonable working 
hypothesis 

In this spaoe group we now require to determine as far as possible the relative 
position of the original and the reflected molecule Bragg has made use of 
the fact (loo at ) that if this approximates to oertam values, then certain sets 
* Cf. Aftbuiy and Yardley, • Phil Trass A, vd 224, p 539 (19U). 
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of planes tend to give weak reflections, and hence from a study of these the- 
approximate position of the reflected molecule may be determined, provided 
that the molecules (the standard molecule and the reflected molecule) present 
approximately the same appearance when viewed from all points 

In his investigation of the tervalent metallic acetylacetones W T Astbury* 
has discussed this method of locating the position of molecules, and has pointed 
out that, for example, when the odd hyperbolic are almost completely obliterated 
in a rotation photograph, then the molecule which subdivides the primitive- 
translation parallel to the rotation axis must possess “ approximately that 
dement of symmetry which t s involved in deriving it from the molecules at the ends 
of the primitive translation " 

This method of locating molecules therefore appears to have a wide application, 
and if applied carefully it may in certain cases give information regarding the 
position of important groups of atoms, leading to the correct orientation of the 
molecule The effects, however, may be small, and we may not be able to 
distinguish them by simple inspection of a rotation photograph , because the 
operation of the Bpace group halvings will in general cause the absence of many 
strong reflections from certain layer lines, and this effect may lie mistaken for a 
weakening of the reflections from the general plane 

We can proceed by making a classification of all the reflections in such a way 
that the different effects can be clearly distinguished By means of Bernal’s 
method of interpretation,! which has been followed in all the work described 
here, indices can be assigned with certainty to all the reflections In arranging 
the results so as to obtain the information required, several points must be 
noted 

(1) We must interpret all the reflections occurring in rotations about any 
axis within a certain range In the present example, all reflections up to £ = 1 50 
have been interpreted on five layer lines in photographs taken about the 
b axis With the K« rays from a copper anticathode this gives about three 
hundred planes in each crystal, which is enough to give good averages of 
intensities for certain sets In more complicated crystals with larger unit 
cells a smaller £ value would doubtless give sufficient planes for classification 
But it is important to classify all planes up to a selected £ value 

(2) Before recording a plane absent we must make sure that it has been in a 
r eflecting position. In other words, the instrumental limits must be clearly 
indicated in the classification 

• ‘Boy Soc Proc,’A,vol 112, p 467(1926) 
f ‘ Roy Soc Proe ,’ A, voL 113, p 117 (1928). 
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(3) Planes absent owing to the operation of space group halvings must be 
distinguished from those whose absence is due to other causes, and allowance 
made in comparing the intensities of certain sets 
These points can be most clearly set forth by arranging the results m the 
form of a senes of tables based on the reciprocal lattice of the crystal Each 
table contains an account of the reflections observed along one layer line in 
the crystals The limits of the region interpreted (§ = 1 50 for naphthalene 
tetrachloride) and the instrumental limits are indicated by a full line across the 

column — *—• Planes which have been m a reflecting position and 

found to be absent are marked Abs Reflections which are absent on account 
of space group halvings are simply omitted The regularity of the resulting 
pattern on the tables at once indicates the type of lattice The body-centred 
lattice in these crystals is the cause of the staggered effect, analogous to the 
appearance of an oscillation photograph taken about the b axis 
The intensities of reflection have in most cases been estimated by eye from 
overlapping oscillation photographs No great accuracy is claimed for the 
results, but by comparing the Ka (copper) reflections with the Kfl reflections, 
an approximate idea of the intensities is obtained The following table indicates 
the standard adopted — 


— 

In tensity, I 

n 

v a =» very atrong 

100 

7 

h strong 

42 

« 

mi — medium strong ■= ft of v * 

IS 

5 

m ^ medium =* ft of a 


4 

w m « weak medium -= ft of m a 

7 

3 

w — weak — ft of m 

1 3 

2 

y w = very weak -» B of w ra 

0 3 

1 


The ratio of the intensity of the Ka to the K{3 line of copper is about 5 7 to 1 
on the photographic plate, t e , after passing through the aluminium window 
(1/1000 in ) of the X-ray tube,* so that, putting vs = 100 we find the approxi- 
mate values of the other standards as given above If, however, the crystal 
absorbs the X-Tay beam considerably, as is the cose with these chlorides, it is 
bkely that the observed ratio of a to (J will be still further reduced by differential 
absorption The number n, which simply indicates the order of intensity, has 
been used in comparing the intensities of sets of planes The number n is not 
proportional to the intensity I, but is a linear function of the logarithm of the 
intensity, 

* ‘ Roy 8oc Proc ,* A, vol 115, p 545 (1987) 
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Taking the ratio of the intensity of the a to the ($ reflection as 5 7 and using 
common logarithms, 

n — A log I -f B, 

where A — 2 64 and B — 1 71 

Tables I-V show the reflections observed m photographs taken about the 6 
axis of the two crystals investigated Other important planes like the (010) scries, 
which require to be measured in photographs about other axes, are given later 
Pigs 1-6 show the distribution of intensities in naphthalene tetrachlondo 
plotted as Em against the l index (horizontal columns in the tables) The 
corresponding diagrams for the dichlor-tetrachlonde (not shown) are very 



Figs 1-6 — Naphthalone Totraehlonde 


simi lar, though somewhat more confused The general weakness of the reflec- 
tions from planes with the l index odd is at once obvious There ib, however, 
another effect Wo see that the diagrams for l = 1, 3 and 5 are much more 
confused, especially at the ends, than the k = 0, 2 and 4 diagrams The 
explanation of this is to bo found in another tendency for weak planes when h 
is odd Bearing in mind the general halving when h -f k -f- l ib odd, wc have 


h odd 

4 = 0 

l odd 

Space group halvings 

h even 

4 = I 

l odd 

Opposing effects 

h odd 

4 = 2 

l odd 

Double weakening effect 

h even 

l = 3 

l odd 

Opposing effects 

h odd 

4 = 4 

I odd 

Double weakening effects 

h even 

4 = 5 

I odd 

Opposing effects. 
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Table III — Planes {*21} 

Indices {**/} B = Intensity of reflection in naphthalene tetrachloride 

C = Intensity of reflection in dichlomaphthalene tetrachloride 
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Table TV — Planes {A3?} 

Indices {h k I) B = Intensity of reflection m naphthalene tetrachloride 

C = Intensity of reflection in dichlornaplithalene tetrachloride 
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I 5312 Ab* 



Table V — Planes {A 4 1 ) 

= Indices {Ail} B = Intensity of reflection in napht 

C — Intensity of reflection in dichlomaphthnlene tet 
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We may summarise these effects by adding up the mtenflity numbers for all 
the planes Fig. 7 shows these numbers plotted against the index h (vertical 
columns in the tables) 



Figs 7, 8 —Naphthalene Tetrachloride Fwa 9, 10 — Dichlomaphthalene Tetrachloride 
-EVi Hummed from k — 1 to k = 4 only ZVi summed from t « 1 to k =*= 4 only 


The intensity numbers are summed from l -= 1 to l = t onlv in order to 
eliminate the effect due to the general halving of the { h 0 /} planes when h is odd 
k 5 is not included because we must have an equal number of k (aid planes 
and k even planes m order to eliminate the alternating effect due to the tendem y 
for weak planes when l is odd The tendency for weak plant s when h is odd is 
now obvious Fig 8 summarises m the same way the tendency for weak planes 
when l is odd 

Figs 9 and 10 are prepared in exactly the same way from the data for dichlor- 
luiphthalcne tetrachloride, and show that the same effects to a less extent are 
operating We may note that m this case the tendency foi weak planes when 
h is odd is at least as strong as the tendency when l is odd Reference to this 
fact will be made later 

The weakening effects which are most pronounced, viz , when l is odd m 
naphthalene tetrachloride, and when h m odd in dichlomaphthalene 
tetrachloride, are readily seen on the rotation photographs about the c and the 
a axes respectively in these crystals (Plate 17) In naphthalene tetrachloride 
the intermediate hyperbol®, which contain all the reflections when l is odd, 
are very faint The great strength of the fourth hyperbola is interesting 
(cf fig 8) This photograph was taken with a very minute crystal, measuring 
about half a cubic mm With larger crystals the absorption is very 
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groat, and the intensity of the resulting broken reflections u hard to estimate 
In diohlornaphthalene tetrachloride the intermediate hyperbola contain all 
the h odd reflections, which are seen to be relatively weak The crystal in this 
case was a small needle whose axis was the a axis This form is typical of 
diohlornaphthalene tetrachloride One advantage of the diagrams over the 
photographs is shown m the much larger range recorded For instance, in 
fig 3 we can compare the intensities of planes up to l = 13, whereas m the 
photograph about the o axis ouly about five hyperbola (1 = 5) are visible 
The planes with higher indices are recorded m oscillation photographs about 
the b axis (using a circular camera) 

In seeking an explanation for the above facts we must consider the position 
of the reflected molecule in the unit cell If A represents a standard molecule, 
then an exactly similar molecule A' is situated at the centre of the cell The 
reflected molecule B is denved from A by a reflection in the ac plane plus a 
translation of $o along the c axis and may he anywhere along B 1 B, (fig. II (a)) 
Ylfe have to determine a parameter which as far as possible expresses its position 
along this line * The molecule B' is derived from A' in the same way as B is 
denved from A Suppose that the reflected molecule bears some resemblanoe 
to the original molecule from all points of view and that we can therefore place 
it at a more or less definite position with respect to the original molecule 
Consider first the arrangement shown m fig 11 (a), where the reflected molecule 
Bj subdivides the primitive translation A^ The length of the c axis is approxi- 
mately halved and we shall get weak planes when the corresponding index l is 
odd, because all such planes are interleaved with reflected molecules If the 
reflected molecule were exactly like the standard molecule, and were situated 
exactly at B|, then B^B^A/A^A* would become the unit cell,t and the 
l odd planes would entirely disappear We see that, generally, given the neces- 
sary similarity between the standard molecule and the one denved from it by 
a symmetry operation (</ p 711, and Astbury, ho eU), then those planes 

* If A is a point representing the position of a standard molecule, we cannot in general 
define the position of the reflected molecule by another point snoh as B Let the co- 
ordinates of A be ar, y, x, with the a, b, and e directions as axes Then the coordinates of 
the equivalent point on the reflected molecule are*, — y + p, s + Jo, where has to be 
determined If, however, we osn infer an approximate plane of symmetry in the molecule, 
as is probable in this case, then any point situated on this plane can be thought of as 
representing approximately the position of the molecule in question. 

f It is convenient in this work to refer the indioes to the body-centred ceil containing 
four molecules The trim unit cell, of coarse, is only half this sice and oontains two mole- 
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will tend to be weak which have the index corresponding to the direction 
which is subdivided by the symmetry molecule as an odd number The 
extension to more than one subdividing molecule is obvious 
For example, in fig 11 (a) the seoond reflected molecule B' subdivides the 
primitive translation A, A, Change the unit cell so that this direction o' is 
the new a direction Then the indices h'kT referred to the new cell are given 
by h' =a h + k, V = h, V *= l, and we get weak planes when h’ is odd, » e , 
when h -f- k is odd, and therefore when l is odd, because h -f h -f / is even 
Hence the effect of both reflected molecules is to give weak planes when l is 
odd and there is no other effect 

It can be seen m the same way that m the structure shown m fig 11 (ft) the 
effect of both reflected molecules is to produce weak planes when h is odd 
But the results show that m the case of naphthalene tetrachloride and dichlor- 
naphthalene tetrachloride both these effects are present, the l odd effect being 
predominant m the former crystal and the h odd effect m the latter 
If the reflection molecule were in some intermediate position between that 
shown m fig 11 (a) and fig 11 (ft), there would be no tendency to either effect 



A structure such as that shown in fig, 11 (c), where the l&ttioe is no longer body 
centred, would give rise to both effects, the unit cell being effectively quartered, 
but such a structure is impossible within the space group we are considering 
(C, 4 ) Under these circumstances we can only conclude that the molecule 
functions as if it were effectively m both the positions required by figs 11 (a) 
and 11 (ft) A simple explanation of this anomaly presents itself when we 
oonsider the probable structure of the molecule as built into the crystal The 
chemical structure indicates that the four chlorine atoms were attached to one 
carbon ruig, and the approximate plane of symmetry which is required m the 
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molecule to account for the tendency to give sets of weak planes indicates that 
the chlonne atoms must be approximately symmetrically placed on either side 
of the ring If now we place the molecule along the c axis of the crystal, the 
appearance when viewed along that axis can bo roughly indicated by fig 12, 
where the ovals are taken to represent an end-on view of the region occupied 


N. 


CFB-GB 

CD 

XXX 

CB-bO 


vk I x 


:«-20o-+; 

Fin 12 —Projection of Unit Cell on a b plane (001 ) 


by the carbon rings, and the crosses indicate the approximate location of the 
halogen atoms on either side of the molecule We do not require at present to 
discuss the exact position of these atoms We now see that whpreas the molecule 
as a whole, and the carbon rings considered by themselves, conform to tho 
structure of fig 11 (a), yet the groups of halogen atoms, considered bv them- 
selves, conform to the other type of structure shown in fig 11 (c) We may 
therefore conclude that the tendency for weak planes when h is odd is due to 
the effect of these groups of atoms whioh virtually lie on a different type of 
lattice Confirmation is obtained from dichlomaphthalene tetraohlonde 
We have now six ohlonne atoms instead of four, and the latter effect pre- 
dominates In the case of this crystal, however, the increase in the length of 
the b axis (12 3 instead of 10 3) must affect the structure shown in fig 12, 
probably in disturbing the alignment of the halogen atoms It is not surprising, * 
therefore, that -ae get more confusing relations in the diagrams (figs 0, 10) 
Having found the most probable arrangement and orientation of the molecules 
in these crystals, we can now proceed to a qualitative examination and com- 
parison of the intensities of the most important reflections, as preliminary to 
the development of an exact structure factor Take first the case of the {010}, 
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planes The observed results are as follow, measured on rotations and oscilla- 
tions about the a and c axis — 



The almost exact quartering in the case of naphthalene tetrachloride is 
explained by fig 12 Summing atomic numbers, f'| 0 H s — b8 and 01* = 68, 
so that the chlorine atoms should be equal m reflecting power to the carbon 
rings The distance from the centres of the chlorine atoms to the centres of 
the carbon atoms must be almost exactly J b = 2 68 We may note here 
that, in order to explain the very perfect quartering observed in the higher 
orders, calculation shows that we require to assume almost flat carbon rings in 
the naphthalene tetrachloride molecules If the rings were like those in the 
diamond structure, built m strictly tetrahedral manner, then the tenth order 
should be stronger than the twelfth, whereas we fand a distinct twelfth order 
and no trace of the tenth It is hoped to discuss this point in more detail later 
In the case of dicMornaphthalene tetrachloride we have C 10 He = 66 and CU = 
102, so that we should now expect the 020, 060, to appear, which is in 
agreement with the facte These orders, however, are somewhat stronger than 
we should expect by simply increasing the weight of the halogens The increase 
in the length of the b axis indicates, as we have seen, that some displacement 
across the plane has most likely occurred as well Although this must have a 
very marked effect on the intensities of all the higher orders, we can neglect it 
m the general discussion of the simple planes given below 
Consider next the following planes — 



Naphthalene 
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Jhchlomaphthalene 
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Reference to fig 12 will show that in these sets of planes we should not ezpeet 
much change in the relative intensities of the reflections between the two com- 
pounds provided that the two additional substituted chlonne atoms in dichlor- 
naphthalene tetrachloride are situated somewhere beneath the other halogens 
Such a substitution would increase the weight of some of the scattering centres 
without materially affecting their distribution across the plane This inference 
is again in accordance with the results 

Let us now make a projection on the be plane (parallel to the o axis) of the 
structure thus far obtained The appearance is shown in fig 13, where the 
crosses as before indicate the region occupied by the halogen atoms, and the 



Fio 13 — Projection of Unit Cell on be plane (100) 

oblongs a side view of the carbon rings The dotted crosses represent the 
region of the substituted chlonne atoms, situated beneath the others We now 
see that these substituted atoms will greatly alter the distribution of the scatter- 
ing centres across the (Oil) and the (002) planes, and henoe we should expect 
pronounced changes m the relative intensities of the orders of these planes when 
the two compounds are compared, and the following observed results show that 
this is the case — 
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N*phth*leuc Diohlomaphthftlene 

tetrachloride tetrachloride 



We cau set* at once from fig 13 why the strong (002) of the naphthalene 
tetrachloride nearly disappears in ilichlornaphthalene tetrachloride, and is 
replaced by a strong (004) 

Other striking confirmations of this view of these structures arc obtained 
from a study of some {h 0 /} planes As all these planes are halved by space- 
group considerations, we now only require to take actount of the configuration 
of one molecule Fig 14 shows the projection of one quarter of the unit cell 
on the ae plane The molecule now lies in the plane of the paper If we adopt 



Fio 14 — Projection of Quarter of a Unit Cell on ac plane (010) 

the flat nng m graphite, the distance from centre to centre of the carbon atoms 
sr- 1 41 A U , and this is the radius of tho atom centres which lie on the large 
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rings m the diagram If we adopt the tetrahedral ring, as m the diamond,* and 
place it as is required to account for the position of the chlorine atoms, t e , 
with a minimum extension along the 6 axis, then it will project into exactly 
the same diagram on this plane, when r the radius of the atom centres, and the 
distance from centre to centre m the projection, is given by 

r = JV 2D = 1 41 AU, 

when D the diameter of the carbon atom is now taken as 1 60 A U It is 
therefore obvious that the {A 0 1} planes contain no information as to whether 
the graphite or diamond structure is present in this case 
The positions of the centres of the chlorine atoms to be expected from chemical 
considerations are indicated by small rings, the two substituted atoms being 
shown by a broken line The carbon atoms are not shown 
Consider the following {AO/} planes - - 


Naphthalene Dichlornaphthoh no 

tetrnchloridi | tetrachlondi 



At* 

Aim 


The diagram shows the effect of the chlorine atoms in making the (202) strong 
m naphthalene tetrachloride and absent in dic.hlornaphthalene tetrachloride 
Based upon the dimensions and orientation discussed above, an exact structure 
factor can be developed which explains most of the prominent features in the 
intensities of the {AO/} planes Its discussion, however, is postponed for the 
present, owing to some uncertainties which enter mto the exact treatment of so 
complicated a molecule. 

Summary 

The structures of naphthalene tetrachloride and 1 2 3 4 5 8-hexachlor- 
naphthalenc-1 2 3 4-tetrahydnde have been examined by the rotating crystal 
method, and are found to be closely similar The lattices are body centred, 
and the most probable space group is C, 4 , with four asymmetric molecules 
per unit cell This involves a polar crystal 
The parameter of the reflected molecule is determined by a statistical in- 
vestigation of the intensities of the general plane, based upon Bernal’s method 


Cf Bragg, ‘ X-raya and Crystal 8 true tore,' p 237 (1923) 
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of interpretation This also leads to an approximate location of the halogen 
atoms, which are found to lie on what is virtually a different type of lattice 

A comparison of the intensities of the simple axial planes, and some others, 
in the two crystals shows that the two additional substituted chlorine atoms m 
dichlornaphthalene tetrachloride must lie somewhere beneath the added 
chlorine atoms when we view the structure along the c axis In view of the 
chemical structure this can only mean that the long axis of the molecule is 
approximately coincident with the e of the crystal, with the chlorine atoms 
on either side of the molecule interleaving the carbon rings The intensity 
distribution in the higher orders of certain planes requires an almost flat 
carbon ring as m the graphite structure 

In conclusion, I wish to express my sincere thanks to Sir William Bragg for 
his invaluable suggestions and encouragement throughout the course of this 
work To Dr Muller, Mr Astbury and other workers m the Davy Faraday 
Laboratory, and to Mr Bernal I am also indebted for much valuable advice 
The dichlornaphthalene tetrachloride was synthesised and prepared as single 
crystals by Dr Gilchrist in this laboratory To the Carnegie Trust I am 
indebted for a Research Fellowship, and to the Chemical Society for a grant 
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Thk earlier years of Albin Hallbr were spent in his native village of Peller- 
rngen, not far from Mulhousc, where ho was bom on March 7th, 1849 He 
was the eldest son of a family of eleven, and at tho age of 14, after ho had attended 
the primary school at Weeserling, he was apprenticed as a carpenter in hw 
father’s workshop However, by a lucky chance, ho happened, two years later, 
to make the acquaintance of a pharmacist, M Achilla Gault, who took him into 
his laboratory and gave him his first lessons in chcmiBtry For three years 
M Gault, who was quick to recognize the marked ability of his pupil, devoted his 
leisure tamo to the training of Haller, and ultimately sent him to his brother 
M Leon Gault, of Colmar, to whom ho became assistant 

Early in the Franco-Prussian war Haller volunteered for service, joining at 
Belfort in 1870, but after the disastrous year of 1871 he elected to remain in 
France and rejoined M Gault at Nancy, whore he assisted in the establishment 
of a pharmacy, and continued to study for his pharmaceutical examinations 
under the direction of his master In 1872 the University of Strasbourg was 
established at Nancy, and Haller became m rapid succession “ aide-prdparateur,” 
“ prdparateur ” and “ chef do travaux ” m the Ecolc Sup^neure de Pharmacie 
In 1879 he obtained tho “ doctorat & sciences,” and m 18815 was appointed a 
professor m the Faculty of Science of the University By this time his keen 
insight and great manipulative skill as a research worker, and his marked 
ability as an administrator and inspiring lecturer, had become generally recog- 
nized, so that in 1899 he was called to Pans as successor to Friedel and Wurtx 
at the Sorbonne From this tune onward, up to within a very Bhort penod of 
his death, at the age of 7b, Haller continued to publish at frequent intervals a 
great number of onginal memoirs, amounting in all to 250, covering a wide 
range of chemical research His great organizing ability enabled him to establish 
the Institut Chumque of tho UiuverHity of Nancy in 1890, and subsequently a 
similar organization devoted to the study of physical and electro chemistry 
He was chiefly responsible for the development of the teaohing of applied 
chemistry in France, and in 1908 succeeded Berthelot as President of the 
Commission on Explosives 

The scientific work of Albin Haller was chiefly on the orgamc side of « hemistry, 
and was earned out during a penod of more than fifty years of a long and active 
life Perhaps his most striking work is embodied in his contributions to tho 
chemistry of camphor, that elusive ketone which baffled the efforts of several 
of the leading orgamc chemists of the world to determine its structure for 
upwards of thirty years A substance of obvious homogeneity, markedly 
crystalline, and of simple molecular complexity, camphor possesses that 
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peculiar form of structure, of which we stall know so little, which cause* it to 
yield, in accordance with the character of the reagent used, derivative* and 
degradation products which may belong either to the aromatic or aliphatic 
senes It is, in fact, an aromatio-aliphatic compound, and although, at the 
present tune, we know its structure, we are, nevertheless, able to appreciate the 
great ddfiouHaes which confronted the pioneers in this field, and to sympathise 
with those who made false deductions from the experimental facts they 
obtained It is a remarkable tribute to the intuition possessed by Haller that 
amid the mass of conflicting and apparently unrelated facts, and the persistence 
of many contending hypotheses, he was able to steer the right course and to 
plaoe the chemistry of camphor on a basis which ultimately led to the elaboration 
of its true formula by Bredt and to its final preparation by synthesis Haller 
showed, for example, that camphoric acid was a dibasic (dioarboxylio) acid, 
and he was able to regenerate camphor from it by working through camphoric 
anhydride and campholide, a process used later by Komppa in his classical 
synthesis of the ketone Moreover, Haller showed conclusively that camphor 


possessed the formula CgH^ 



a fact which he established by preparing 


arylideue and alkyhdene camphors and by the production of cyanooamphor 
,CH CN 

CgH u \ | from sodio-oamphor and cyanogen ohlonde In his expen- 

X CO 

meats with sodio-oamphor he noticed that the hydrogen generated in the 
reaction between sodium and the ketone led to a partial reduction of the products 
fanned, and he therefore mtroduoed the use of sodamide, a Bubstance which 
yields the sodio derivative smoothly and without the formation of a deleterious 
by-product 


— OH* — CO — |- NHiN* — CHNa — CO — + NHj 

If it be true that the definition of a great chemist is one who introduces a new 
reagent, then undoubtedly Haller falls within the definition, for sodamide 
proved to be a substance of very considerable value far research purposes, not 
only m hu hands, but also to many other organic chemists who have had to 
deal with the formation of derivatives through the sodio derivatives of ketones 
and ketomo esters 

Haller used the reagent m a variety of ways with very fruitful results, and 
technically it has been applied in the Heumann synthesis of indigo, thus 
enabling this method to become a real eoonomic competitor with other syn- 
thetical proc e ss e s. It is impossible m a memoir such as this to give more than a 
very bnef account of the matters dealt with in Haller’s many publications 
His researches on pseudo-acids, on skoholyns, on optical rotatory power are 
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all deserving of detailed treatment, as are also his many duoovenes m branches 
of organic chemistry other than those mentioned above 
It is sufficient to say that all the sections of orgarno chemical science m 
which he worked he enriched by his discoveries, and the literature he created 
stands as a permanent record to his memory Many students passed through 
his hands, and many still live to bear witness to his inspiring personality and 
lucid power as a teacher 

He was elected a Foreign Member of the Society m 1921, and was awarded 
the Davy Medal m 1917 

J. F T. 


FRANCIS ROBERT JAPP 1848 1926 

Francis Robert Javp, who died on August 1, 1926, at the advanced age of 
77, was born at Dundee on February 8, 1848 He was the youngest son of James 
Japp, minister of the Catholic Apostolic Church m that oity, and reoeived his 
earlier education in the High School there At the age of sixteen he went to 
the Madras College at St Andrews, and three years later entered the University 
as an Arts Student Japp graduated M.A at St Andrews in 1868, and then 
went to the University of Edinburgh to study law, but had to relinquish his 
studies m tho summer of 1869 on account of failing health Without question, 
had Japp been able to continue his studies at Edinburgh he would have beoome 
a distinguished lawyer and would have been lost to chemistry , because the 
state of his health rendered it necessary for him to reside abroad, during 
1871-1873 he spent his time at Gottingen, Berlin and Heidelberg, places which 
were centres of chemical activity in those days as they are now The record of 
the following two years may be told in Japp’s own words, communicated to 
Dr Alexander Findlay, author of the obituary notice m the Journal of the 
Chemical Society, which he has been good enough to allow the writer to use for 
tiie purposes of this memoir. 

“ In the spring of 1873 I returned to England and spent the time partly in 
London, partly in Scotland I had by this time taken up the subject of ohemis- 
try, m which I had always been interested In the autumn of 1873 I returned 
to Heidelberg and began the study of that subject under Bunsen. I was then 
twenty-five years of age, and my friends, who had long despaired of my ever 
taking up anything seriously, regarded this last step as the crowning folly of a 
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hopeless career ” In 1875 Japp graduated Ph D at Heidelberg, and then went 
to Bonn to work in the laboratory of August Kekul6 Here he remained for 
three years, and the admiration and affection he felt for his great teacher is clearly 
expressed m the Memorial Lecture he gave before the Chemical Society in 1897 
(“ J Chem. Soc vol 73, p 97, 1898) 

Japp returned to Scotland m 1878 and continued hiB research work in the 
laboratory of Professor Crum Brown at Edinburgh, but was appointed in the 
same year by Professor (later Sir) Edward Frankland to take charge of the 
research laboratory which hod been established at the Normal School of Science, 
South Kensington When the Science and Art Department took over the 
Science Schools m 1881, Japp was appointed Assistant-Professor m the reorga- 
nised Normal School of Science and Royal School of Mines, working, first, 
under E Frankland, and subsequently, under T E Thorpe, who succeeded 
Frankland in the Chair of Chemistry in 1885 It is evident that at this penod 
Japp’s power and ability as a research worker was generally recognised, for in 
this year he was elected a Fellow of the Society at the age of 37 In 1889 
Japp was appointed to the Chair of Chemistry in the University of Aberdeen, m 
succession to Thomas Camelley, a post which he held until his retirement m 1914 
During the twelve years Japp remained in London, he took an active part 
m all chemical matters which centred in the activities of the Chemical Society, 
and was a prominent member of Council and of the Pubhcation Committee 
He attended most of the scientific meetings and joined in the discussions on 
the papers read On these occasions it is said that “ opportunity arose for his 
revealing, not only his dry humour, but also his profound knowledge of chemical 
literature and a width of classical and philosophical reading altogether beyond 
the range of the attainments of the great majority of his contemporary chemical 
colleagues ” After his departure, Japp seldom revisited London, and but few of 
the rising generations of chemists, from 1890 onward, ever saw him About half 
of his published papers appeared during the London penod, and the number 
of his collaborators shows that he was always able to gather round him a 
large and enthusiastic band of workers During this period he also published 
(with E Frankland) a text-book on Inorganic ChemiBtry, and later he collaborated 
with the same author m the preparation of a new edition of Frankland’s 
“ Lecture Notes on Organic Chemistry ” 

The Chemistry Department of the University of Aberdeen was, when Japp 
took over the duties of Professor, housed in a senes of four or five rooms, 
badly lit and ventilated, and it was clear to him that he could not build up 
a school of research under the conditions that existed He therefore set 
to work to arouse public opinion, and succeeded so well that when the new 
buildings were erected in 1896 Japp found himself in possession of new 
laboratories, which at that tune must have been regarded as ample At the 
same penod developments took place in the University cumculum, and it 
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fell to Japp’s lot to establish a school of advanced chemical study This he 
did so efficiently that he was able to raise the University standard m chemistry 
from one which dealt mainly with the requirements of medical and elementary 
students, to one which embodied a school of advanced study and research, 
from which emerged a steady succession of able chemists, many of whom 
occupy at the present time important academical and industrial posts m 
various parts of the world 

During the tenure of the chair at Aberdeen Japp published some 40 papers, 
mainly with the help of his research assistants and his graduate pupils His 
last paper— that is to say, the last to which he put his name— appeared in 
1906 , but for the ensuing 19 years, until his retirement, many important 
communications issued from his laboratory, and although his name does not 
appear on them, they were nevertheless mostly inspired and directed by him 
It was characteristic of his self-effacing modesty that he should wish to let 
his younger co-workers have all the credit for the work they carried out with 
him 

Although a man of wide knowledge and broad views, Japp’B actual research 
work was restricted to a comparatively narrow field, and practically the whole 
of it was conducted with phenanthraquinone, benzil and benzoin as raw 
materials His object, as he himself has stated, was the synthesis of cycloids 
containing not only carbon but also oxygen and nitrogen as members of the 
ring By doing this he hoped not only to throw hght on the ease of formation 
and reactions of such cyclic compounds, but also by comparing like with like 
to gam some insight regarding the structure of benzene and allied substances 
With those objects m view he prepared a number of oxazoles, lminazoles, 
furfurans, indoles, azines, pyrrolones and pyrroles , and m the homocychc 
senes, anhydracetone benzil and its carboxylic acid, using, for the most part, 
a new reaction he had discovered, namely, the condensation of ketones with 
aldehydes in the presence of ammonia or caustic potash Indeed, he applied 
this reaction m many directions, and was able to prepare a number of com- 
pounds which served to elucidate the structures of several organic substances 
prepared by others, the constitutions of which were in doubt 

Japp was Foreign Secretary of the Chemical Society from 1886 to 1891, 
and Vice-President from 1895 to 1899 In 1891 he was awarded the LongBtaff 
Medal of the Society, the highest mark of appreciation which British chemists 
can Bhow In 1898 he was President of Section B of the British Association, 
and delivered a striking address which was an argument, based on the results 
of stereochemical investigation, m favour of the doctrine of vitalism Apart 
from his distinction as a chemist Japp was a linguist of considerable attainments, 
and the literatures of Germany, France and Italy were open to him in the 
languages of their authors He was, moreover, a musician of no mean skill. 
After his retirement from the ohair at Aberdeen in 1914, he resided first at 
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Acton and later at Richmond, where he died The closing years of his life 
were saddened by the death of his only son, who died in 1920 from an illness 
contracted while on military service In 1921 Japp had to undergo an 
operation from the effect of which he never completely recovered In his 
last years failure of eyesight deprived him of the companionship of books 
In 1879 he mamed Elizabeth Tegetmeyer, of Kelbra-Kyffhauser, a small town 
near Nordhausen, by whom and by two daughters he is survived 

J P T 
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